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In connection with the revision of the law of conservation of parity, experiments to observe the 
longitudinal polarization of electrons in B-decay were carried out. It was found that the -B-elec- 
trons were emitted with spin opposite to the direction of motion. The degree of longitudinal 
polarization is consistent with the value -v/c. 


lw a short communication! published in JETP, ex- 
periments were described which established the 
longitudinal polarization of B-electrons, predicted 
by the theory following from the hypothesis of non- 
conservation of parity in weak interactions.” 
In this article we shall describe the experimen- 
tal conditions and controls in detail, and introduce 
corrections in the calculation of the degree of 
longitudinal polarization of the electrons from the 
experiments, since, (1) in calculating the amount 
that the spin was turned in crossed electric and 
magnetic fields, which was necessary for calcula- 
tion of the expected azimuthal asymmetry, an in- 
correct formula was used. in Ref. 1, (2) in connec- 
tion with this, several simplifications and neglects 
were made, which influence the final result sub- 
stantially at the high-energy end of the experiment, 
and (3) several corrections were increased. These 
corrections in the value of the polarization of elec- 
trons of energy near 300 kev amounted to 10 — 25%. 
In order to establish the longitudinal polariza- 

tion of electrons in B-decay and to measure its 
value, we used the azimuthal asymmetry in the 
single scattering of electrons at an angle near 90°. 
Since azimuthal asymmetry occurs only for elec- 
trons with spin component perpendicular to the di- 
rection of motion, it was necessary to change the 
longitudinal polarization of the electrons into a 
transverse one. For this purpose, a beam of elec- 
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trons from a radioactive source was sent through 
crossed electric and magnetic fields which, while 
not changing the direction of the electrons in the 
first approximation turns the spin with respect to 
the direction of motion of the electrons. 


DESCRIPTION OF THE APPARATUS 


The apparatus consisted of an arrangement for 
turning the spin and an arrangement for measuring 
the intensities of electrons scattered at a large 
angle for different azimuthal angles in the range 
0 —360°. A longitudinal cross section of the ap- 
paratus is shown on Fig. 1, and, on Fig. 2, a trans- 
verse cross section of the counting part of the 
apparatus, where two Geiger-Miiller counters act- 
ing in coincidence are placed for the registration 
of scattered electrons. 

The arrangement for turning the spin consisted 
of a longitudinal electrical condenser, placed in an 
evacuated metal tube which, in turn, was placed be- 
tween poles of a permanent magnet. The condenser 
was formed of two plexiglass sheets of thickness 
6 mm and length 30 cm with deep notches (4 mm). 
The notches in the plexiglass sheets, between which 
there remained only cross pieces of width 3 mm, 
acted as traps for electrons in order to diminish 
the number of electrons in the beam scattered from 
the walls of the condenser. 
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A thin (10) aluminum foil glued on the inner 
surface served as facing for the condenser. The 
distance between the plates of the condenser was 
12+ 0.15 mm. The length of the condenser was 
25 cm; however, the effective length of the electric 
field was somewhat greater, since the scattered 
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FIG. 1. Cross section of the apparatus in the plane perpen- 
dicular to the magnetic field. 1— source, 2— scatterer (gold), 
3~— Geiger counters, 4— absorbing filter, 5— aluminum elec- 
trodes of the condenser (foil of 10 y), 6—plexiglass, 7 —collo- 
dion film (0.3 mg/cm’), 8 — plexiglass container, 9,,,,, — brass 
body. 


electric field extended beyond the edges of the con- 
denser. In addition, the length of the plexiglass 
sheets was 50 mm greater than the length of alum- 
inum foil, and its surface, owing to surface conduc- 
tion, acted as an extension of the surface of the 
condenser. This effective increase in length of the 
condenser lay between 0.4 and 1.4 cm. 

The magnetic field was produced by a permanent 
magnet made from an alloy of magnico with poles 
of armco-iron of length 25 cm and width 6 cm. The 
gap between poles was equal to 4cm. The pefma- 
nent magnet was furnished with coils which made 
it possible to magnetize and remagnetize the mag- 
net. The topography of the magnetic field was 
plotted in three dimensions; in the region traversed 
by the electron beam it turned out to be uniform 
within the limits of accuracy of the measurements 
(ie — 1.5963, 

In order to limit the scattered magnetic field in 
the upper part of the apparatus where the electron 
scattering took place, an iron shield was mounted 
at a distance of 0.8 cm from the end of the con- 
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denser. Measurement of the topography of the field 
showed that the scattered magnetic field was well 
shielded and, near the scatterer, was not more than 
1.5% of its value in the gap. From the curve of fall 
off of the magnetic field at the upper edge, it was 
established that the effective length of the magnetic 
field here was increased by 0.5 cm. At the lower 
edge of the magnet the scattered field was substar- 
tially more extended, dropping to half its value at 

a distance of 2 cm from the edge of the pole. This 
scattered field increased the effective length of the 
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magnetic field by 1.5 cm. Thus, the effective length — 


of the whole system of fields which turned the spin 
exceeded the geometrical dimensions of the magnet 
by 2 cm, i.e., was equal to 27 cm. 

In the method of crossed fields in the form we 
were able to employ it, the electrons are not fo- 
cussed and therefore a high intensity can be 
reached only at the expense of resolution with re- 
spect to energy. The effect of azimuthal asymmetry 
falls off slowly with increasing electron energy; the 
degree of polarization of B-electrons, according to 
the theory, rises slowly with energy (~v/c), the 
B-spectrum of heavy elements is a slowly decreas- 
ing function of electron energy and, finally, the an- 
gle of turning of the spin is also a slowly changing 
function. Therefore, the measurements of polari- 
zation of B-electrons were all carried out with a 
wide spectrum of electron energies. 

Thus, the main purpose of the crossed electric 
and magnetic fields in our experiments, which in- 
fluenced the spectral composition of the electrons 
falling on the scatterer only slightly, was to turn 
the spin. The sharp falloff of the scattering with 
electron energy, o ~ (pv/c)? was essential in 
determining the form of the energy spectrum of 
electrons which underwent scattering. 

Calculation of the curves of resolution in the 
crossed fields by analytic means turned out to be 
difficult. Therefore, they were obtained by numer- 
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FIG. 2. Counting part of the apparatus. Electrons move out 
of the paper. The combinations of fields are denoted + and —. 
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ical calculations. Two such curves of resolution 

for two different values of v)/c and values of the 
field, close to those used in this work, are shown 
on Fig. 3. 


ACCURACY OF MEASUREMENT OF THE ELEC- 
TRIC AND MAGNETIC FIELDS 


The electric field was measured by an electro- 
static apparatus to an accuracy of 1.5%. The gap 
in the condenser had a tolerance of ~0.15 mm, 
and thus the value of the voltage of the electric 
field was determined to an accuracy of ~ 2%. 

The magnetic field was measured in the usual 
way by a ballistic galvanometer and a coil, cali- 
brated by use of standard mutual inductances. The 
error in the direct measurement of the magnetic 
field, that in the calibration and measurement of 
the ratio of the mean magnetic field to the field at 
the point of measurement, constituted about 3%. 
Thus, the overall error in the measurement of the 
ratio of fields E/H was ~3.5%. 


SOURCE OF BETA-ELECTRONS 


The source of B-electrons was in the form of a 
spot of uniform thickness and diameter 1 cm on an 
aluminimum backing of thickness 10yu, which was 
attached by its edges to an aluminum ring. The 
ring was fixed in the container — a brass cylinder 
of diameter 32 mm and length 84 mm, put inside a 
layer of plexiglass to exclude the scattering back 
of electrons. 

The source was Sr” with an admixture of Sr®°? 
made up from fragment solutions; in the course of 
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FIG. 3. Resolving power of the apparatus. F(E) is the 
probability of traversal of electrons of energy E through the 
apparatus: the continuous curve is for v,/c = E/H = 0.925, the 
dashed one, for v,/c = 0.775. 


time Y” was formed in the source, with an amount 
reaching equilibrium in almost all experiments. 
The mixture of Sr®® was 35% of that of Sr*’. The 
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composition of the source was determined by the 
decay curve. 

The electron energy spectrum of such a source 
is shown on Fig. 4. All of the elements making up 
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FIG. 4. Energy spectra of electrons in arbitrary units; ex 
is the kinetic energy of the electron in Kev, a is the original 
spectrum of the source, b is the spectrum of electrons inci- 
dent on the counter in the experiment with energy 300 Kev, c, 
the same, at energy 750 Kev. 


the source have unique transitions (that is, their 
B-transitions all have Aj =2 and change of parity). 
For unique transitions, one can expect that the de- 
gree of electron polarization is close’ to v/c. 

The source thickness plays an essential role in 
such measurements. Longitudinally polarized elec 
trons traversing layers of the source material and 
undergoing multiple scattering in them, are depo- 
larized, since the electrons change their direction 
of flight in scattering, whereas the spin retains its 
direction. The correction for depolarization was 
introduced into the calculation of the azimuthal 
symmetry through the factor cos@ ~ 1-— 367, 
where 6? is the mean square angle of multiple 
scattering. ae 

In order to calculate the quantity 67, we em- 
ployed the formula given by Bethe and Ashkin* 


f= 0.157 G+ Ein [1.13- 10°24 “t],* 

where Z is the atomic number, A is the atomic 
weight, p is the momentum in Mev/c, and t is 
the thickness in g/cm?. 

In this work sources of two thicknesses were 
employed, 4 and 1.5 mg/cm’. For both thick- 
nesses the correction for depolarization in the 
source, according to the formula of Bethe and 


*For calculation of the quantity 6? in Ref. 1, we used the 


DES 
pv/c 
momentum in Mev/c, t’ the thickness in X, = 10 g/cm’). 
However, the formula of Rossi and Greisen is incorrect and 
gives values 5—7 times larger than those that follow from the 
formula given by Bethe and Ashkin.* 


= 2 
formula of Rossi and Greisen 07 = ( t', where p is the 
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Ashkin, was small. It is to be expected that the 
depolarization depends not only on the mean thick- 
ness of the source, but also on the dimensions of 
the individual crystal aggregates and, in the limit, 
on the individual crystals. The second source was 
prepared so that the size of the crystals was mini- 
mal. For this, the sedimentation of the solution 
was carried out quickly. Observation of the source 
under a microscope showed, by visual estimate, 
that the crystal sizes were ~10uy. 


MEASUREMENT OF THE ANISOTROPY IN 
ELECTRON SCATTERING 


The part of the apparatus in which the electron 
scatterer and counters were placed was separated 
from the condenser by a thin film of collodion on 
netting. 

The electron beam traversed the film and fell 
on the scatterer, joined to the frame at an angle of 
45° to the axis of the beam. Two selfquenching 
counters with windows cut out were prepared on 
the same frame for counting electrons in coinci- 
dence and were placed at the angle of (90 + 4)° j 
(and also, in one of the experiments, at 105°) to 
the axis of the electron beam. The vertical dimen- 
sions of the window in the counters were such that 
the solid angle subtended by them included only 
part of the scatterer and certainly did not include 
the frame of the scatterer. The frame of the scat- 
terer had dimensions larger than the cross section 
of the beam, as was easy to ascertain by carrying 
out measurements with only the frame and without 
it at all. 

The first window of the counter was covered by 
a film of collodion of thickness 0.5 mg/cm?, sup- 
ported by a thin net. The window between counters 
was covered by aluminum foils of different thick- 
nesses, depending on the part of the electron spec- 
trum, but was not less than 40y for the filtering 
of electrons of energy less than 50 Kev. The count- 
ers were joined through a rubber tube, which was 
fitted hermetically through the apparatus, to a bal- 
loon of large volume with a given mixture pressure 
and, thus, a constant mixture pressure was main- 
tained in the counters, even with a small current 
in the vacuum. 

The counters, together with the frame of the 
scatterer, were rotated around the axis of the beam 
so that the scatterer was placed in strictly the same 
relationship to the counters for all azimuthal angles. 
The scattered electrons were always counted “in 
traversal”. As is well known, this differs from “on 
reflection” by the substantially fewer electrons 
having undergone multiple scattering. 
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Multiple scattering is the main obstacle to the 
measurement of single scattering and, correspond- 
ingly, in the measurement of azimuthal asymmetry. 
In the work of Alikhanian, Alkihanov and Vaisen- 
berg® studying the scattering of electrons at 90°, 
experimental results relating to the role of multi- 
ple scattering were obtained and in the work of 
Artsimovich® an attempt to estimate this effect 
theoretically on the basis of these data was made. 
According to the data,° in the scattering of 680-Kev 
electrons at 90° “on reflection” in the interval of 
thickness 0.34 —0.81 mg/cm? of Au, the intensity 
of scattered electrons was proportioned to the thick- 
ness. That showed that the admixture of multiple 
scattering was small. 

Starting from these data and the well known de- 
pendence o ~ (c/ pv)*, it is possible to estimate 
the allowed thickness of scatterer for electrons 
near 300 Kev. This turned out to be close to 0.5 
mg/ em?, According to Artsimovich’s criterion, 
at the scattering angle of 90°, 
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where I is the intensity of scattered electrons, 
I) is the intensity of singly-scattered electrons 
per unit thickness of the target, t is the thickness 
of the scatterer and 6? is the mean square angle 
for multiple scattering. For 0.5 mg/cm? and en- 
ergy 300 Kev, the admixture of multiple scattering, 
according to this criterion, is 30%. This estimate 
gives an upper limit for the proportion of multiple 
scattering, since (1) the criterion of Artsimovich 
is larger than the multiple scattering in heavy ele- 
ments and (2) in the position “in traversal” the 
multiple scattering is several times smaller than 
“on reflection”. A direct experimental means of 
evaluating the multiple scattering consists of meas- 
uring the azimuthal asymmetry for at least two dif- 
ferent thicknesses and finding the true value by ex- 
trapolating to zero thickness of scatterer. This has 
the disadvantage that it requires measurements of 
greater accuracy than the accuracy of measure- 
ment of the actual value of the azimuthal asymme- 
LAY 

In the measurement of azimuthal asymmetry, 
the experimental conditions should guarantee no 
purely instrumental asymmetry and give a control 
on this. Such a control was provided by substitut- 
ing for the scatterer consisting of a heavy element 
(gold) a light element (aluminum) for which the 
asymmetry for scattering through such an angle is 
an order of magnitude less. However, we consid- 
ered this control insufficient, since it was difficult 
to carry it out in a continuous fashion. In order to 
substitute one scatterer for another, the apparatus 
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had to be opened, the vacuum destroyed, then re- 
newed, the condenser readjusted, etc. After such 
changes it would not be possible to be sure that in- 
strumental asymmetries did not occur in the appa- 
ratus which escaped observation. 

In the method employed, we arranged a second 
independent and uninterrupted control. It is easy 
to see that by reversing the field we excluded all 
types of asymmetry except for that coming from 
the sign of the field. In this last case the instru- 
mental asymmetry should show up very distinctly 
in the direction perpendicular to the direction of 
measurement of the physical asymmetry, because 
it is in precisely this direction in which the field 
deflects the particles’ (i.e., has a maximum effect 
on the beam) and in which the physical asymmetry 
vanishes. 

This control, which was very convenient, did 
not, however (in the case of asymmetries coming 
from the fields), determine the sign and magnitude 
of the necessary corrections. These could be ob- 
tained only by using the control with the scatterer 
of a light element. 

Using both control methods, we could exclude 
instrumental asymmetry with complete certainty. 


CALCULATION OF THE EXPECTED AZIMUTHAL 
ASYMMETRY EFFECT AND POLARIZATION 
OF ELECTRONS 


In calculating the expected azimuthal asymmetry, 


it is necessary to know the angle through which the 


spin of the electron was turned in the crossed fields 


and the dependence of the azimuthal asymmetry on 
the scattering angle and energy of the polarized 
electrons. 

For a monochromatic (v =v) beam of elec- 
trons parallel to the axis of the apparatus, the an- 
gle through which the spin is turned is determined 
by the expression* 


_ 300H! VT t 


(o/c), 


where H is the magnetic field in oersteds, J is 
the length of the crossed fields in cm, p is the 
electron momentum in ev/c; v)/c = E/H, where 
E is the strength of the electric field. 

In our experimental conditions, we are dealing 
with an essentially non-monochromatic and non- 
parallel beam. The task of calculating the rotation 
of the spin in this case turned out to be quite com- 


*In our first communication, the factor ¥ 1—(v/c)’ was left 


out of this formula and the calculation of the expected effect 
and polarization were carried out with an incorrect formula. We 
thank Prof. L. Rosenfeld for calling our attention to this. 
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plicated, and was carried out by Ter-Martirosian 
(see the appendix). 

Usually, the quantity entering into theoretical 
calculations of the magnitude of azimuthal asym- 
metry is the spin-component in the rest system of 
the electron perpendicular to the direction of mo- 
tion of the electron in the laboratory system. The 
tables of Sherman,’ which we used, for the value of 
the azimuthal asymmetry for various scattering 
angles and various electron energies for Z = 80 
were calculated in this way. To calculate the turn- 
ing of the spin in crossed fields, it is convenient to 
go to a system of coordinates moving with velocity 
Vo, in which the electric field vanishes. After this 
transformation, an expression for the rotation of 
the spin for an arbitrary value of v/c and angle 
a between the axis of the apparatus and the direc- 
tion of motion of the electron was obtained, the 
transformation to the laboratory system was car- 
ried out, and then to the system of rest for the spin 
and the laboratory for the velocity. 

As a result (see Appendix), a rather compli- 
cated expression was obtained for sin gy, where 
gy is the angle of rotation of the spin. Neglecting 
terms containing the small angle a, we obtain 


[{@ / Yo) — 1} + {1 — (wv-/ c?)} cos Go]? 
[1 — (v?/c?)] [1 — (@3 /c?)] 


sing = sing 


1 
Ie 
+sintayl 


and for small 9 


_ 300H1 <2 Vi-—v/e 


OA. 


In the Pathan ce given (and in Table 7) one can 
see the magnitude of sin g depends rather strongly 
on the energy of the electrons, in particular, for 
large energies. To obtain the correct value g for 
Vo /e near to 1, it is necessary, as far as possible, 
to calculate the form of the electron spectrum ac- 
curately.* The spectrum of scattered electrons 
with energy near 300 Kev was determined in the 
following way. For each energy interval the source 
spectrum (from Fig. 4) was multiplied by the re- 
solving power (from Fig. 3) and then by the relative 
value of the scattering cross section. For the ex- 
periment with electron energy 750 Kev the resolv- 
ing power played no role and the form of the spec- 
trum was determined by the scattering cross 
section and the curve of absorption of electrons in 
the filter between the I and II counters, the thick- 


*In the work of Ref. 1 we did not consider this necessary, 
since the expected effect calculated from the incorrect formula 
depended very weakly on energy. 
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TABLE I. E = 18.3 Kev/cm; H = 80.5 Oe; t = 0.537 mg/cm? Au; 


T = 4 mg/cm? Sr+Y 


n 180° 90° 270° See the 
98.5-+6.2 101.7-+6.3 118.8+4.0 104.0+4.1 — 
98.6--4.8 108.74.2 99.1--2.0 118.4-+2.4 2 

400.1-43.9 99.544.8 : 
103/543.6 118,642.41 Weighted mean 

TABLE II. t = 0.537 mg/cm? Au; T = 1.5 mg/cm? Sr+Y 

° © ° Sign of the 

0 180 90 270 a 
12.8441.4 13.941.0 15.640.6 10.8+0.6 = 
11.20.8 8.9-£0.9 8.9-40.5 14.7+0.6 va 

12,5+0.6 9.8+0.4 3 
10.8+0.7 15.900.4 Weighted mean 
Scatterer t = 5.4 mg/cm’ Al 
33.0+42.4 373-22 36.544 .2 33.4441.2 Ls 
35.8+2.2 32.0+2.5 32.9-+1.4 37.841.5 4. 
36.5441.5 33.1-40.9 
32.5+1.6 37.1+0.9 Weighted mean 


TABLE III. E = 20 Kev/cm; H = 86 Oe; t = 0.17 mg/cm? Au; 


T = 1.5 mg/cm? Sr+Y 


0° 480° 90° 270° a Me te 
120.0-+7.0 120.2+5.8 135.0-+5.6 106. 0-+7.0 a 
112.54+4.0 121.54+4.0 113.342.3 136.0--2.7 es 
116.343.2 109.642.2 
120.743.3 135.5-42.4 Weighted mean 


TABLE IV. E = 20 Kev/em; H = 71 Oe; t = 1.9 mg/cm’; 


T = 4 mg/cm? Sr+Y 


4 f 5 + Sign of the 
0 180 90 270 field 
29.5+0.7 29.8+40.8 34.30.4 28.7-20.5 is 
29.441.0 28.94 .0 27.640.5 29.6-0.5 ie 
29.6-+0.6 28.440.3 
29.2F0.6 30.40.38 Weighted mean 
28.9441.0 29.9+0.9 29.7+40.8 
Se ae as petite Field off 
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ness of which was 0.08 g/em? Al + 0.08 g/cm? Cu. 
The absorption curves were taken for the case of 
bad geometry.* 

The dependence of the scattering cross section 
on energy in the range 600 — 2500 Kev was taken 
from the experimental data of Ref. 5. Since the 
table of Sherman finishes at v/c = 0.9, for large 
v/c the necessary theoretical values for the mag- 
nitude of the asymmetry for scattering at 90° were 
obtained from the curve, also given by Sherman. 


EXPERIMENTAL RESULTS 


The experimental results for three series of 
measurements at energies near to 300 Kev are 
given in Tables 1, 2 and 3, and in Table 4, for an 
energy of 750 Kev.+ The measurements corre- 
sponding to Tables 1 — 4 were carried out with a 
source of thickness T = 4 mg/cm’, and the others 
with a thickness of 1.5 mg/cm?. In experiment II, 
the control experiment with an aluminum scatterer 
was carried out, showing the absence of instrumen- 
tal asymmetry to an accuracy of +3.5%. 

We consider first the data of the tables for the 
experiments I and II, since these measurements 
differ only by the target thickness. 

From the tables it is evident that, in the plane 
going through the spin direction and the electron 
velocity, the asymmetry is almost absent for both 
signs of fields. At the same time, in the plane per- 
pendicular to the spin, the asymmetry significantly 
exceeds the errors of measurement and changes 
sign with change of sign of the field. 

In experiment I the value of the azimuthal asym- 
metry from measurements with both signs of the 
field was equal to 6, = (17.4 + 2.6)% and in exper- 
iment II 6,=(21.0 + 2.5)%. As noted above, 
these two experiments differed only by the thick- 
ness of the source. Corrections for depolarization 
in the first source were ~3.5%, in the second, 
~1%, i.e., very small. Therefore the results of 
the two experiments can be put together, where- 
upon 

Cee TRS EP as RRS Ce 
Including in the error the inaccuracy in determin- 
ing the instrumental asymmetry + 3.5%, we obtain 


Bmean = (19.2 +3.8)%. 


All intermediate numbers for the calculation of 


*In the work of Ref. 1 we determined the lower limit of the 
spectrum by the extrapolated mean free path and, in addition, 
did not take into account the presence of Sr’, which greatly 
increases the number of electrons in the energy range 500-800 
Kev. 

tIn Ref. 1, Tables 1-4 were given. 


ALIKHANOV, ELISEEV, LIUBIMOV and ERSHLER 


the expected values of azimuthal asymmetry and 
the corresponding electron polarization are given 
in Table 5. (The expected azimuthal asymmetry 
is, from Table 5: 


Bex = Dy A: (0:/¢) sin eM: / DM: = 21.8%.) 


As a result we obtain & 
Poiwan == (O88 20M S)\i(o 7 cy: 


We will return to the correction that must be 
introduced into these results as a result of multi- 
ple scattering after consideration of experiment III. 

The conditions of experiment III were different 
in that (1) the scattering angle was equal to 105 + 
4°; (2) the thickness of the scatterer was equal to 
0.17 mg/cm?; (3) the background was diminished; 
however, since the intensity of scattering fell by a 
factor of 3, it constituted $ of the intensity with 
the scatterer present. 

From Table 3 it can be seen that there is an 
asymmetry in the directions 0 —180° which changes 
sign with change in the sign of the fields. Its mean 
value is (14.5 + 8.5)%. In the directions 90 — 270°, 
the asymmetry — both physical and instrumental — _ 
was (42.8 +4.8)%. Results of the measurements 
with the aluminum scatterer, which are given in the - 
same table, make is possible to determine the mag- 
nitude and sign of the correction which must be in- 
troduced to obtain the value of the physical asym- 
metry. The instrumental asymmetry has the same 
sign as the physical, and is equal to (11.3 + 3.7)%. 
However, in the scattering with the aluminum foil 
of thickness 20u, a 2% physical asymmetry should 
be present. With this in view, we obtain from ex- 
periment III 


83 = (33.6 + 6.0) %. 


From Table 6, the expected dexp = 31.7%, and 
thus 


P = (1.06 + 0.19) (u/c). 


The data obtained for the polarization are nec- 
essary for the correction due to multiple scatter- 
ing in the scattering foils. As we said above, this 
correction can be obtained by extrapolating to zero 
scatterer thickness the inverse of the azimuthal 
asymmetry obtained from the measurements with 
different thicknesses of scatterer. However, since 
this correction is not larger in magnitude than the 
statistical errors, it cannot be determined in this 
way from two experimental values of the polariza- 
tion obtained by us with two different thicknesses 
of scatterer — 0.17 and 0.537 mg/cm*. There- 
fore, we used experimental data obtained in our 
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| 
| 


POLARIZATION OF ELECTRONS IN BETA-DECAY 


laboratory with different apparatus, on which Vish- 
nevskii et al. also measured the polarization of 
electrons in scattering at 90° from gold foils of 
different thicknesses and for different electron 
energies from 100 to 200 Kev. According to these 
data, for electrons in the energy interval 160 — 200 
Kev and scattering “in transmission” in gold, the 
correction to the azimuthal asymmetry because of 
multiple scattering is determined by the expression 


0.022-++0.004 
SO al: 
which in our case at a mean energy of 300 Kev and 
foil thickness 0.17 mg/cm? gives the magnitude of 
the correction as 4%, and for a foil 0.537 mg/cm, 
13.5%. 
Introducing these corrections, we have: 


P = (1.00+ 0.20) (v/c) for the first two experiments; 
P —( (1.10 + 0.19) (u/c) for the third experiment. 


The mean of these is 
P =(1.05 +0.14) (v/c). 


We note one circumstance common to all three 
experiments. In the directions 0 —180° the sum 
of counts is somewhat less than the sum of counts 
at 90 and 270°. This difference scarcely exceeds 
the limits of error, and is even sometimes less 
than these; however, it has a systematic character 
and, in the mean, is 5%. The origin of this differ- 
ence is easy to understand. The deflecting field 
acts in the direction 0 —180°. Thus, the dimen- 
sions of the beam in these directions are somewhat 


larger than in the direction 90 — 270°, owing to the 


fact that part of the scattered electrons in the di- 
rection 0 —180° does not fall into the angle of ac- 
ceptance of the counters in the vertical direction. 

In experiment IV, measurements of the electron 
polarization were carried out at a higher energy — 
750 Kev. In this case the electrons emitted by Sr*? 
are almost all filtered out and only the electrons 
emitted by Sr®’ and y®° remained. The limit of the 
Sr®? spectrum is 1460 Kev and, of the y* one, 
2260 Kev. Since the number of electrons of high 
energy after scattering drops sharply according to 
the law ~o=B(pv/c)~, the electrons with en- 
ergy > 1500 Kev hardly contribute to the azimuthal 
asymmetry. Thus, the decay electrons of sr®?, 
having a softer spectrum than those of Y*’, play a 
large part in this measurement. 

The experimental conditions are indicated in 
Table 4. Data of the control experiment with fields 
turned off are presented there in the same way. As 
noted above, the resolving power of the apparatus 
in this energy region is low. The field does not 
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have a deflecting action on the electrons, but only 
turns their spin. The spectrum of electrons is 
determined by the scattering law and the filter be- 
tween the counters. In fact, it is evident from the 
table, that, with the fields turned off, the number 
of counts in the 0 —180° plane and the mean num- 
ber of counts in the 90 — 270° plane do not change 
within the limits of error of the measurements 
(~2%). Therefore it is impossible to conceive of 
any asymmetry connected with the switching of the 
fields, larger than this quantity. This can be seen 
from the equality of intensities in the directions 

0 — 180° with the fields turned off. 

Geometrical asymmetry is excluded by the 
switching of the fields and, besides, from the iden- 
tities shown for all four angles with the field absent, 
it is clear that it is practically absent. 

From Table 4 we obtain 


3, = (7.85 + 1.4)%. 


Assuming that the absence of instrumental asym- 
metry is known to us to an accuracy of 2%, we 
obtain 


by = (7.85 + 2.5) %. 


From Table 7, the expected value of the asymme- 
try is 


Sexp. = (6.8 + 0.8) %. 


The error in the expected value arises from its 
great sensitivity to the mean energy of the electron 
spectrum, which cannot be accurately determined. 
Thus, 


P= (1.16 + 0.4) (o/c). 


CONCLUSIONS 


In the present work the polarization of electrons 
of energy 200 — 1500 Kev emitted in B-decay was 
observed by the method of electron scattering. It 
was shown that the degree of polarization was near 
to v/e to an accuracy of 15% for mean energy 300 
Kev and 40% for mean energy 750 Kev. Similar ex- 
periments with results near to ours have been com- 
municated simultaneously in a series of papers. 

Frauenfelder et al.® observed the polariza- 
tion for electrons near 70 Kev emitted by Cas 
using the deflection of electrons in an electric field 
and electron scattering. Nikitin et al.,? using the 
same method, showed the same effect for electrons 
of energy 120 Kev emitted by Cu®*. Cavanagh et 
al.!9 using the same method as we of crossed fields 
to turn the spin, observed the polarization of B- 
electrons of energy 120 Kev emitted by Co”. ‘Later, 
the polarization of B-electrons has been observed 
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by other means than measurement of the azimuthal 
asymmetry in the scattering. 

The establishment of the polarization of B- 
electron was, together with the experiments of Wu 
et al.!! and Lederman et al.,!” a strong experimen- 
tal proof of the violation of parity in weak inter- 
actions. 

In conclusion, we should express our gratitude 
to K. A. Ter-Martirosian for deriving the formula 
for the turning of the spin in the crossed fields, to 
L. Ia. Suvorov, M. P. Anikina and V. D. Laptev for 
separating and preparing the source of Sr, to A. S. 
Kronrod for calculating the intensity and to M. E. 
Vishnevskii for helpful information on the role of 
multiple scattering. 
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APPENDIX 


On the Turning of the Spin in Crossed Electric 
and Magnetic Fields 


Below we present considerations derived by K. 
A. Ter-Martirosian on the motion of the spin upon 
the traversal of the electron through crossed elec- 
tric and magnetic fields. 

Let an electron, the spin of which is parallel to 
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its initial velocity* B, go into constant and uniform 
fields E and H (E parallel to the y-axis, and 
H, tothe z-axis). The vector f lies in the x,y- 
planet and makes angle a with the x-axis. Itis 
not assumed that B= 8), where By) = E/H. The 
fields act in the region between two parallel planes 
(x=0 and x=l), the distance between which is ke 
It is required to find the angle gy through whicir 
the spin of the electron is turned after it has tra- 
versed the region in which the field acts, that is, 
the angle between the direction n( n*=1) of the 
spin of the electron after traversing the field in 
the system of reference K°, in which the electron 
is at rest, and the direction v = #;/f of its final 
velocity.t 
For a covariant description of the spin, it is 
convenient to introduce a 4+vector (0, 0)) defined 
in such a way** that in the rest system Ke its 
spatial part coincides with n, and its time-like 
part is equal to zero. According to definition, o 
=o — of =n’=1 inan arbitrary system. Under 
a Lorentz transformation from the laboratory sys- 
tem to the system K°®, the perpendicular compo- 
nent @, = [v(av)] of the spin does not change, i.e., 
o, =n,. Therefore sin gy = |n,|/|n| = |o,| =o, =v 
x [o xv], |o xv]. Since o and v lie in the x,y 
plane, then 
sing = | oat ate 
V 82+ 83 
where it is noted that all quantities relate to the in- 
stant t’=7T of exodus of the electron from the re- 
gion of the field. 
For calculation of the components of the vectors 
o and £8 it is convenient to go to the system of ref- 
erence K’ which moves along the x axis with 
velocity £) = E/H (it is assumed that E< H, ice., 
By) < 1) with respect to the laboratory system. The 
quantities relating to the system K’ will be denoted 
by primes. 
In the system K’ the electric field vanishes 


(1) 


v=, 


Ee 0 ty eee 


*]t will be assumed everywhere that the spin is measured in 
units of the light velocity, i.e., B =v/c. 

+The generalization to the case in which 8, is different 
from zero can be carried out in an elementary fashion. 

tThe magnitude of this angle determines the magnitude of 
left-right asymmetry of the subsequent scattering of the elec- 
tron in the Coulomb field. 

**To do this, as is well known, one should set id, = 

Suv pC )Up, where €,,,,)\, is the completely antisymmetric 
unit matrix (©,,34 = 1),0,) is the antisymmetrical spin tensor 
(in the rest system K°, 0,,=8S;, 03, =58,, 0,,=8,, with s the 
spin-vector), and uy is the 4-vector electron velocity. 
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Therefore, in it the spin o’ (t’) and velocity B’(t’) 
of the electron rotates uniformly in the x’, y’ plane: 


Bx (t') = Brcos@’ —fysing’, 0% (t') = a, cos¢’ — sysing’, 
By (t’) = Bx Sine’ + Bycose’, y(t’) = oy sin ’ + oy cos ¢’; 

} (2) 
here g’ = w/t’ 


o! = ecH' /e’ = (eH | mec) V1 —B)(1— 8B), (3) 


and Bx, By and ox, Oy are the velocity and spin 
of the electron at the moment of exodus from the 
region of the fields. 

Using the Lorentz transformation from the labo- 
ratory system to the system K’, it is clearly pos- 
sible to express sin gy in Eq. (1) in terms of the 
spin components and velocities in the system K’: 


6 (t) 1B, (t) + Bol — [oy (t) + Bose] By (7) 


sing = : 
V (3; (=) + Bol? + 82 (x) (1 — 82) 


(4) 


and the projections Bx, By and ox, oy of the ve- 
locity and spin at t’=0 through a, and By. A 
simple calculation and substitution in Eq. (2) give 


(cos & — 88,5) cos 9 — V1 — Be sin a sin 


oy (t) = —————————————— ? 
V ¢—8) 4-88) 
: (cos a — 88o) sin on a ee Sin @ COS Po 
oy (t) == ———— , 
/ ( — 8)(1 — 82) 
: (8 cos a — 8) cos o— 8 J/ 1 — BR sina sin gp 
Bx (*) = 1 — Bf cos a , 
, (B cos a — By) sin go + 8 |/ 1 — B? sin a cos @ 
By (=) = yates ie a5) 


1 — 68 cos a 


The substitution of Eq. (5) into Eq. (4) gives a very 
long expression, which we won’t reproduce here. 
The formulae (5) and (4) solve the required prob- 
lem, if the quantity gy) =w’T is found, i.e., the 
time T in the system K’ of movement of the- 
electron through the region of the fields. In this 
system, the length of the projection l’ of the path 
of the electron on the x’ axis will be 1 =/v1- 2, 
therefore, tT is determined by the condition 

= <Bo + |B: (¢’) at’. (5) 

0 


Using Eqs. (3) and (5), this condition leads to the 
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following equation for @p: 
0 1— (Bo/® gos a) (ss sites (= COS») tana 
1— 26 V1 =e 
eH! ae 
~ Cp cos a 1 — Bo. (6) 


where p= m,fc/V1 —# is the initial momentum 
of the electron. In practice to a high accuracy one 
can consider that gp» is equal to the right-hand 
side, since the second and third terms on the left- 
hand side are very small* in comparison with gp. 

In the case a <1 and g) <1, neglecting terms 
of order a’, v3 and agp, the simple formula 


Hl By ys 
Ce a) ee (1) 
follows from Eqs. (4) — (6). _ 

A relatively simple formula can be obtained 
also in the important case of small a and arbi- 
trary . For this, expansion of Eq. (5) in powers 
of qa and substitution into Eq. (4) gives 
[(3 / Bo) — 1 ++ (1 — 8Bo) cos ¢o]?4—"/2 

(1/82) (t 88) 
AVP Ogee eel, (8) 


where Aj, A,, etc. — of the order of magnitude 
unity — are some functions of B ), B and gp which 
are easy to calculate. 

For @=0 and B= Bp the electron trajectory 
is rectilinear and Eq. (7) or Eq. (6) and Eq. (8) lead 
to the well-known equation: 


9 = (eHl /cp) V1 -— BP. 


Sin 9 = Sin 9% be oF 


Translated by G. E. Brown 
163 


*These terms determine the correction to ¢ connected with 
the curvilinear nature of the trajectory of the electron. For 
a=0 and B = B,, the trajectory is rectilinear; as can be seen, 
the terms vanish in this case. 
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Multiple scattering of protons with energies from 90 to 200 Mev and with energies from 40 to 
60 Mev was investigated respectively in lead and copper plates of various thicknesses. The 
experimental data are compared with the multiple Coulomb scattering curves for a point and 
extended nucleus. A consequence of diffraction scattering is that the experimental results do 
not agree. with the theoretical values for a finite sized nucleus and exceed them. The effect 
of nuclear scattering depends on the relation between the angle 6 =%*/R and the mean square 
angle of multiple Coulomb scattering. The integral cross section for nuclear scattering of 
protons o = (0.0755 + 0.0375) ogeom has been obtained in the angle region in which Coulomb 
scattering is small compared with nuclear scattering. This value is in good agreement with 
the optical model of an “absolutely black” nucleus. 


1. INTRODUCTION 


W: have investigated the scattering of protons 
with energies of 90 to 200 Mev in lead plates 7 and 
4 mm thick, and from 40 to 60 Mev in 5 and 2 mm 
copper plates, located in a Wilson chamber. Cos- 
mic ray protons, stopped by ionization in the Wilson 
chamber plates, were selected, and their momen- 
tum prior to entering the chamber was measured 
with a magnetic mass spectrometer. A detailed 
description of the experimental setup is given in 
Rem. 1. 

The conditions for selecting particles for the 
scattering investigation were such that it was pos- 
sible to observe elastic scattering only. The mass 
of an inelastically-scattered proton, determined 
from its momentum and range, is not the true pro- 
ton mass, and such cases are not investigated. 
However, there is a spread in the proton masses, 
because of the errors in measuring the momen- 
tum and range. If one assumes that a particle 
corresponds to the selected upper limit of the in- 
terval for the proton masses, equal to 2300 m,, 
not because of errors but on account of inelastic 
scattering, then the value of the transferred mo- 
mentum will be Ap,_,) = 0.8 x 10° ev/c, which 
constitutes 15% of the particle momentum itself. 
The proton mass spectrum is well approximated 
by a Gaussian distribution which shows that the 
spread of masses is due to the errors of measur- 
ing momentum and range and not to some inelastic 
processes. Besides, the relatively small value of 
APine] gives reason to believe that the investigated 
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scattering is elastic. 

The projections of scattering angles in plates 
were investigated from zero to the maximum ob- 
servable. The angles were measured independ- 
ently by two observers, from photographs, by 
means of a protractor. A large number of meas- 
urements were averaged. The mean-square error 
in measuring the angle was 0.6°. 

It is to be noted that only those scattering an- 
gles were investigated which corresponded to the 
residual tracks, equal to two or more plates; thus, 
if the plate in which the particle has stopped is as- 
signed the number k= 0 and the plates are num- 
bered consecutively upward from this plate, then 
the investigated scattering pertains only to plates 
with numbers k = 2. The scattering was not in- 
vestigated in the plate k=1, since in this case 
the large uncertainty in the track lowered consid- 
erably the precision of the momentum determina- 
tion. 

The protons were divided according to their 
residual tracks into four groups (I, II, III, and IV). 
Groups I, II, and III correspond to plates with num- 
bers k = 2, 3, and 4. Group IV corresponds to 
plates with numbers k = 5 and 6. 

Inasmuch as the curves of multiple Coulomb 
scattering are dependent very strongly on the mo- 
mentum p (more accurately, on the quantity m= 
pBc), it was measured by two methods for a more 
precise determination. The momentum was deter- 
mined, on one hand, from the residual track and on 
the other hand, from the momentum measured in 
a magnetic field and from the amount of matter 
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traversed by the particle up to the scattering point. 
For each group, the average momenta calculated 
by both methods agree well with each other (with 
a precision to 2%). The momenta and energies of 
investigated protons for each group are shown in 
Table I. 


TABLE I 
Momentum p, Energy E, 
Group 10° ev/c Mev 
I 4.6-+0.25 1044-13 
I] 5-15-40 .24 132+11 
II 5.60.21 152+10 
IV 6.17-+0.16 186-+-9 


The average momentum for each individual 
group has an uncertainty Ap, determined by the 
finite plate thickness in which the particle stops. 
Corrections were made for the multiple Coulomb- 
scattering curves, plotted with the average value 
of m, which take into account the existing uncer- 
tainty in the momentum determination. 

The elastic proton scattering in plates, in the 
region of small angles, is determined primarily 
by multiple Coulomb scattering. Only for large 
angles (6 >x/R) does the scattering have in 
practice a purely nuclear aspect. The presence 
of nuclear scattering for protons leads to the con- 
clusion that the experimental curves differ from 
the curve of Coulomb scattering. 


2. ON THE THEORY OF MULTIPLE SCATTER- 
ING OF NUCLEAR-ACTIVE PARTICLES 


The distribution function of multiple Coulomb 
scattering for a point nucleus was calculated by 
Moliere.**? The nuclear dimensions begin to show 


up when the momentum change of the scattered par- 


ticle is of the order of the “nuclear momentum,” 
Ap = p0 ~ fi/R, i.e., for angles 9 2 */R. 


Scattering curves that take into account the finite 


nuclear dimensions, applicable to the scattering of 


p. mesons with momenta p= (1.0—2.0) x 108ev/c, 


were obtained and communicated to us by M. L. 
Ter-Mikaelian. The differential Coulomb scatter- 
ing cross section (neglecting the atomic form fac- 
tor ) has the form 


20 (8) dQ = op (8) F(ydQ, y=OR/%, (1) 


where op (6) = 4a*a”/9* — the Rutherford scatter - 
ing cross section, a= Ze*/hv, and F is anu- 


clear form factor which drops off rapidly with @R/x 


> 1 and which equals 1 for y « 1. Its values for 


intermediate values of y, according to Hofstadter’s 


data, are: y=0.5; F(y)=0.91; y=1.0; F(y)= 


0.64; y=2.0; F(y) =0.294. 

From the comparison of the multiple Coulomb 
scattering curves for the point and extended nucleus 
it can be seen that the smaller the angle 6 =*x/R 
in relation to the mean square of Coulomb scatter- 
ing Xo VB (Ref. 2, 3), i.e., the larger the atomic 
number Z and the thickness of the scattering sub- 
stance, the greater the influence of the nuclear 
dimensions. However, if there is also a nuclear 
interaction, then for the same momentum change 
Ap =f/R one must also take into account the nu- 
clear forces; therefore the calculation of the finite 
nuclear dimensions in Coulomb scattering and of 
the nuclear field must be done simultaneously. It 
is clear that the nuclear scattering must be taken 
into account if its cross section is (for some scat- 
tering angles) comparable to the Coulomb scatter- 
ing cross section. For the differential nuclear 
scattering cross section we shall use the data on 
aoe scattering for an “absolutely black nucle- 
us.” 


Sauc (9) dQ = R?| Jy (y)/ 6)? dQ. (2) 


The nuclear and Coulomb cross sections become 
equal at angles 6,=2ax/R for @21 and 6,= 
2Vax/R for a «<1. If angles 6, and @, exceed 
significantly the mean-square angle of multiple 
scattering (a@ > 1), then the Coulomb interaction 
predominates over the nuclear one in the angle re- 
gion of interest to us. It is then valid to take into 
account the nuclear dimensions which manifest 
themselves at deviation angles */R, and disregard 
nuclear scattering which becomes of the order of 
Coulomb scattering for angles much larger than 
x/R. When a #1, the effects of nuclear dimen- 
sions and nuclear scattering are of the same order, 
but when a <1 the nuclear scattering shows up 
considerably earlier than the nuclear form factor 
in Coulomb scattering. The thicker the scattering 
substance and the higher its Z, the larger the 
mean-square angle of multiple Coulomb scattering 
X¢ VB and the greater the effect of nuclear scatter- 
ing. 

The total differential scattering cross section is 

Sota (0) dQ = op (8) NW (y, «) dQ, (3) 
where N(y,q@) is the coefficient which accounts 
simultaneously for the effects of the finite nucleus 
dimensions and of nuclear scattering. 

Following the calculations of Ref. 5, we can 
simply use the coefficient N(y, a), which must 
be multiplied by the Rutherford scattering cross 
section in order to obtain the correct formula for 
the single scattering cross section, which in turn 
yields the curve of multiple scattering. This coef- 
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ficient, for @ £1, is everywhere larger than unity 
and only for a> 1 is it smaller than unity. This 
is well illustrated by a series of experimental 
curves in Ref. 6, which give the dependence of 
N(y, @) = Otota]/OR on the scattering angle for 
22-Mev protons for a large number of elements. 
For light elements a@< 1 and N(y, a) >1, and 
N(y, a) <1 only for very heavy elements. We 
shall use these experimental curves for compari- 
son with our experimental data. 

As follows from calculations in Ref. 5, the ex- 
perimental curves for the dependence of N(y, a) 
on the scattering angle, cited in Ref. 6, depend 
only on the magnitude of qa. Having the interval 
of velocities for protons under consideration (f= 
0.44—0.55 for lead and B=0.3—0.35 for copper), 
we determine the corresponding values of a for 
our conditions: 


app = 1.37 — 1.1 and acy = 0.723 — 0.625. 


We next determine the equivalent elements which 
correspond to our values of app and aq, for 
22-Mev protons. 


TABLE II 
N (y) 
+ 
8 y = OR/* | Ref. 5 |Ref. 5| Ref. 6 
a = 0.2 ja =1.73 
0 0) dl 1 4 
a 0.705 3.8 1.6 1 
4 1.41 AON Bias) 1 pay ey RA 
6 PAGAL AS (sje 4.4—1.3 
8 2.82 Aen 6.4 ee 
10 Sigs 6.0 4.0 ees, 
12 LOS 50) 2.60 GP 
14 4.92 1.05 
16 5.63 1.0 
18 6.34 0.95 
TABLE III 
N( y) 
8° | ¥ = RIX | ‘Ref. 5 | Ref. 5jRef. 6 
a=0.2 | « = 1,78 
0) 0 al 1 al 
PP 0.208 1 al 1 
4 0.416 1 1 4 
6 0.624 3.4 ALG) 1 
8 0.832 4.0 1.4 4.05 
10 1.04 4.2 1.9 iNet 05s 
12 1.248 5.6 2.0 1.20 
14 1.456 6.5 3.4 a ey 


Tables II and III show the values of N(y, a) 
for lead (from the graph for Nb) and copper 
(from the graph for Fe), respectively, in the re- 
gion of angles investigated by us. The same tables 
show the coefficients N(y, a) as calculated in 
Ref. 5 for @a=0.2 and @=1.73. These coeffi- 
cients, in the region of scattering angles investi- 
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gated by us, are always greater than unity, whether 
obtained from the experimental data® or from the 
theoretical calculations.» Note, however, that the 
use of the experimental data of Ref. 6 for N(y,@) 
is based on Ref. 5 and that the coefficients N(y,@) 
according to theoretical calculations® are consid- 
erably higher than the same coefficients according 
to the experimental data of Ref. 6. It is possible — 
that the coefficients N(y, a) as calculated in 

Ref. 5 have higher values because no account was 
taken of the diffuseness of the nuclear edge or of 
its transparency. However, there are no experi- 
mental and theoretical papers covering the ener- 
gies and substances of interest to us. 

As far as the degree of blackness is concerned, 
since the range in nuclear matter, for neutrons 
and consequently for protons with energies of 20 
to 140 Mev, is approximately constant, (it varies 
from 3 x 107% to 4x 107%cm in the interval of 
proton energies investigated by us, i.e., 90 to 200 
Mev for lead and 40 to 60 Mev for copper), then, 
to a first approximation, one can consider the nu- 
clei of lead and copper as “absolutely black.” 

We can thus conclude that allowance for the 
nuclear interaction and nuclear dimensions leads 
to an increase in the Rutherford scattering cross- 
section for the point nucleus, in the angle region 
of interest to us, and not to a decrease due to finite 
nuclear dimensions, as occurs for particles which 
undergo only Coulomb interactions. The experi- 
mental data for protons must lie above the Moliére 
curve, or at least coincide with it when N(y, @) 
is close to unity. 
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FIG. 1. Differential distribution of scattering angles for 
protons in 7 mm lead plates for group I. Solid line — curve of 
multiple Coulomb scattering for a point nucleus, dotted line — 
for extended nucleus; n = 254, 


3. EXPERIMENTAL RESULTS AND THEIR 
EVALUATION 


In Fig. 1 are shown the experimental distribu- 
tion of scattering angles for one of the groups 
(group I) for scattering by 7 mm Pb, and the 
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corresponding theoretical curves of multiple Cou- 
lomb scattering for a point and an extended nucleus. 
The scattering-angle distributions for the remain- 
ing groups are similar in nature and are therefore 
not shown. Since the projections of scattering an- 
gles are under study, all theoretical relationships 
and curves, used for comparison with experimental 
data, pertain to scattering-angles projections. 

The “x? criterion” can be used to check the 
agreement between the experimental data and the 
theoretical curves. For group I (Py2)exteng = 107% 
and ( Py? )noint = 9-94. It follows from all these 
curves that the experimental data agree with the 
scattering curve for the point nucleus, but differ 
markedly from the curve for an extended nucleus. 

In Fig. 2 are shown the combined scattering- 
angle distributions for all the groups (I, II, III, IV). 
The scattering angles are given in units of 9g, 
where ¢ is the relative scattering angle (oy = 
6/X oVB ). The superiority of such a construction 
lies in the fact that we can combine all of the 
groups, by previously constructing the distributions 
according to g for each group separately, and then 
summing them up. 
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FIG. 2. Differential distribution of scattering angles for 
protons in 7 mm lead plates for all the groups combined. Solid 
line — curve of multiple Coulomb scattering for a point nucleus, 
dotted line — for extended nucleus; n = 1060. 


The experimental curves for angles g > 1.8 
(Fig. 2) are less steep than the scattering curve 
for the point nucleus. This is explained by the 
fact that with large angles, the diffraction scatter- 
ing cross-section is on the average inversely pro- 
portional to the cube of the scattering angle 
[Eq. (2)], whereas the pure Coulomb scattering 
cross sections to its fourth power [Eq. (1)]. 

There are relatively few experimental data on 
proton scattering in 4 mm lead plates. They are 
therefore not subdivided into groups and the com- 
bined graph for all the groups is shown (Fig. 3), 
although the construction of the experimental and 
theoretical distributions was made by intervals, 
and the data were summed afterwards. It is seen 
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FIG. 3. Differential distribution of scattering angles for 
protons in 4 mm lead plates. Solid line — curve of multiple 
Coulomb scattering for a point nucleus, dotted line — for ex- 
tended nucleus; n = 349. 


from Fig. 3 that the experimental data agree 
equally well with the point nucleus and with the 
curve of the extended nucleus [(Py2)point = 9-94] 
and [(Py2 extend = 9-93]. 

Comparing scattering curves for two different 
thicknesses of scattering plates (7 mm Pb and 
4mm Pb), we see that the effect of nuclear scat- 
tering increases with the increase in plate thick- 
ness. In the region of large scattering angles, 
where the Coulomb scattering is very small, and 
consequently the interference of Coulomb and nu- 
clear scattering plays no role, all the scattering 
cases can be considered to be purely nuclear. The 
experimental scattering cross-section for angles 
g > 3.3 for 7mm Pb plates (Fig. 2) was found to 
be : 

3s = (0.0755 + 0.0375) ogeom: 
200 ; AN, f (6) 
150 
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FIG. 4. Differential distribution of scattering angles for 
protons in 5 mm copper plates; n = 290. 
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From the asymptotic expression for the diffrac- 
tion scattering formula? for large angles one can 
obtain the integral diffraction scattering cross sec- 
tion for projections of scattering angles-larger than 
Oo: 


oo (4% / =? R9)Sge0m> (4) 


which gives for angles g > 3.3 a cross section 
o = 0.06 Oge9m, in good agreement with its ex- 
perimental value. 

The experimental data on proton scattering in 
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FIG. 5. Differential distribution of scattering angles for 
protons in 2 mm copper plates; n = 290. 


copper, with scattering plates 5 and 2 mm thick, 
are shown in Figs. 4 and 5 respectively. These 
data are compared only with the curve of multiple- 
scattering by a point nucleus because the effect of 
finite nucleus dimensions is negligible for the cop- 
per nucleus and the investigated momentum range. 
While the mean-square angles Xo VB (aver- 
aged over all groups) for lead and copper are al- 
most identical (~5°), the value of 96=x/R for 
copper (~7°) is 2.7 times larger than the same 
value for lead (2.6°). One concludes from this 
that the effect of diffraction scattering is also 
small, and the experimental points must agree 
well with the curve of multiple Coulomb scatter- 
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ing for the point nucleus. This is clearly seen in 
the curves shown in Figs. 4 and 5 and Table III, 
where the coefficients N(y, a) are very close 
to unity. 

It follows from the above that, depending on the 
energies of the protons, the plate thickness, and 
substance in which scattering is being investigated, 
the nuclear scattering takes place in a diverse mati- 
ner. If */R< X¢VB , then the nuclear scattering 
shows up in the region of multiple scattering; if, 
however, */R2XcVB, then the nuclear. scatter- 
ing is apparent only at angles considerably larger 
than the mean-square angle of multiple scattering. 
The larger the effect of finite nuclear dimensions, 
the larger is the effect of the nuclear scattering, 
and vice versa. This, in the final analysis, leads 
us to the conclusion that the elastic proton scatter- 
ing in the region of multiple scattering can be ap- 
proximated artificially by the curve of Coulomb 
scattering for a point source.* 

The author expresses his thanks to Prof. A. I. 
Alikhanian for his interest in the problem and for 
his participation in its discussion, and to W. L. 
Ter-Mikaelian for developing the scattering theory 
given in this paper and for his participation in the 
discussion of the data. 
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*Note added in proof (March 31, 1958). We have established 
recently that in a scattering investigation by experimental set- 
ups of this type it is necessary to take into account the geom- 
etry of the apparatus. For mesons this calculation would lead 
to a substantial change in the scattering curve; for protons the 
change is several percent. 
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The absolute yield of electrons produced by 2.62 Mev Yy-quanta in an aluminum target of effec- 
tive thickness is determined experimentally and computed theoretically. 


INTRODUCTION 


ertons experimenters have studied the relative 
yield of electrons emitted in bombardment with y- 
rays of different energies of targets of various 
materials! having an effective thickness.* At the 
same time, there are actually no data in the litera- 
ture on absolute values of these yields. Papers on 
the determination of the efficiency of cylindrical 
y-counters, for example that of Bradt et al.,? do 
not give such data directlyf since the broad diver- 
gent beams used in these experiments lead to a 
multiplicity of angles of incidence of y-rays on the 
walls of the counter (from 0° to 90°). As is well 
known, this gives a comparatively complicated re- 
lation between the value of the counter efficiency 
obtained and the yield of electrons from a flat tar- 
get of the same material which is, instead, irradi- 
ated by a beam along the normal.!? 

Since data on relative yields are available, it is 
sufficient to determine the absolute yield for any 
one material at one y-ray energy, in order to con- 
vert to absolute values for other materials and en- 
ergies. The present paper is devoted to this prob- 
lem. 

Aluminum was chosen as the target material 
and the yield of electrons was determined for the 
hard component of the radiation from ThC” (2.62 
Mev). The quantity to be determined was found 
by experimental and computational methods. 


COMPUTATION 


Let us consider an aluminum target of infinite 
thickness (cf. Figure 1), where A-B is the front 
face at which the y-rays enter, and a-b is a 
plane parallel to this face at a distance r from 
A-B. The general expression for the flux through 


*J,e, a target thickness of the order of the range of the 
secondary electrons of maximum energy. 

+This is the case even when one takes into account the 
yield of electrons from the back wall, using for example the 
data of Hine.’ 


y-tays 


a 


Electron 


the plane a-b of electrons with initial energy in 
the interval from E to E+dE, which are pro- 
duced in the elementary layer dx at distance x 
from the front face of the target is 


dN = 3e-°*D(E) xf [E | dx dE, (1) 


rea) 
where o is the linear Compton scattering coeffi- 
cient, D(E), is the energy distribution function 
for the Compton electrons for a given value of a@ = 
Ey /mc*, and is given by the Klein-Nishina formu- 
la; f{E, (r—x)/cos g(E)} is the function which 
gives the probability that a Compton electron 
emerging at an angle ¢ (relative to the initial di- 
rection of the quantum ) will penetrate to depth 
r—x inthe target. For this function we took the 
experimental curves for absorption of monochro- 
matic electrons of various energies in aluminum, 


Target thickness, r 
“0 20 40 60 80 100 10 140 160gm/cm* 
100 
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I(z) in relative units 


FIG. 2. Results of integration of expression {1). 1—I(z) 
(ordinate scale on the left); 2—F(r) (ordinate scale on the 
right). 
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which were obtained by Sinel’ nikov, Val’ ter et ali 

To find the total flux of electrons passing 
through the plane a-b, expression (1) was in- 
tegrated over the whole range of energies and 
then over x. The integration was done numeri- 
cally. The result is shown on an arbitrary scale 
in Fig. 2. The first integration gives the curve 
I(z), where z=r-—x (cf. Figure 1). This is 
just the absorption curve of the electrons pro- 
duced in the layer dx. The second integration 
gives the curve F(r),* which shows the depend- 
ence of the flux of electrons through a-b on the 
distance from the front face, or in other words, 
the dependence of electron yield on target thick- 
ness. 

It is not hard to see that the ratio of the area 
under the curve I(z) to the total area of the 
shaded rectangle gives the ratio of the electrons 
emitted from the back face of a target of effective 
thickness to the total number of Compton electrons 
formed in the body of the target. Denoting this 
ratio by , we determine 7 — the number of 
electrons per quantum incident on the target, from 
the simple relation 


N= GO, 
where R is the effective thickness of the target. 
Taking R= 0.048 cm (cf. Figure 2), o = 0.098,! 


and substituting the value of & = 0.33 found from 
the graph, we get finally 


4 = 1.6-10°? electrons/y -quantum. 


EXPERIMENTAL DETERMINATION OF 7 


For the experimental determination of 7, a 
special aluminum counter tube was prepared. Its 


(7 To amplifier 


Distance to source 9720 se! 


To ground 


FIG. 3. Counter tube with lead collimator-shield. 
1) Shield, 2) collimator channel, closed by lead plug, 
3) counter tube, 4) cellophane windows. All dimensions 
given in mm. 


*The factor exp{—o{r — x) }, which is unimportant for 
the thicknesses used, was set equal to unity. 


construction is shown in Figure 3. In the middle 

of the body of the counter, on the outer wall, there 
is a cylindrical projection 13 mm in diameter. The 
wall thickness of the tube at the position of the pro- 
jection is 6 mm, i.e., a little greater than the effec- 
tive thickness. There is a fine channel 1 mm in 
diameter at the center of the projection, and its 
outer end is covered by a thin (30) cellophane — 
window. In the diametrically opposite wall of the 
tube there is a circular opening 15 mm in diameter, 
also covered with cellophane. A constant pressure 
of 40 —60 mm Hg was maintained in the tube, and 
the operating voltage was 2000V. The tube plateau 
was 40 —50V, which is entirely adequate. 


Brick walls 


Wi 
. 


FIG. 4. Arrangement of apparatus (dimensions in mm). 


The overall geometry of the experiment is 
shown in Figure 4. The source A (RdTh with 
an intensity of 896 + 20 mC) was placed in the 
lead container B ata distance of 948 cm from 
the center of the tube. The preliminary collima- 
tion of the y-rays was done by the channel C in 
the container and a pair of brick walls with 80 mm 
diameter holes. The radiation was filtered by a 
5 cm lead filter D at the exit of the channel C. 

In front of the counter tube E we placed the main 
collimator F, consisting of a lead shield 100 mm 
thick, with a cylindrical channel whose cross sec- 
tion precisely matched that of the projection on the 
tube (13 mm diameter). The channel could be 
closed throughout its length by means of a tight- 
fitting lead plug (cf. Figure 3). 

The experiment was carried out as follows. A 
small lamp was placed at the position of the source, 
and its light was used to align the whole apparatus 
visually, so that the source, the axis of the channel 
in the shield, the projection on the tube and the cel- 
lophane window opposite it were in a straight line. 
With the shield channel closed by the lead plug, we 
measured the tube background and the effect of 
scattered radiation from the source. Then the plug 
was removed, and the collimated beam of y-rays 
passed through the projection into the counter tube 
and emerged from it through the cellophane window. 
The excess count thus obtained above the effect of 
background and scattered radiation was attributed 
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to electrons produced in the tube by the y-rays. 
The effect of the action of the y-rays on the rear 


cellophane window was assumed to be equal to zero. 


Three series of measurements were made, with 


repeated counting of background and effect. Between 


series of measurements the apparatus was read- 
justed to eliminate possible systematic errors re- 


sulting from inexact alignment. The measurements 
gave the value 


4 = 1.3+0.2-10 electrons/quantum. 


Here it is assumed that only quanta with energy 
2.62 Mev are effective.* This result is in satis- 
factory agreement with the computed value. 

From this value and the data of Hine® we can 
compute, for example, the absolute values of the 
yields of electrons per 2.62 Mev quantum for other 
materials (cf. the table). 


Yield of electrons per quantum 
of energy 2.62 Mev 
for various materials 


; Relative Absolute 
Ele- Atomic yield yield 
ment number according (electrons/ 
: of element to Hine quantum) X 10 
G 6 PAH ll) 
Al 13 1.7 1.340.2 
Cu 29 Me, 0.9 
Sn 50 0.92 0.7 
Pb 82 1 0.8 


Comparing these data with the values found in 
Bradt’s experiments for the efficiency of copper 
and lead counters for y-rays of the same energy 
(1.45 electrons/quantum for copper, and 1.94 + 
0.07 for lead), we see that, as was to be expected, 


Bradt’s data are higher than the values in our table, 


by factors of 1.6 and 2.4, respectively. This ex- 
cess is completely reasonable, since in the geom- 
etry of Bradt’s experiment, there should be an 
appreciable effect of small angles of incidence in 
the irradiation of the cylindrical surfaces of the 


*For the fraction of quanta with energy 2.62 Mev in the 
spectrum of the radiation, cf., for example, Reference 1133 


counters, while for the lead counter there is in 
addition the yield of electrons from the back wall, 
which is known to amount for lead to about 44 of 
the yield of electrons from the front wall.’ 


CONCLUSION 


We have made an experimental determination 
of the yield of electrons from an aluminum target 
bombarded by 2.62 Mev y-rays. The value 1.3 + 
0.2 electrons/quantum which was found is in satis- 
factory agreement with the value 1.6 electrons/ 
quantum which was computed using data from the 
literature on absorption of monochromatic elec- 
trons. 

On the basis of these data and values in the 
literature for relative yields of electrons from 
various materials at various energies, one can 
find absolute values of these quantities. 
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The internal conversion electrons emitted by excited u?35 nuclei after a decay of Pu 


233 were 


investigated. Multipolarities of the transitions were established and the spins and parities of 
the first 6 levels were determined by comparing the results with the theoretical internal con- 
version coefficients for the Ly, Ly and Lyy shells. It was shown that the first 5 levels form 


a rotational band with K =3. 
obtained. 


INTRODUCTION 


‘Tue @ spectrum of Pu?*? is very well known at 
present and indicates that the daughter nucleus 

u?3> possesses a number of excited levels. Table I 
is a list (taken from Refs. 1 to 3) of the first few 
excited levels of U*® as known from a decay and 
the probabilities of a@ decay to these levels. 


TABLE I 
No. of Excitation Intensity of 
level energy (kev) a decay (%) 
0) 0 UP 
I Aa”? 16.8 
II ery 10.5 
{ll 84 Sat culls 
IV 151 SS iam 
V 172 5-40-3 
VI 234 5-10-38 


These excitation energies are computed from 
the “zero” level of U?*> (the lowest U?®® level to 
which a decay goes). As was shown by Novikova 
et al.,® this level does not coincide with the ground 
level of U?**. q@ spectroscopy provides a reliable 
determination of the energies of the excited levels 
but does not generally establish their spins and 
parities. The y transitions between levels must 
be studied for additional information. 

The conversion and y emission of U?*>* have 
not been studied as thoroughly as the a@ decay of 
‘Pu?8*, In Refs. 4 and 5 the internal conversion 
electrons of U?*> were investigated by means of 
electron-sensitive plates. Only the most intense 
transitions of 35 and 53 kev were found (II —I and 
II— 0 in our notation). West and Dawson® obtained 


*Here and hereinafter we are concetned with the radiation 
from U*** nuclei left in excited states after the « decay of 
Puce 


960 


More precise values of the energies of the excited states were 


strong L lines, and also y lines with the ener- 
gies 37.7, 52.3, and 59.2 kev. The first two lines 
are due to the transitions II—I and II—0; the 
origin of the last line is uncertain. Freedman, 
Wagner and Engelkemeir’ observed only conversion 
electrons with the energies 31.4, 35.3, 47.1, and 
50.2 kev, i.e., Ly, Lyyy, M and N+ 0 electrons 
from the II—0 transition. They also found y 
rays with energies of 17.5 kev (100%), 35 kev 
(0.4%), 100 kev (1.1%), 124 kev (0.5%) and 384 kev 
(0.38%). These will be discussed later. Finally, 
Shliagin® detected a number of U™*> conversion 
lines which can be explained completely by the 
transitions I—0, II—I and II—0. He also found 
strong 2.2-kev emission which he erroneously 
ascribed to K conversion of a 117-kev y transi- 
tion. 

It is thus clear that we have extremely incom- 
plete data as well as poor agreement in the case 
of weak lines. This induced us to make a detailed 
investigation of the conversion electron spectrum 
which accompanies the @ decay of Pu?39 


EXPERIMENTAL METHOD 


The internal conversion electrons which accom- 
pany the a decay of Pu?® were studied by means 
of an iron-free 8 spectrometer with a toroidal 
magnetic field.? We studied the spectrum of elec- 
trons ejected immediately following a@ emission 
(a@—£ coincidences). The transmission of the 
instrument for electrons is 7% with resolution of 
1% (the transmission fpr a@—8 coincidences is 
2.5%). 

In the study of low-energy electrons a potential 
of 10 kev was applied to the source. Acceleration 
did not cause broadening of the lines of even the 
slowest electrons. The a detector was a stilbene 
crystal placed directly behind the source and con- 
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FIG. 1. Electron spectrum of U**® in the range 
0-35 kev with accelerating voltage 7.0 kev. 
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FIG. 2. Electron spectrum of U*** in the range 35 —52 kev. 
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nected by a light pipe to a FEU-29 photomultiplier. 
We also used a scintillation counter to detect elec- 
trons, with a CsI(T1) crystal for electrons with 
energies below 20 kev and stilbene at higher ener- 
gies. 

The source was prepared by vacuum deposition 
of the active material on a thin mica backing (0.8 
mg/ cm?) which was coated with aluminum on the 
reverse side. 


EXPERIMENTAL RESULTS 


We investigated the conversion spectrum of 
u?> up to electron energy of 350 kev, but only in 
the 0 —105 kev range were conversion lines found 
which appreciably exceeded the background energy 
level. 

Figures 1, 2 and 3 show portions of the conver- 
sion spectrum, which was not fully corrected for 
the counter efficiency. We measured the counter 
efficiency in the range 0 — 35 kev and assumed it 
to be unity above 35 kev. 
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The electron energies and conversion line in- 
tensities are given in Table II. The line intensities 
were corrected for counter efficiency and are ex- 
pressed as percentages relative to the number of 
Pu? q@ decays. In determining conversion elec- 
tron energies our reference lines were the Lyy 
and Lyyy lines from the II—0 transition with en- 
ergy taken to be 51.7 kev and the Ly and Lyyy 
lines from the y transition between the 143.3 and 
43.5-kev levels of U4 (the daughter nucleus of 
Pu238 ) A 


I. Levels I and II (13.0 and 51.7 kev) 


Novikov et al. have shown that levels I and II 
with excitation energies 13.0 and 51.7 kev (relative 
to the “zero” level of U?**) can be regarded as the 
first excited levels of a rotational band with K =3, 
beginning with the “zero” level. With this interpre- 
tation levels 0, I and II must have spins %, %, 
and % and identical parity. 

Almost all of the conversion lines correspond- 
ing to the transitions II—0, II—I and I—0O are 
clearly seen in the spectrum (Figs. 1 and 2). We 
determined the multipole orders of these y tran- 
sitions. Our experimental ratio of the conversion 
coefficients of the II—0 y transition in the Lyy 
and Ly subshells is 0.88, which is in excellent 
agreement with the theoretical value of 0.87 (pri- 
vate communication from L. A. Sliv) for an E2 
transition at the given energy. The II —I transi- 
tion is mixed: 87% M1 + 13% E2 (for y-emission 
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probability ). The multipole orders of the transi- 
tions provide acceptable confirmation of the rota- 
tional nature of levels II, I and 0 

The M-conversion coefficients are unknown, 
but if we make the usual assumption that the con- 
version ratio for M subshells is equal to the cor- 
responding ratio for L subshells it is possible to 
calculate the Ml and E2 contributions to the 
I—O transition. (In this case L radiation cannot 
be excited because the y-ray energy is below the 
electron binding energy in the L shell.) For the 
I—0 transition the experimental ratiois (My + 
Myy)/My] = 10%/3.6%, which corresponds to 
99.5% M1 + 0.5% E2. (The L-conversion coeffi- 


cients supplied to us by Sliv were extrapolated to 
13 kev.) 


II. Level III (83.8 kev) 


According to Ref. 3, the 83.8-kev level is the 
third excited rotational level of a band with K =. 
The spin must be yé and the parity must agree with 
that of the other levels of the same band. 

We detected only one transition beginning at this 
level (the III—I transition). The transition energy 
of 70.8 + 0.2 kev was determined from the Ly] 
line (peak 23, Fig. 3). We were unable to deter- 
mine the multipole order of this transition because 
its weak L peaks fall on the slope of the strong 
N+ 0 peak of the II—O0 transition and reliable 
measurements could not be obtained. We were 
also unable to detect III —II transitions; this is 
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TABLE II. Internal conversion electrons which accompany 


the a decay of Pu?%? 
+s ied ts ae reat a aT Ear ny AS 


No. of Electron iti i 
peak energy (kev) Intensity* feng hee ee pies ike eae 
4 0 ~100 “Zero” peak 
2 2.59 ~15 Auger M— 2N 
3 7.48 10 MM 13.0 13.0—0 
4 8.62 3.6 12),192 IG O10) 
5 9.79 iT ae Auger M—2N 
6 11.68 As. dh ) Bal 13.0—0 
7 12.88 1.6 O Alea 2. 13,.0—O 
8 16.70 0.65 ih, 38.5 o1.7—13.0 
s) 17.83 0.76 IL 38.8 o4.7—13'..0 
10 21.63 0.76 IE 38.8 o41.7—13.0 
11 24.43 0.64 L 45.4 45.4—0 [U36 
12. 28.28 0.54 Ly 45.4 45.4—0 U236 
13 30.82 Binks} ik lee o1.7—0 
14 34.47 2.46 Di 51.6 51 720 
15 37.5 0.14 N,O 38.8 51.7—13.0 
16 40.7 0.19 M 45.4 45.4—0 U236 
17 42.8 0.04 : 
18 44.5 0.07 NO 45.4 45.4—0 U286 
19 47,0) {ho M Dewi 31 .7—0 
20 48.7 0.02? jsp 65.9 149,7—83.8 
24 49.4 0.02? Ly 70.3 83.8—13.0 
22 91.0 0.6 NSO ol 37, 51.7—0 
23 53.6 0.0050 a 70.8 83 .8—13.0 
24 57.9 0.002 172.9 172,6 —Ground level 
ofeUege 
25 63.3 0.003 LyLiy 85 234.7—149.7 
26 66.6 0.002 
27 71.9 0.0007 Lint 89 172.6—83.8 
28 77.0 0.006 L 97.9 149.7—51.7 
29 81.0 0.004 Bary 98.2 149.7—51.7 
30 82.7 Ly 103.6 148, 7—45.4 U236 
of 85.9 0,001 Liyy 103.4 148.7—45.4 U236 
32 87.9 0.0008 
33 93.6 0.004 M 68.0 149.7—51,7 
34 97.4 0.002 N, 98.0 AZO Ri — 5 ly 
35 99.2 0.001? Ly 120.9 172.6—51.7 


*The intensity is corrected for the transition of the counter in the 0 —35 kev 
region and given in percentages relative to the total number of P”*”? a decays. 


easily explained by the fact that the conversion 
lines of these transitions fall in the region of the 
strong peaks of Fig. 1. 

There is a noteworthy absence of the III —0 
transition, which we would easily have observed 
if its intensity were comparable with that of the 
III —I transition. This absence provides strong 
confirmation that the spin of level III is %. In- 
deed, the III —0 transition must thus be of the 
M3 type and cannot compete with the E2 and M1 
transitions from level III to levels I and II. 


III. Level IV (149.7 kev) 


This level, like the preceding level, was first 
found by Novikova et al.? through a rays and was 
interpreted as the fourth excited level of a rota- 
tional band with K='/4. Its spin must be %, and 
its parity must agree with the parity of lower-lying 
levels. 


We have found two transitions beginning at this 
level. Fig. 3 shows the Ly (peak 28) and Ly 
(peak 29) conversion lines which belong to the tran- 
sition IV—II. From these lines the transition en- 
ergy was determined to be 98.0 + 0.3 kev. The ex- 
perimental Lyjj/Ly intensity ratio is 0.76, which 
is somewhat higher than the theoretical ratio of 
0.56 for an E2 transition but fits no other transi- 
tion. The absence of conversion in the Ly subshell 
is additional evidence favoring an E2 transition. 

Figure 2 shows a weak line (peak 20) of the 
IV —III transition (Ly with 65.9 kev). By a for- 
tunate coincidence this line falls into the valley 
between the M and N peaks of the IT—0O tran- 
sition. The other L lines of this transition are 
hidden by the M peak of II—0. We cannot see 
conversion lines corresponding to IV —I and 
IV —0 transitions, and if they exist their intensity 
is less than '/,) of the IV—II intensity. On the 
basis of the foregoing data, we can confidently 
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state that level IV belongs to the rotational band 
which we are considering and has spin WE é 

As already mentioned, a 100-kev y line in the 
y spectrum of U?® was reported in Ref. 7. This 
line is easily explained by the IV —II transition; 
its intensity compared with the 17.5-kev line is 
highly exaggerated in Ref. 7. 


IV. Level V (172.6 kev) 


This level was first observed by Asaro and 
Perlman through y—y coincidences (private 
communication). According to Ref. 3, the intensity 
of the a transition to level V is 5x 10°%. We 
observed a few weak conversion lines which can be 
ascribed to transitions from this level, which has 
an energy of 172.6 + 0.5 kev. In considering tran- 
sitions from level V, we are struck by the absence 
of L-conversion electrons from V —I transitions 
and the considerable number of such electrons from 
V-—II. The absence of L electrons from V—I 
cannot be explained by reduction of the L-conver- 
sion coefficient with increasing transition energy; 
higher probabilities of y transitions with increas- 
ing energy compensate the reduction of the conver- 
sion coefficient. The most reasonable explanation 
is the large spin of level V. 

Our results can be interpreted clearly by assign- 
ing spin YE: to level V and a parity which is oppo- 
site to that of the rotational band and agrees with 
the parity of the ground level (but not zero level) 
of U*®, The transition to level I must then be of 
type M2 and cannot compete with the El transi- 
tion to levels II and III. We interpret peak 27 to 
be an Ly peak of the V —III transition. The Ly 
and Ly; lines fall into the region occupied by peak 
26 and cannot be seen. Peak 35, which is on the 
slope of peak 34, can be ascribed to a V —II tran- 
sition (a Ly line). Inthe El transition the Ly; 
and Lyyy lines are considerably weaker than Ly 
and are thus not observed. The small conversion 
coefficient for El transitions (K+ L = 0.27) 
explains the strong 120-kev y radiation which has 
been noted by a number of investigators (Ref. 7 
and a private communication from Asaro and Perl- 
man). 

We ascribe peak 24 to the K conversion of the 
transition from level V to the ground level of U2%5, 
EO and M1 transitions are possible here, and es- 
timates show that the first of these possesses con- 
siderable probability. The large conversion coeffi- 
cient for M1 transitions and, possibly, the con- 
siderable contribution of the 100% converted EO 
transition explain why no one has observed thus far 
the corresponding y rays. The absence of L 
electrons is due to the large K/L ratio for EO 
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and M1 transitions. 

We note in conclusion that our argument in | 
favor of spin Y, is based on an interpretation of } 
very weak and inadequately investigated transi- | 
tions. This interpretation cannot therefore be 
considered final. 


V. Level VI (234.7 kev) aie 


Peak 25 of Fig. 3 (electron energy 63.4 kev) 
cannot be ascribed to any one of the foregoing 
transitions. This peak is wider than the peaks 
of single lines. It could be explained as resulting 
from a transition between level III (83.8 kev) and 
the ground level (not the zero level) of U5, How- 
ever, this seems very unlikely since the intensity | 
of this transition must be small as a result of nu- | 
clear readjustment and peak 25 is only one-half 
smaller than peak 23 (of the Ly transition II—1). 

We believe that peak 25 is most probably associ- 
ated with a transition between levels VI and IV. 

The energy obtained for level VI is 234.7 kev. We 


' find no transitions from level VI to other levels 


of the rotational band; this may be ascribed to a 
large spin of level VI (such as ioe 


SEARCH FOR AN ISOMERIC TRANSITION 


We know from Ref. 10 that the spin of U2® in 
the ground state is %, whereas the a decay of 
Pu239 goes to the “zero level” of U***, which un- 
doubtedly has spin ve The large spin difference 
and close energies of the ground and zero levels 
suggest that the “zero state” is an isomeric state 
of U-(Ref.c). 

In Shliagin’s® study of the conversion spectrum 
of U?*>, he found an intense 2.2-kev line which he 
ascribed to y radiation of 3 kev. On the basis of 
Shliagin’s work, Novikova et al.? suggested that the 
“zero peak” of U2 is separated by 3 kev from the 
ground level. 

We have carefully investigated the conversion 
radiation from U?** in the soft energy region and 
have actually found a strong peak in the region 
2.4—2.6 kev. However, we have found similar 
peaks with comparable intensities for Pu’, Cm?) 
Am*4! and even Po? where there are certainly no 
3-kev transitions. This peak is undoubtedly asso- 
ciated with the Auger effect, which occurs in emis- 
sion from excited levels (the larger part of the 
effect ) and in auto-ionization of atoms accompany- 
ing a decay (the smaller part of the effect). 

We were unsuccessful in our search for elec- 
trons from the isomeric transition. These elec- 
trons are most likely concealed by the strong 
(~100%) peak of “zero” -energy electrons which 
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was always present in our experiments and was even 
observed in control sources lacking the active ma- 
terial (aluminum-coated mica). The energy of 
electrons from the isomeric transition is probably 
so small that they practically do not emerge from 
our sources of 0.8 mg/cm? thickness. This was 
confirmed by Asaro and Perlman, who reported! 
that they succeeded in finding soft radiation from 
U5 which was almost completely absorbed in a 
source of 0.7 mg/cm? thickness. 


EXCITED LEVELS OF U26 


An admixture of Pu?4? (6.5% of the activity) in 
our sources enabled us to investigate the conver- 
sion electrons emitted by the daughter nucleus U2%6 
The Ly and Lyyy lines (peaks 11 and 12, Fig. 1) 
permit a reliable determination of the energy and 
spin of the first excited level of U**. The energy 
of the level is 45.4 + 0.2 kev. The emission in 
question is of type E2, so that the 45.4-kev level 
has spin 2 and positive parity. The Ly line for 
the transition from the second to the first excited 
level gives 148.7 + 0.4 kev for the energy of the 
second excited level. 

Our source also contained some Pu”4!, We ob- 
served only a continuous B spectrum associated 
with the @ transition Pu24! ~ Am*4!, 


CONCLUDING REMARKS 


Our results definitely show that the zero, I, I, 
III, and IV levels of U?** (see Fig. 4) belong to a 
rotational band with K = %. We observed a num- 
ber of electromagnetic transitions between these 
levels and transitions from the nonrotational level 
V (%_) to various levels of the rotational band. 

The probabilities of transitions of the same 
multipole order to levels in a single rotational 
band are related by the simple theoretical formu- 
la:'8 


I Kf 2 
BL iy) | Ona 2, KK: 
yt = TK ' 7) 
UE lilies) | CRS L, Kg—K; 


where B is the reduced probability of a y tran- 
sition, which depends on the multipole order L of 
the y radiation and the difference between the spin 
I; of the initial nucleus and I¢ of the final nucleus. 
The right-hand side of this equation contains the 
Clebsch-Gordan coefficients C. The probabilities 
B are related to ordinary probabilities by the for- 
mula 


8r|L+14| 4 /o@ \2l+1 
T = ore es) B(L). 


Our experimental results permit a comparison 
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FIG. 4. Low-lying excited levels of U*** (from a decay 
data in Ref. 3). * — marks levels known from the Coulomb 
excitation of U***. The energies of all levels are expressed 
in kev and computed from the “zero level.” 


with the theoretical intensities of E2 transitions 
from level II to levels I and 0. The theoretical 
ratio is 


5) / B (Ee SH) HT = 0.29. 


The experimental ratio is 


B(E2; 5/,—*/2) __ Noy (88.7) 42411 (54.7) (gs 


3 
B(E2; §/2—"2) Nii (54.7) %zy1 (38-7) 87) see 


The good agreement of the theoretical and experi- 
mental intensity ratios is additional confirmation 
of the rotational nature of levels 0, I, and II. Tran- 
sitions from level V to levels of the rotational 
band cannot be compared with the foregoing theory 
because these transitions involve violation of the 
rules of K forbiddenness, making the formulas 
inapplicable. 

We note, finally, that the investigation of the a 
spectrum of Pu? points to the existence of a se- 
ries of higher excited levels of U?**, although elec- 
tromagnetic transitions between these levels have 
thus far escaped detection. 

Figure 4 summarizes the present data on the 
lower excited levels of U?*. 

In conclusion we gratefully acknowledge assist- 
ance with the measurements by L. N. Kondrat’ ev, 
I. I. Agapkin, and G. Chernov. We also wish to 
thank L. A. Sliv for values of the L-conversion 
coefficients which he supplied to us before publi- 
cation. 
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A provisional melting diagram is constructed for the Bi—Rb system on the basis of thermal, 
microscopic, and x-ray data. Four compounds have been established for the Bi — Rb system: 
Bi,Rb, BiRb3, and two others which presumably are Bi,Rb3; and BiRb). The superconducting 
compound Bi,Rb crystallizes in the cubic system with a lattice constant a = 9.609A and has 


a structure of the Cu,Mg type. 


Accorpine to data obtained by Alekseevskii,! 
heterogeneous alloys of bismuth with rubidium, 
having a large excess of bismuth, go over into the 
superconducting state at a temperature of 4.25°K. 
In spite of the non-uniformity of the alloys, the 
curves showing the superconducting transition dis- 
played relatively little scatter, thus indicating the 
existence of a superconducting bismuth — rubidium 
compound. One of the purposes of the present in- 
vestigation was to ascertain the composition and 
the atomic-crystalline structure of this compound. 
The study of the bismuth — rubidium system in- 
volved the solution of a series of experimental 
problems. The principal difficulties were condi- 
tioned by the large chemical activity of metallic 


rubidium and by the markedly different physio- 
chemical natures of bismuth and rubidium. All 
the investigations were carried out with a small 
quantity of rubidium (~3 gm), so that we had to 
develop micromethods for preparing the alloys 
and for analyzing them physiochemically. A cer- 
tain quantity of metallic rubidium was obtained by 
one of the authors from the vacuum reduction of 
rubidium — iodide by calcium.? 


PREPARATION OF THE ALLOYS 


The large chemical activity of metallic rubidium 
required the creation of conditions which would 
prevent the oxidation of the metal during the proc- 
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ess of preparing a charge, putting it into an iron 
crucible or a quartz capsule, and melting it. The 
methods of preparing alloys which are described 
in the literature relate principally to the less ac- 


tive alkali metals — lithium, sodium, and potassium, 


and were designed to be used for the separate melt- 
ing of comparatively large quantities of metal, of 
the order of several grams or more. Our attempts 
to find methods described in the literature for pre- 
paring small quantities of bismuth — rubidium al- 
loys (of the order of tenths of grams) gave no pos- 
itive results. After an entire series of experiments 
carried out by one of the authors,? we arrived at the 
following method of preparing the alloys. A special 
pipette was made from a quartz tube (Fig. 1). 


BIG.1: 


FIG. 2. 


Liquid rubidium was drawn into the volume A, 
which was terminated at both ends by capillaries. 
After the rubidium had hardened, the pipette was 
weighed on an analytical balance and the weight of 
rubidium was determined from the difference in 
the weights of the pipette with and without the ru- 
bidium. In such a pipette the surface area of the 
rubidium in contact with the atmosphere was small 
(the capillary diameter was 0.2—0.6 mm). The 
loss of rubidium during the time necessary to pre- 
pare a charge (2—3 minutes) was negligible. The 
error in the determination of the composition of an 
alloy did not exceed 0.1%. A known weight of bis- 
muth was placed in the quartz capsule, or into an 
iron crucible placed in the quartz capsule (Fig. 2a, 
b). By means of a specially-made apparatus the 
rubidium, under a pressure of helium, was run off 
into the quartz capsule or into the iron crucible lo- 
cated in the capsule, and the capsule was removed. 
A diagram of the apparatus used for fusing the 
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rubidium and sealing off the capsule is shown in 
Fig. 3. The whole assembly is fastened to a com- 


, To pump 


FIG. 3. Arrangement of the apparatus for fusing the rubid- 
ium and sealing off the capsule. 


mon laboratory stand 1. The brass capsule holder 
3 is made fast to the pillar of the stand by means 
of a sleeve 2. The quartz capsule 4 with the iron 
crucible 5, in which there is a known weight of bis- 
muth, is connected to the holder through a length of 
vacuum hose 6. The pipette 19 containing the ru- 
bidium projects down into the capsule through a 
hole in the center of the holder, which is sealed off 
by means of a rubber packing 7, a collar 8, anda. 
nut 9. The lower end of the pipette (the capillary ) 
leads into the iron crucible. The upper end is con- 
nected through a piece of vacuum hose 10 to a fore- 
pump and to a helium cylinder 11. The capsule 
holder is attached to the forepump through a con- 
necting pipe 12. Valves 13 and 14 are opened, 
and the air is pumped out of the capsule and the 
pipette. Then valves 13 and 14 are closed and 
helium from the cylinder is let into the upper end 
of the pipette through valve 15. The rubidium is 
melted with the aid of a resistance oven 16 and 
flows into the crucible under the pressure of the 
helium gas. The pipette is carefully raised upward 
so that its lower end is beyond the vicinity of the 
capsule neck 17. The lower end of the capsule, 
containing the charge, is wrapped with wet cotton 
wads and the capsule is sealed off at the neck with 
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the flame of an oxygen torch. An indentation 18 
is provided in the capsule for the insertion of a 
thermocouple junction. 

Chemically pure bismuth and rubidium with a 
calcium impurity of about 3% were used for pre- 
paring most of the alloys. Some of the alloys were 
made with chemically pure rubidium and bismuth. 
Within the limits of error of the experiment, no 
appreciable difference was observed between the 
alloys of bismuth with pure rubidium and with ru- 
bidium containing a calcium impurity. 

The melting was carried out in a small-gauge 
resistance oven specially constructed for the pur- 
pose. For the alloys containing small amounts of 
rubidium, quartz capsules of small volume (2—5 
cm*) were used for melting the samples and for 
recording their cooling curves. The alloys con- 
taining large amounts of rubidium were melted in 
iron crucibles placed inside the small-volume 
quartz capsules. The recording was carried out 
inside the capsules as follows. The capsule with 
its iron crucible was placed in the oven and the 
charge was melted down in the crucible. Then, 
after the alloy had soaked, the oven was turned 
over so that the alloy could run into the end of the 
capsule, where there was an indentation provided 
for a thermocouple, and the cooling curve was re- 
corded. The preparation directly in the capsule of 
alloys with a large rubidium content led to a change 
in the composition of the alloy, since at high tem- 
peratures rubidium reacts with the surface of the 
quartz; a layer is formed thereby which inhibits 
the further loss of rubidium from the alloy. The 
preliminary alloying of bismuth with rubidium in 
the iron crucibles with the subsequent recording 
of cooling and heating curves inside the quartz 
capsules makes it possible to obtain alloys with 
a composition practically corresponding to that 
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FIG. 4. Melting diagram of the Bi-Rb system. 
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of the given charge. 


THERMAL ANALYSIS OF THE ALLOYS 


Heating and cooling curves were recorded with 
an electronic automatic potentiometer EPP-09 
down to a temperature of 50 —100°C. The weight 
of the alloys varied from 0.3 to 1 gm. The results- 
obtained from the thermal analysis are displayed 
graphically in Fig. 4. 

The melting temperature of bismuth with rubid- 
ium added decreases along the line AB down to 
~240 — 250°C. A eutectic point lies at about 2—4% 
by weight Rb. From the eutectic point the melting 
curve gradually increases along the line BC, reach- 
ing a maximum at ~660°C at point C for 17% by 
weight Rb, which corresponds to the compound 
Bi,Rb. A further addition of rubidium is accom- 
panied by a falling melting curve, and on the cool- 
ing curves a eutectic stop occurs at ~ 355 — 360°C. 
An increase in the rubidium content of the alloy 
leads to a rising melting curve along the line DEFK. 
At the point K the curve achieves a maximum at 
~640°C for an alloy of composition 55% by weight 
Rb, corresponding to the compound BiRb3. Alloys 
in the range of compositions from the eutectic 
point D up tothe point K revealed temperature 
stops at ~380° and ~450°C. The presence of 
these stops permits us to consider the possibility 
that two compounds, presumably Bi,Rb3; and BiRbo, 
crystallize out in a peritectic reaction. From the 
point K on, the melting curve falls as the rubidi- 
um content increases. 


MICROSCOPIC INVESTIGATION OF THE ALLOYS 


A metallographic study was carried out for al- 
loys rich in bismuth with compositions up to that 
of Bi,Rb. This study showed that as the rubidium 
content of the metal increases, the number of crys- 
tals of the compound Bi,Rb increases. In Fig.5a,b 
are shown microphotographs of alloys with rubidi- 
um contents of 9 and 15% by weight, in which the 
dark etched spots are crystals of Bi,Rb, and the 
light field is the eutectic Bi + Bi,Rb. As can be 
seen from the microphotographs, alloys with 15.8% 
by weight Rb, which are close in composition to 
the compound Bi,Rb (17% by weight), contain a 
small amount of eutectic and are almost homoge- 
neous. Since the preparation of microsections of 
alloys enriched with rubidium presented experi- 
mental difficulties, we studied cross-sections of 
the alloys microscopically at magnifications of 35, 
70, and 120. The phases in the bismuth — rubidium 
system differed in color. This difference made it 
possible to estimate the phase composition of an 
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FIG. 5. a) etched with HCl, magnified 200x, b) etched 
with HCl, magnified 200x. 


alloy from its cross-section. Such microscopic 

studies of the phase composition of alloys rich in 
rubidium supported the data obtained by thermal 

analysis. 


DETERMINATION OF THE STRUCTURE OF THE 
SUPERCONDUCTING COMPOUND Bi,Rb 


A comparison of the results of the present in- 
vestigation with data from low temperature meas- 
urements on alloys rich in bismuth 1 shows that 
the compound Bi,Rb is a superconductor. An 
x-ray study of this compound was carried out to 
determine its atomic structure. This investigation 
was complicated by the chemical activity of the al- 
loy and by the difficulty of obtaining an alloy of a 
uniform stoichiometric composition from the al- 
loying of small quantities of charge. At the end 
of a long experimental program, several satisfac- 
tory x-ray photographs were obtained which were 
of use in determining the structure of the compound 
Bi,Rb. 

The samples to be used for x-ray photographs 
were prepared in the following way. A bead of the 
alloy was crushed up in kerosene which had first 
been treated with sodium (by maintaining it at a 
temperature of 110 —130°C and stirring it for 2 
hours, and then filtering it). The alloy powder in 
the kerosene was drawn into a piece of quartz cap- 
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illary, and the open end of the capillary was sealed 
with picein. 

Using CuKa radiation and a RKU-86 camera, 
we obtained x-ray photographs of alloys with com- 
positions close to that of BipgRb (15.8%, 16.6%, etc.). 
Alloys with such compositions consist mostly of 
crystals of the compound Bi,Rb and a small amount 
of the eutectic Bi+ Bi,Rb. Bismuth gives a large 
number of lines in x-ray powder patterns. In order 
to separate the bismuth lines from the compound 
lines in the x-ray photographs, we used a different 
size of crystal of Bi,Rb and bismuth (the crystals 
of bismuth in the eutectic were considerably small 
then the crystals of the principal phase, Bi,Rb). 
While the x-ray film was being exposed, the sample 
was rotated, but not with the customary large veloc- 
ity; it performed only one or two revolutions during 
the whole time of exposure. As a result of sucha 
process it was easy to separate the weak diffusion 
lines of the bismuth from the punctuated lines of 
the compound. The slow rotation of the sample 
was necessary in order that the points on the lines 
would be nearly in position and would permit the 
line intensities to be estimated. From x-ray dia- 
grams obtained with a stationary sample it was 
difficult to estimate not only intensities of the lines 
but their location on the diagram as well. 

From the x-ray powder patterns of the alloys, 
the intensities I and the displacements of the lines 
were measured, and the values of the interplanar 
distances d were calculated. All the lines of the 
x-ray photographs of Bi,Rb crystals are indexed 
in the cubic system. Laue patterns obtained from 
single crystals of Bi,Rb also served to assign 
these crystals to the cubic system. 

The single crystals of Bi,Rb were separated 
by mechanical means from alloys composed of 25% 
by weight Rb. During the exposure the crystal was 
immersed in a cellulose-nitrate varnish; conse- 
quently the surface of the crystal was covered with 
a thin film of the product of the interaction between 
the rubidium and the varnish. The Laue patterns 
were obtained with hard radiation (tungsten). At- 
tempts to obtain x-ray patterns of the waves with 
copper radiation gave no positive results, and mo- 
lybdenum radiation is unsuitable, since it gives a 
strong background due to the excitation of the L- 
series of bismuth. 

The value a= 9.590 + 0.002 kX is obtained as 
the result of an accurate determination of the pe- 
riod of the Bi,Rb cell. Calculations of the inter- 
planar distances using this figure agree well with 
the measured values. 

The most probable type of structure for Bi,Rb 
is that of Cu,Mg,‘ since the compound Bi,K of 
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bismuth with calcium — the chemical analog of 
rubidium — crystallizes in a structure of the Cu,.Mg 
type and its cell has a cubic parameter a close to 
that for the Bi,Rb cell. The results of the index- 
ing and a comparison of x-ray photographs of Bi,K 
and Bi,Rb reveal their similarity and show that 
these compounds are isomorphs. Using the method 
of hydrostatic suspension® in kerosene and carbon 
tetrachloride, we measured the density of an alloy 
with a 16.6% rubidium content, which is close to 
that of Bi,Rb (17% by weight Rb), and found it to 
be equal to 7.1 gm/cm?. In the first approximation 
the density of this alloy can be taken to be the pyc- 
nometric density of Bi,Rb crystals. 

For Z=8 we obtain ox = 7.54 gm/cm’. Ina 
structure of the Cu,Mg type the atoms occupy po- 
sitions a and d (space group Of — Fd3m): 
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The line intensities were calculated from the 
formula 
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FIG. 6. Curves of I (below) and 
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(above) for Bi,Rb. 
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where L, is the Lorentz factor or the polariza- 
tion and p is the recurrence factor. Comparison 
of the calculated and the measured intensities 
(Fig. 6) shows good agreement and supports the 
assignment of a structure of the Cu,Mg type to 
crystals of Bi,Rb. 

The rubidium atoms in the Bi,Rb structure 
are situated according to the diamond law. 

In each empty octant, a regular tetrahedron of 
bismuth atoms is located in such a way that the 
edges of the small tetrahedron are parallel to the 
edges of a large one of rubidium atoms, and the 
center of gravity of the small tetrahedrons is lo- 
cated at the center of the octant. Each atom of 
rubidium is surrounded by 12 atoms of bismuth 
at distances of 3.98 A and by 4 atoms of rubidium 
at distances of 4.16 A. Each atom of bismuth has 
as nearest neighbors 6 atoms of bismuth at dis- 
tances of 3.40A and 6 atoms of rubidium at dis- 
tances of 3.98 A. 


CONCLUSIONS 


1. A provisional melting diagram of the bismuth 
— rubidium system has been constructed. 

2. The existence of four compounds in the bis- 
muth — rubidium system has been discovered: 
Bi,Rb, BiRb3, and two compounds which presum- 
ably are Bi,Rb3 and BiRb,. The compounds Bi,Rb 
and BiRb; correspond to maxima on the melting 
diagram. In the alloying of the components these 
compounds are formed with a large evolution of 
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heat. The other two compounds are formed in a 
peritectic reaction. 

3. The superconducting compound Bi,Rb crys- 
tallizes in the cubic system with a = 9.590 + 0.002 
kX and has a structure of the Cu,Mg type. 

4. An increase of the minimum interatomic 
spacing in Bi,Rb relative to the isomorphic com- 
pound Bi,K (Ref. 5) leads to an increase of the 
Superconducting transition temperature from 
3.58°K up to 4.25°K, analogous to the increase 
in Tg observed with increasing interatomic dis- 
tances for compounds of bismuth with palladium,®»? 
rhodium, and nickel.?° 

In conclusion we express our thanks to Profes- 
sor N. E. Alekseevskii for valuable advice during 
the performance of the present research and to 
R. N. Kuz’ min for aid in carrying out the experi- 
ments. 
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A provisional melting diagram is constructed for the Bi—Cs system. Three compounds were 
found: Bi,Cs, BiCs3, and one which probably is BiCs,. The superconducting compound Bi,Cs 
crystallizes in the cubic system with a lattice constant a= 9.746 + 0.005A and is isomorphic 
with the superconducting compounds Bi,K and Bi,Rb. 


Accorpie to experimental data,! certain bis- 
muth — cesium alloys become superconductors at 
To = 4.75°K. It is assumed that a bismuth — cesium 
compound which is rich in bismuth is responsible 


for the superconductivity of these alloys. The prin- 


cipal goal of the present study of bismuth — cesium 
alloys was to ascertain the composition and the 
atomic-crystalline structure of this compound. 


The investigation of bismuth — cesium alloys 
was accompanied by certain difficulties connected 
with the large chemical activity of metallic cesium. 
Having located a small quantity of metallic cesium 
(~2 gm) we used the micromethods developed for 
an experimental study of bismuth — rubidium alloys” 
to prepare the samples and to analyze them physio- 
chemically. 
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PREPARATION AND THERMAL ANALYSIS OF 
THE ALLOYS 


In preparing the alloys we used chemically pure 
bismuth and 99.99% pure cesium (the principal im- 
purity was calcium). The melting was done in a 
small-gauge resistance oven. For the melting and 
for recording the cooling curves of the alloys with 
small cesium content we used quartz capsules of 
small volume (2—5 cm*). Samples with a large 
cesium content were melted in iron crucibles en- 
closed in the quartz capsules, just as was done for 
the bismuth — rubidium alloys.” 

The heating and cooling curves were recorded 
with an electronic automatic potentiometer EPP-09 
down to a temperature of 50 —100°C. The weight 
of the alloys ranged from 0.2 to 1.0 gm. The re- 
sults of the thermal analysis are presented in the 
figure in the form of a tentative melting diagram 
for the bismuth — cesium system. 


Bi 0 20 HH 0 50 60 0 8 9 Us 
Weight % Cs 


Melting Diagram for the Bismuth-Cesium System 


As cesium is added, the melting temperature 
of bismuth decreases along the line AB, reaching 
a minimum at about 250°C. The eutectic point lies 
at ~1—3% by weight Cs. From the eutectic point 
B the melting curve increases steadily along the 
line BC, reaching a maximum at about 630°C at 
the point C for 24.1% by weight Cs, which corre- 
sponds to the compound Bi,Cs. An increase in the 
cesium content is accompanied by a falling melting 
curve; a eutectic stop appears on the cooling curves 
at ~390°C. Further increase in the cesium con- 
tent of the alloy brings about a rise in the melting 
curve along the line DEF. At the point F the 
curve reaches a maximum at a temperature of 
about 660°C for an alloy composed of 65.6% by 
weight Cs, which corresponds to BiCs3. For 
alloys with compositions lying in the region be- 
tween the eutectic point D and the point F, tem- 
perature stops were observed at ~500°C. In our 
opinion these stops are related to a peritectic re- 
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action of formation of a compound which presum- 
ably consists of BiCs,. Further increase of cesi- 
um in the alloy leads to a falling melting curve. 


DETERMINATION OF THE STRUCTURE OF THE 
SUPERCONDUCTING COMPOUND Bi,Cs 


Samples of alloys with compositions close to 
that of Bi,Cs were prepared for x-ray analysis in 
the same way as in the study of the structure of the 
compound Bi,Rb,” except that as a protective liquid 
we used dekaline treated with cesium (maintained 
at a temperature of 150 —170°C and stirred for 3 
hours) in place of kerosene. 

X-ray powder patterns were obtained with a 
RKU-86 camera by CuKa radiation of samples 
consisting of ~ 23% by weight Cs. According to 
microscopic data, such a sample contains mostly 
crystals of the compound Bi,Cs and a small quan- 
tity of the eutectic Bi+ Bi,Cs. In order that the 
bismuth lines could be separated from the lines 
of the compound in the x-ray photograph, the sam- 
ple was viewed with a slow rotation (one or two 
revolutions during the time of exposure), just as 
for the x-ray study of Bi,Rb crystals. 

From the x-ray photographs, the intensities I 
and the displacements of the lines were measured, 
and values of the interplanar distances d were 
calculated. All the lines of the x-ray photographs 
of Bi,Cs crystals are indexed in the cubic system. 
A value of a = 9.726 + 0.005 kX was obtained for 
the period of the elementary cell of Bi,Cs. The 
interplanar distances calculated from these data 
agree well with the measured values. As a result 
of the indexing and of a comparison of x-ray photo- 
graphs of Bi,Cs, Bi,K, and Bi,Rb, it is established 
that these three compounds are isomorphs. A com- 
parison of the calculated and measured intensities 
shows good agreement and supports the assignment 
to Bi,Cs crystals of a structure of the Cu,Mg type. 
Below are given the minimum interatomic distances 
for crystals of Bi,Cs: 


Compound pine Pia Cs me 
BisCs 3.44 4.04 4.22 


The research which has been carried out per- 
mits us to perform a crystallochemical analysis 
of the group of superconducting compounds estab- 
lished as isomorphs: Bi,K, Bi,Rb, and Bi,Cs. 
Considering the change of the period of the unit 
cell and the minimum interatomic spacings in 
these compounds as the atomic number of the al- 
kali metal increases, it can be noted that an in- 
crease in the atomic number (atomic radius) of 
the alkali metal leads to an increase in the period 
of the unit cell of the compound and is accompa- 
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nied by an increase in Tg. This fact supports the 
correlation, mentioned in reference 3, between the 
temperatures at which the superconducting transi- 
tion occurs and the position in the Mendeleev table 
of the metal forming the compound with the bis- 
muth. 

It is probable that the other group of compounds 
BiK3;, BiRb;, and BiCs3 are also isomorphs and 
have a structure of the Na3As type.‘ A series of 
compounds of arsenic, antimony, and bismuth with 
the alkali metals crystallizes in this type of struc- 
ture: LizAs, NagAs, K3;As, a@-Li3Sb, Na3Sb, K3Sb, 
Na3Bi, and K3Bi. 

According to one author,® the compound BiCss, 
obtained by the method of successive precipitation 
of layers of bismuth and cesium by vacuum subli- 
mation, can serve as a photo-cathode like the com- 
pound SbCs3, but among the group of compounds 
SbCs3, SbRb;, SbKs, and BiCs, it is the one least 
sensitive to light. 


CONCLUSIONS 


1. A tentative melting diagram has been con- 
structed for the bismuth — cesium system. 

2. Three compounds crystallize in the bismuth 
— cesium system: Bi,Cs, BiCs,, and a compound 
which presumably consists of BiCs,. The com- 
pounds Bi,Cs and BiCs3; correspond to maxima 
on the melting diagram; the third compound is 
formed in a peritectic reaction. 
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3. The superconducting compound Bi,Cs crys- 
tallizes in a cubic lattice with a = 9.726 + 0.005 kX 
and has a structure of the Cu,Mg type. 

4. Crystallochemical analysis shows that for 
the isomorphic group Bi,K, Bi,Rb, and Bi,Cs, an 
increase in the period of the unit cell is accompa- 
nied by an increase in To. 

We take this opportunity to express our deep 
gratitude to Professor G. S. Zhdanov and to Pro- 
fessor N. E. Alekseevskii for valuable discussions 
and for guidance during the performance of the 
present research, and to V. A. Smirnov for assist- 
ance in conducting the experiments. | 
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The result of projective treatment of 6760 nm —y*t — et -decay events photographed in a two 
liter propane bubble chamber is discussed. Assuming the angular distribution of decay posi- 
trons to be described by the formula 1+ acosé, it is found that apyoy = —0.19 + 0.03. This 
result confirms the hypothesis of Lee and Yang of nonconservation of parity in weak interactions. 


1. INTRODUCTION 


Tue hypothesis of Lee and Yang!»? of non-conser - 
vation of parity and charge conjugation in weak 
interactions has been confirmed by a series of ex- 


' the consecutive stages of the 


periments on f-decay and angular correlations in 
a —p* —e* -decay. If parity is not conserved in 
nt —p* —et -decay, 
the angular distribution of the positrons will be 
given by the formula 


574 
dN = (1 + acos 6) dQ/4n, (1) 


where 6 is the angle between the original direction 
of motion of the vig -meson and the positron. 

The value of the factor of asymmetry a depends 
on the relation between the various types of inter- 
actions in the ut -decay. The experimental energy 
spectrum of decay positrons is in best agreement 
with the vector and pseudovector variants of the 
theory. The asymmetry factor can assume (over 
the whole spectrum) values from — % to +’ de- 
pending on the type of interaction. An accurate de- 
termination of the factor a for the whole spectrum 
of decay positrons and measurements of the energy 
dependence of the asymmetry factor may provide 


information about other types of interaction present. 


The use of a propane bubble chamber in such an 
investigation is especially advantageous since it 
combines the desirable characteristics of photo- 
graphic emulsion (good angular definition, constant 
sensitivity for electrons of various energies) with 
higher statistical accuracy due to the lesser degree 
of pt -meson depolarization in propane and the 
possibility of fast reduction of a large number of 
ie ut —e* decay events. 

The present work is devoted to the study of an- 
gular distribution of positrons in mt — po ton 
decay and determination of the factor a in propane 
over the whole energy spectrum of positrons. 


2. EXPERIMENTAL ARRANGEMENT AND 
METHOD OF DATA REDUCTION 


A two liter propane bubble chamber® was used 
in conjunction with the m+ -beam of the United In- 
stitute of Nuclear Studies synchrocyclotron. 

Positive pions were produced in a polyethylene 
target bombarded by 650 Mev protons. 7 -mesons 
of ~170 Mev were selected by means of a deflect- 
ing magnet, focussing devices, and a collimator. A 
Cu—Al absorber, with thickness so chosen that a 
maximum number of m* =p Sas -decays was ob- 
served in the chamber, was used for slowing the 
a -mesons. The chamber was shielded from the 
magnetic field of the synchrocyclotron by a lami- 
nated screen of soft sheet iron of Armco type and 
Permalloy. The complicated shape of the chamber 
made it difficult to shield it properly and in the 
first series of pictures the stray field amounted to 
1.8 gausses. Addition of a second shield in the 
second series of pictures reduced the stray field 
to 0.35 gausses. 

Tracks in the bubble chamber were photographed 
with a stereoscopic camera having an average re- 
duction of 4.5 and distance between lenses equal to 
70 mm. High-speed 35 mm motion picture film 
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was used. Pictures of the mt —ypt — et -decays 
were projected and the angle between the projections 
of the ras -meson and positron tracks on the film 
plane measured. The mean error of angle meas- 
urement was = 5°. 

There are two ways of comparison of the meas- 
ured angular distribution with Eq. (1) and of deter- 
mination of the asymmetry factor a. Thefirst — 
method can be used for the case of 7 Serpe Pa re 
decays when the p* -meson track is at a small 
angle to the film plane. Assuming then that the 
track lies in that plane, one can easily pass from 
the distribution of angle projections on a plane to 
the distribution in space. This method was used 
by us as an independent check of the form of the 
angular distribution (Fig. 1). 


Nv 
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FIG. 1. Angular distribution of 7+ — y+ — et-decay positrons 
calculated for space angles 0. Events with track projections 
of the u*-meson > 3 mm and perpendicular to the axis of 7*- 
meson beam were selected. n = 607, a= 0.20 + 0.075. 


The second method is based on an expression 
for the distribution of angle projections equivalent 
to Eq. (1). It can be shown that the expression is 
of the form 


dN = (Ir) (1 + (az/8) f (@) cos ¢] de, (2) 


where ¢ is the angle between the projections of 
the p* -meson and positron tracks, and a is the 
maximum angle between the p* -meson track and 
the plane of projection. The function f(a@) is de- 
fined by the following relation: 


f (a) tae os sin 2a (3) 


2 sina 


It has been assumed in the derivation of Eq. (2) that 
the y* -mesons produced in zt -decay are iso- 
tropic. The function f(q@) varies from 2 to 1.57 
for q@ varying from 0 to 7/2. The values a =0 
and a =17/2 correspond to the two limiting cases: 
for a@=0 the tracks of pt -mesons lying in the 
plane of projection are selected, while for a = 1/2 
all decay events are taken into account. 

It follows from Eq. (2) that the use of the pro- 
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jective method of treatment reduces the asymme- 
try. In fact, if a track is inclined at a large angle 
to the plane of projection, then positrons propagat- 
ing both in the forward and backward directions 
with respect to the direction of motion of the p* - 
meson will fall into the angle interval Ag in the 
plane of projection and the distribution of the pro-- 
jections of positron tracks with respect to the pro- 
jections of u* -mesons tracks will be almost iso- 
tropic. 

Events with length of the projected y* -meson 
track < 1mm were disregarded in view of the low 
accuracy of angle measurements. This corresponds 
to the angle a = 73°. Such a selection causes the 
loss of 4.5% of the decay events. 

The asymmetry factor a was determined from 
the “backward-forward” ratio, i.e., the ratio of the 
number of positrons with track projection between 
1/2 to m to the number of positrons with track 
projection in the interval 0 to 7/2, according to 
the formula 


C= RYT (@)X eae), (4) 


where R is the backward-forward ratio. For a= 
73°, 4/£( a) = 2.465 and we have, therefore, 


@=2 2.465 (12. R)] (VEER): (4a) 


It should be noted that the standard deviation of 
the asymmetry factor a is, in the method used, 
larger by 23% than that of spatial angle measure- 
ment. However, the ease and simplicity of the 
above method compensate fully for that disadvan- 
tage. 


3. ANALYSIS OF RESULTS 


Angular distribution of positrons for the first 
and second series of pictures is shown in Fig. 2a 
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FIG. 2. Angular distribution of at — pt — e*-decay positrons 
in the plane of projection. a—first series of measurements, 
n = 4353, a=-—0.175 + 0.04. b— second series, n= 2408, 
a = —0.214 + 0.05. 


and b for 4353 and 2408 cases, respectively. The 
asymmetry factor was determined according to 


Eq. (4). 
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For the first series it was found that a = — 0.163 
+ 0.037. The stray magnetic field of 1.8 gausses 
caused a slight depolarization of y* -mesons due 
to precession of their magnetic moment. Calcula- 
tions showed that for an isotropic distribution of 
ut- mesons the decrease in the value of a amounted 
to 7. After introducing a correction it was found 
that a = —0.175 + 0.04. In the second series it was 
found that a = —0.214+ 0.03. The average of the 
two series is a= —0.19+ 0.08. 

Experimental errors in reading the film are 
basically due to conical projection in photography 
and to the loss of a small fraction of —yt—et - 
decays, either because of the absence of the posi- 
tron track or poor identification due to the general 
background. Equation (2) was obtained under the 
assumption that the projection is perpendicular. 

In the fact, conical projection takes place in photo- 
graphy. It can be shown, however, that if the in- 
spected region of the chamber forms a cone with 
axis coinciding with the optical axis of the camera, 
and if the angle between track projections equals 

g in the perpendicular projection, then, in conical 
projection, the number of cases when the angle is 
found to be g + Ag will be equal to the number of 
cases with yg — Ag. 

Conical projection is therefore equivalent to 
perpendicular projection with certain symmetrical 
error of angle measurements and does not change 
the angular distribution. The error Ag canbe 
minimized by selecting cases with small photo- 
graphic angle. For the events analyzed, this angle 
was <5°. Absence of distortion of the angular dis- 
tribution due to conical projection or imperfections 
of the optical system is illustrated by the histo- 
grams of the angular distribution of  -mesons 
+ _meson beam (Fig. 3a) 


about the axis of the 7 
+ _meson tracks (Fig. 3b). 


and the direction of 7 


N 
500 | 
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FIG. 3. Angular distribution of u*-mesons in the plane of 
projection: a—about the 7* beam axis, n = 3953, R= —1.01+ 
0.032; b—about the direction of 7*-meson tracks, n = 2078, 

R = 1.01 + 0.045. 


Both distributions are in a good agreement with 
the assumption of isotropic distribution of ees 
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mesons in 1 —pt -decay. Deficiency of particles 
in the interval 0° — 20° can be easily explained by 
the difficulty in separating evnnts with small angles 
of emission of ib -mesons from decays of ur = 
mesons contained in the beam. 

Our results show that ~3.9% of 7 —y* -decays 
are not accompanied by a visible positron track 
and, besides, tracks of positrons in ~1% of the 
events are unsuitable for angle measurements due 
to the small length of the projected track. 

A simple calculation leads to the conclusion that 
the number of pr -mesons from mt — ut -decays 
stopping in the glass and the walls of the chamber 
amounts to 2.4%. It can be shown that these do not 
introduce any change in the shape of the distribu- 
tion and the value of the asymmetry factor, assum- 
ing the validity of Eq. (1). 

Distortion of the angular distribution of positrons 
due to omission of some decay events can occur only 
when the probability that an event is omitted depends 
on the angle between the tracks of the positron and 
the y* -meson. We identified all events by the 
characteristic kinks in the tracks of 1 — pe 6 a 
Of Hine 5 decays. The most probable omissions 
in fast scanning in the presence of a considerable 
chamber background occur for events in which the 
tracks of the two mesons and the positron differ 
little in direction. In other words, positrons mov- 
ing forwards or backwards at small angles to the 
direction of the yt -meson are most likely to be 
overlooked. Considerations given below make it 
possible to avoid this. 


20 40 60 80 100 120 140 160 1609 


FIG. 4. Angular distribution of 7* — + — et-decay positrons 
in the plane of projection obtained in the first series of meas- 
urements (preliminary result) 


The histogram in Fig. 4 was obtained as the re- 
sult of the first scanning, and that in Fig. 2a — of 
the second. Variation in the number of positrons 
in the extreme angle intervals and better agree- 
ment between the theory and the experimental re- 
sult in the second histogram are clearly visible. 

The above mentioned errors can be avoided if 
we choose a different characteristic of the decay 
for its identification, namely, (as it is the prac- 
tice in emulsion work) the presence of a kink cor- 
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responding to the nt —yu* -decay of a stopped qt - 
meson, and do not look for the presence of a posi- 
tron. In that case, possible omissions of some 
events will not change the form of the UE dis- 
tribution of positrons about the direction of rig 
mesons. 

The analysis shows that a marked distortion of 
the shape of the angular distribution can occur in ia 
our experiment by omission of the 7 —ypt—et - 
decay events in scanning the film. 


4, DISCUSSION OF RESULTS 


The value for the asymmetry factor a found 
in our experiment, a= —0.19+ 0.03, is in good 
agreement with the results of the Liverpool group 
(a = —0.17 + 0.03),° the group of the Physical In- 
stitute of the Academy of Sciences, U.S.S.R. (a= 
— 0.21 + 0.035)* and of the work of Pless et al. 

(a = —0.18 + 0.05). The mean weighted value of 
all the experiments is a= —0.187+ 0.017. This 
value is determined not only by the relation between 
theoretical variants but also by the depolarization 
of p* -mesons in propane. The asymmetry factor 
for the elementary process ag is obtained account- - 
ing for the depolarization factor. This can be done 
using the data of the Chicago group’»® which obtained - 
for the asymmetry factor in C (and in metals) the 
value ag = —0.244+ 0.01 and for apron = —0.175 
+ O05. 

It has been shown" ® that the time of depolariza- 
tion is much shorter than the half-life of the p* - 
meson. The ratio aprop fi Ac determines the de- 
gree of depolarization of fra -mesons in propane. 

It is clear that the above ratio is independent of 
positron energy and the degree of polarization of 
the p*-meson beam. The asymmetry factor for 
the elementary process, obtained from the mean 
experimental value of a given above equals 

— 0.256 + 0.033. 

Under the assumption that pt -mesons origi- 
nating in the decay of stopped a‘ are totally po- 
larized and decay according to the scheme pt— 
et +p +, the ratio — between the interaction 
variants!” equals —3ag. In the case of a partial 
polarization of the FRE -meson the value —3a¢ 
represents the lower limit of &. The value é = 
0.77 + 0.10, calculated from the mean value of the 
asymmetry coefficient, is in a very good agreement 
with the results of emulsion work, é = 0.8 + 0.15.? 

In conclusion the authors would like to thank 
Academician A. I. Alikhanian for suggesting the 
theme and discussing the results, G. P. Eliseev 


*Private communication of A. I, Alikhanian. 
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and V. A. Liubimov for valuable advice, V. P. 
Dzhelepov for taking part in the work with the ac- 
celerator, and V. G. Zaitseva, N.S. Konoplev, I. A. 
Sosunov, V. M. Golubchikov, and V. N. Luzin for 
taking part in reducing the data. 
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The dependence of the Hall effect on temperature and magnetic field was studied in samples 
of gold with normal and abnormal temperature dependence of the resistance. A jump was 
observed in the Hall constant of an “anomalous” sample at a field of 8 kOe. The magnitude 
of the jump increased with decreasing temperature. A field strength of 8 kOe is the value 
at which the anomalous temperature dependence of the resistance vanishes. 


1. INTRODUCTION 


As is well known (see the references to the lit- 
erature in Ref. 1) the Ohm’s-law resistance ina 
series of metals (Au, Cu, Ag, Mg and, apparently, 
Mo Ny shows an anomalous temperature dependence, 
consisting in the fact that as the temperature is 
lowered, the resistance of these metals falls, 
reaches a minimum at some temperature denoted 
by Tyin, and then begins to rise. It was noticed 
in a series of articles? that the dependence of this 
rise on temperature could be satisfactorily repre- 
sented in the form 


—_ Sui as = const + alog(1/T) for T<Tnin, 


T min min 
where rmin is the resistance at Tyin. In the 
work of Ref. 5 carried out by us on gold samples, 
it was shown that Ar/ry jin decreased in a mag- 
netic field and reached zero for some value Hx. 


In the same work it was noticed that, for a value 
of the field equal to H,, a discontinuous change 
in the slope of the Hall electric field Ey (H) was 
observed. 

It was of interest to carry out a more detailed 
investigation of the Hall effect in dependence on 
temperature and magnetic field using gold samples 
with both normal and anomalous-type resistances, 
which allowed us to clarify the connection between 
anomalous resistance and the Hall effect. 


2. METHOD OF MEASUREMENT 


To prepare samples we had at our disposal two 
batches of gold naturally occurring: a foil of 0.05 
mm and a plate 1 mm thick. Both batches were 
99.99% pure. A spectral analysis of the gold is 
given in Table I. 

The sample Au-1, together with current and 
potential leads was cut out of the foil, as shown in 
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Fig. 1. The thick plate was rolled to a thickness 
of 0.05 mm. A sample Au-4 was prepared from 
this foil. The samples had identical geometrical 
dimensions 0.05 x 14 x 30 mm®. To get rid of sur- 
face dirt, the samples were immersed in aqua 
regia. 


TABLE I 
Samples 

Admix- 
tures Au-1 Au-4 
Ag SalOr® 7.5-1075 
Cu 1410-5 2-4-1055 
Fe 4.4-10-? SyotKO=t 
Bi eo Onn! <3-40-7 
Pb Zoi Onn bellOme 
Ni Ae il Ome 1 6et Ome 
Mg 3-10-77 5-4077 
Sb DAOR 2-107 
Si | 4.5-10-7 2-410-7 


The value of the residual resistance rmjn/To95 
for Au-1 was equal to 0.00971 and for Au-4, 
0.00893. 

Measurement of the Hall electric field was car- 
ried out at room temperature, temperatures of 
liquid nitrogen, hydrogen and helium and in the 
very low temperature region, reached by the meth- 
od of adiabatic demagnetization of ferric-ammoni- 
um alums. Construction of the apparatus for ob- 
taining very low temperatures, making it possible 
to carry out galvanomagnetic measurements at 
these temperatures, was described previously by 
us. In the present work, the only change introduced 
was in the mounting of the sample (Fig. 1). To the 


FIG. 1. Mounting of the gold and cadmium specimens. 


copper plate 1, which ended at the cooling system 
2, we soldered BiCd* 3 to one of the ends of the 


*A eutectic alloy 60% Bi + 40% Cd; Date nto: C; 
T,, = 0.55°K. 
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sample studied. To the other end of the gold sam- 
ple we fixed a specimen of cadmium of the same 
origin as those in Refs. 6 and 7. It was used in de- 
termining the temperature of gold in the region 
0.05 —0.5°K, in which it was assumed that the 
curve of critical fields of this specimen coincided 
with the analogous curves previously measured 
for the other specimens.®’ The critical fields of 
cadmium were determined from the curves of the 
appearance of resistance upon destruction of super- 
conductivity in a magnetic field. Measurements 
were carried out with a potentiometer set up. The 
current through the sample was equal to 0.1 amp, 
with the specimen of cadmium in series with that 
of gold. Comparison of the curve of critical fields 
with the data of Refs. 6, 7 made it possible to de- 
termine the difference in temperature between the 
cadmium and the alum block. This difference was 
negligible for a current of 0.1 amp. Therefore, in 
our measurements the temperature of the gold 
sample was taken equal to the temperature of the 
alum block. The inaccuracy introduced in this way 
did not influence the results of the measurements 
essentially. The temperature of the alum block 
was determined by measuring its susceptibility, 
carried out by a ballistic method. 


In the study of the Hall effect in metals of group © 


I, the essential -difficulty is the small magnitude of 
the measured electric field, connected with the 
small value of the Hall constant. In order to in- 
crease the Hall electric field, higher currents and 
stronger magnetic fields are usually used. How- 
ever, in our case such a way was not possible be- 
cause use of currents (I >0.3 amp) led to consider- 
able overheating of the sample and to a rapid rise 
in temperature of the alum block, and the need to 
study the dependence of the Hall effect on magnetic 
field required that the measurements be carried 
out in both strong and weak fields. As a conse- 
quence, it was necessary to increase the sensitiv- 
ity of the measuring scheme. For this, a two-cas- 
cade photoelectric multiplier FEOU-15 of the 
Kozyrev type® was used. 

In order to increase the sensitivity and stability 
of the work still further, this multiplier was sub- 
jected to several changes. Thus, for example, the 
low power illumination lamp (0.5W) was replaced 
by a stronger one (2W). The zeroing apparatus 
was completely changed, and the insulation of the 
chassis wiring was improved. The multiplier was 
included in a KL-48 potentiometer set up. Meas- 
urement of the Hall electric field in the very low 
temperature region was carried out with a sensi- 
tivity of 2 x 107! V/(mm/m) of the scheme and a 
field through the sample of 0.lamp. At temperatures 
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above 1°K it was possible to carry out the meas- 
urements at a higher current (0.3 amp) which made 
it possible to decrease the sensitivity of the scheme 
to 3x 107° v/(mm/m). 

At such high voltage sensitivities of the meas- 
uring apparatus, random electric fields began to 
show up strongly. The largest of these was the 
electric field induced on the potential ends of the 
sample by fluctuation in the magnetic field. In 
order to attain sufficient accuracy in the measure- 
ment of the Hall electric field, a number of special 
measures were taken. Thus, in order to exclude 
large fluctuations, a stabilizer of the magnetic 
field* was worked out, which was distinctive be- 
cause of the following. Fluctuations in the current 
of the generator feeding the electromagnet, pro- 
duced a change in the difference of potentials on a 
resistor placed in series with the windings of the 
electromagnet. These changes, after considerable 
amplification, corrected the current of the genera- 
tor, making it possible to keep up the feeding cur- 
rent (up to 150 amp) with an accuracy of 0.01%. 

In order to get rid of the influence of small fluc- 
tuations of the magnetic field, an additional loop 
was placed in series with the Hall potential leads. 
This loop was outside the air Dewar, between the 
poles of the electromagnet. The turning of this 
loop relative to the magnetic field made it possible 
to compensate almost completely for the induced 
alternating electric fields. 

In order to exclude from the measured electric 
field the thermoelectric field and the difference of 
potentials Ex(H) arising because of the asymmet- 
rical disposition of the Hall potential terminals, the 
usual commutation of the measuring current and 
magnetic field was carried out. 

The relative error of measurement, beginning 
with a field of 8 kOe, did not exceed 1%. 


3. RESULTS OF THE MEASUREMENTS 


Study of the temperature dependence of the re- 
sistance showed that, whereas the resistance of the 
Au-1 sample rose noticeably with the lowering of 
the temperature (Fig. 2), the growth of the resist- 
ance of the Au-4 sample in the region 4.2 —1.4°K 
was less than the error of measurement (0.2%). 
In the study of the depth of the temperature mini- 
mum resistance with respect to its dependence on 
magnetic fields, [19.97;H — 'min;H]/Pmin;H» it 
turned out that for Au-1 it became zero for a value 
of the field H = 8 + 0.5 kOe, in good agreement 
with the values H, obtained in Ref. 5. Measure- 


*The author is grateful to A. N. Vetchinkin for working 


out the stabilizing scheme. 
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FIG, 2. Specimen Au-l. Dependence of 


temperature, 


ments of the dependence of the Hall effect on mag- 
netic field were carried out for temperatures of 
295.77; 20.4; 10.1; 4.2 and 0.07°K. Relative to 
the final temperature, it should be remarked that 
in the region below 1°K measurements took place 
with a slow rise in temperature of the gold sample, 
as a consequence of which, we took the mean be- 
tween the initial and final temperatures as the tem- 
perature of the experiment. Usually, during the 
time in which the dependence of Ey(H) on fields 
of 1.5 to 18.3 kOe was obtained, the temperature 
of the sample rose from 0.05°K to 0.1°K. 

Results of the dependence of the Hall electric 
fields on magnetic fields for the samples Au-4 and 
Au-1 are given in Figs. 3 and 4 for a series of tem- 
peratures. The Hall constant R(H) for Au-1 is 
given on Fig. 5, where 


R=E,d/HI 
R=E,d/(H —8000)/ 


for H< 8kOe, 
for H>8 kOe, 


where d is the thickness of the sample and I is 
the current through the sample. 

In Table II the numerical values of the Hall con- 
stant for Au-1 and Au-4 are given in the CGSM 
system for all temperatures studied. 

Analogous results were obtained with a series 
of other gold samples. 


4. DISCUSSION OF RESULTS 


Measurements showed that the Hall constant of 
the sample Au-4, which did not have an anomaly 
inthe curve r(T), did not depend on the magnetic 
field up to 18 kOe at all temperatures. In the re- 
gion from 77 to 20.4°K its value rose 25% and then 
remained constant with further decrease in tem- 
perature. For the sample Au-1, having an anoma- 
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FIG.3. Sample Au-4. Dependence of Ey(H): 
o — T = 295°K; 0— T=77°K; A — T = 20.4°K; 
@— T= 4.2°K; x — T = 1.45°K. 
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lous resistance, in fields of less than 8 kOe, the 
Hall constant also did not depend on magnetic field 
and here the Hall constants for Au-1 and Au-4 
coincided within the limits of error for all temper- 
atures. 

In a field equal to 8 kOe, the Hall constant of 
the sample Au-1 underwent a jump, the magnitude 
of which increased with decreasing temperature. 
The dependence of these jumps AR = R(H > 8kOe) 
— R(H < 8kOe) on temperature is shown in Fig. 6. 

Thus, in the gold sample which had an anomaly 
in the curve r(T), an anomaly was also observed 
in the Hall effect. In comparing the anomaly in the 
resistance with the anomaly in the Hall effect, one 
cannot help but notice that AR, upon extrapolation 
with respect to temperature, becomes zero for 
T = 140°K, where Ty jin lies between 4 and 6°K. 
However, Tyin may be a characteristic point for 
an anomalous branch of resistance. One can imag- 
ine a temperature at which the sum of two proces- 
ses — one connected with the fall and the other with 
the rise of the resistance with decreasing tempera- 
ture — has a minimum. From this point of view, 
the temperature at which AR becomes zero, it 
seems to us, may definitely characterize anoma- 
lous galvanomagnetic properties of the metal. 

It is of interest to compare results of this work 
with those of other workers.®»!° In these works, 
measurements of the Hall effect have been carried 
out for gold samples for a wide range of tempera- 
tures. But in both Ref. 9 and Ref. 10 these meas- 


TABLE II. Rx 1074CGSM 


Au -1 Au-4 


T°K 


“"H <8kOc| H > 8kOc| H < 8kOe| H > 8 kOe 
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urements were carried out for only one value of 
the magnetic field. 

Comparing results of these two works with re- 
sults of this work, it may be assumed that the 
anomalous rise in the Hall constant with decreas- 
ing temperatures observed in Ref. 9 is connected 
with the fact that these authors used a field of 20 
kOe, larger than H,. That is, in that region of 
fields, where an anomalous change in the Hall con- 
stant with temperature was observed in our case. 
The fact that the anomalous behavior of the Hall 
constant was not observed by the authors of Ref. 
10 is connected with the fact that their measure- 
ments took place in a field of 8 kOe, where there 
is not yet an anomalous temperature dependence 
of the Hall constant. 

In conclusion, it is my pleasant duty to express 
sincere gratitude to Academician P. L. Kapitza for 
the interest that he showed in this work, to N. E. 
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FIG. 4. Sample Au-l. Dependence of Ey(H): 
Or Te= 295°K, T= 77K: x — T = 20.4°K; 
@— T= 4.2°K; A—T=0,07°K. 


RC9SM 
mine 


x |x 


Zs OR 
Co oe Xen XeaXoX nae XK eae Kee XX Xe Xe 
x 


Gia tee MA Ain 254: iii, Aiearo 15 


FIG. 5. 


A,kOe 


SRCYSM 
fio 


0 wy, ] 0 100 
H,kOe es 
FIG. 6. 


FIG. 5. Sample Au-1. Dependence of R(H): 0— T = 20.4°K; @— T = 4.2°K; x — T = 0.07°K. 


FIG. 6. Sample Au-1. Dependence of AR(T). 


Alekseevskii for valuable advice and suggestions 
and to G. E. Karstens for carrying out the spectral 
analysis of the samples. 
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NUCLEAR INTERACTION IN PHOTOGRAPHIC EMULSION ACCOMPANIED BY LARGE 
ENERGY TRANSFER TO THE ELECTRON — PHOTON COMPONENT 


G. B. ZHDANOV, E. A. ZAMCHALOVA, M. I. TRET’ IAKOVA, and M. N. SHCHERBAKOVA 
P. N. Lebedev Physical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor November 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 843-848 (April, 1958) 

A nuclear interaction event with primary energy Ep, = 250133? Bev in which about 200 Bev 
was carried away by one of the 7’ -mesons is investigated in detail. The lower limit of en- 
ergy transferred to the soft component is approximately 30% of the total shower energy. 


Dara on interactions between particles with en- siderable interest. 

ergy of the order of few hundred Bev and atomic In a stack of stripped Ilford G-5 emulsions ex- 
nuclei obtained by means of a cloud chamber? indi- posed at the altitude of 2.5 km during the Italian 
cate the existence of very large fluctuations of the expedition of Prof. C. F. Powell in 1955, we found 
fraction of energy carried away by photons. The and studied in detail an interaction event of the 


minimum value of the energy transferred to photons type 1+ 12n characterized by an unusually large 
was found to be equal to a few tenths of a percent of fraction of the energy carried away by the electron- 
the primary energy. The problem of the maximum photon component. The path length of particles in 
energy transfer to the soft component is also of con- each emulsion layer was ~1.5 cm and the total 


TABLE I. Angular distribution of penetrating particles 


9 8 8 8 
(first method) |(second method) (first method) |(second method) 
No. of par- No. of par- 
ticles ticles 
6; - 10°, radians }6; - 10°,radians 6; - 10°, radians | 6; - 10°, radians 
4 40 Do 9 245 235 
2 40 Ai 10 280 265 
3 40 on Aid) 430 420 
4 80 67 12 010 5295 
5 104 95 (it 6 7 
6 140 135 42 
7 190 160 lO 25 400 
8 218 290 u1/0; 425 580 
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length of the electronic cascade observed in the 
stack ~12 cm. A microprojection of the shower 
and the subsequent electronic cascade is shown 
pois. 1: 


1. ANGULAR DISTRIBUTION OF PENETRATING 
PARTICLES AND MEASUREMENT OF THE 
ENERGY OF PRIMARY PARTICLE 


In spite of the fact that the primary particle was 
neutral, it was possible to use two methods of meas- 
urement of the emission angles 6 of penetrating 
particles with respect to the axis of the electron- 
nuclear shower. In the first method shower axis 
was identified with the center of circular symmetry 
of the angular distribution of penetrating particles. 
Such a procedure is based upon the assumption that 
the transverse momentum of all those particles is 
equal. Corresponding data are given in Table I. In 
the second method the shower axis was found from 
the direction of the first electron pair which initi- 
ated the large electronic cascade. Since that pair 
is situated in the same emulsion layer as the cen- 
ter of the star, and the energy of the electron cas- 
cade, according to estimates given below, is much 
greater than that of any penetrating particle we con- 
sider the second method to be much more accurate. 
The angular distribution of penetrating particles 
according to the second method is given in the third 
column of Table I, and has been adopted as the basis 
of subsequent considerations. The angle between 
the axes directions given by the two methods is 
small (~0.04) and, therefore, the estimates of 
energy of the primary particle given below for the 
different axes differ little (by not more than a 
factor of 1.5). 

Analysis of the data of Table I indicates first 
of all that the angular distribution of penetrating 
particles is nearly isotropic in the coordinate sys- 
tem having a Lorentz factor Yg=7; e.g., about 
85% of the particles should be emitted, for isotropic 
distribution, within the limits of the ten-fold range 
of values of 6),, near @ = 90°, which is in a good 
agreement with the experiment. However, the pres- 
ence of an asymmetrically placed group of two 
penetrating particles emitted, in c.m.s., in the di- 
rection of the primary particle within a cone with 
opening angle 9) = 0.1 radian, should be noted. It 
can be easily seen that the probability that any of 
those particles will be found in such a cone, for a 
random and isotropic emission, is less than 25%. 
Analysis of the angular and energy distribution of 
the particles of soft component* strengthens the 


*It will be seen in the following that also 2—3 7°-mesons 


are found in the cone. 
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FIG. 1. Microprojection of star of the type 1+ 12n with 
subsequent electronic cascade. 


conclusion about the existence of an anomalously 
narrow beam of secondary particles and, in conse- 
quence, about the absence of total isotropy of the 
angular distribution of secondary particles in c.m.s. 
The probable relative error 6Yc for isotropic 
distribution and for ng = 12 amounts to ~ 30% 
(assuming that the fluctuations of the angular dis- 
tribution are Poissonian). In determining the en- 
ergy of the primary particle (a neutron, evidently), 
the tunnel effect should be taken into account.” The 
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TABLE II. Lateral distribution of electrons 


a ST 


P i | 

R, | <2 | 25—50 50-100 | 100—200 eaiciee =N, | 
| i= 1.6 15 9 3 i | Rape 28 
N(R) t= 3.4 5 7 12 14 | Roe ea2k0e 38 
t= 4.5 6 2 16 a | R.=305.| 45 


tunnel length found from the multiplicity of the event 
is np =2.5+1. The primary energy, finally, is 


Ey = 250728 Bev. (1) 


The above value could be strongly underesti- 
mated if the angular distribution in c.m.s. were sub- 
stantially asymmetric. In that case all usual meth- 
ods of finding y, from the angular distribution 
would not be applicable and the only remaining pos- 
sibility would be to assume that the transverse mo- 
mentum p, of all particles is the same and known 
to us. C.m.s. can then be found from the condition 
that the total longitudinal momentum of all (rela- 
tivistic) charged particles must vanish. Assuming 
that p, =2uc (cf. Ref. 3) we obtain that yg = 2048 
and, consequently ,* 


Ey = 2y°n,, (tt,» 1,) = 1300533 Bev. (1a) 


Adding the longitudinal momenta we find, how- 
ever, that the total longitudinal momentum of 
charged particles of the backward cone amounts 
to /; McYg, while the corresponding estimate of 
the tunnel length np=1.5 calls for a value of 1.5 
Mcy,. This means that among the particles of the 
backward cone there must be a number of slow nu- 
cleons (not mentioned by us) each with longitudinal 
momentum of ~Mcy,g (inc.m.s.). The presence 
of even one such nucleon in the backward cone first, 
lowers immediately the estimated value of Yg to 
10 and the energy E, to 400 Bev and, second, 
renders improbable the hypothesis of substantial 
asymmetry of the angular distribution between the 
forward and backward cones. 

In view of all that has been said above, we think 
that it is improbable that E,) exceeds 800 Bev 
(taking into account both the fluctuations in the an- 
gular distribution and the errors of finding Yeo as- 
suming a symmetrical emission of particles in 
c.m.s.) 

An estimate of the energy of the penetrating 
component, which is independent of the tunnel length 
and, in general, of the interaction mechanism, can 
be obtained from the following relation which is 


*The given error of y, corresponds to twice the error of p,/@ 
for the fastest particle. The influence of errors of p, and 0 for 
the remaining particles is relatively small. 


D> 


as 


based upon the fact that the transverse momentum 
is approximately constant: 


Even = Px > (1/8;). (2) : 


Assuming that p, = 2uc (cf. Ref. 3), we find 
that Epnen = 150 Bev and, for the energy of the 
most energetic penetrating particle, we obtain 
Eves = DL Omin= L00r Bev. 


2. LATERAL AND ENERGY DISTRIBUTIONS OF 
THE PARTICLES OF SOFT COMPONENT 


The distribution of particles in planes perpen- 
dicular to cascade axis at the depth t = 1.6, 3.1, 
and 4.5 cascade units is given in Table II. Only 
the particles within the cone with opening angle of 
1° about the shower axis were taken into account, 
thus excluding practically all particles not connec- 
ted with the shower. At the same time, for elec- 
trons of the core (at distances up to 0.01 cascade 
units from the axis) such a selection does not rep- 
resent a serious limitation of the (lower) energies, 
especially at small depths (t <2 cascade units). 
Linear deviations from the axis of the nearest pen- 
etrating particle calculated from the relation Ryjin 
= t@min2-5 cm are given for comparison in the last 
column of the table. In all cases, the axis was 
chosen so as to pass through the center of circular 
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FIG. 2. Lateral distribution of cores of the electronic 
cascade at the depth of three cascade units. 


symmetry of the lateral distribution of electrons 
in a given plane. In the mean, symmetry was con- 
served in spite of the presence of at least six 
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TABLE III.* Lateral and energy distributions of 


electron pairs 
A SS \ 


Si 5 Pigg <0.32 | 0.32-2.2| 0.83-2.2] 2.2-6.2 >6.2 Se aeae : 
a with energy 
Photon energy] +32 | 32-10 | 10-3.2| 3.21] <1 > 1 Bev 
E,, Bev 
t<1 Aa,b) 0 0 0 On oOrrnexs 
1<1<2 3* 0 3 1 570.97 9 
DiGi 0) 4 2 4 5 TO ti = 
3th 0 { 4 2 Sal levy Onviete oc) 


* Angular distances between adjacent pairs a—b: 9 =(1.2+ 0.2)+ 10°. 
The three pairs denoted by * may possibly be of bremsstrahlung origin. 


sharply defined cores of the electronic cascade 
(cf. Figs. 1 and 2 where the positions of cores is 
shown in the plane perpendicular to the cascade 
axis at the depth t = 3.) 

We also studied the lateral energy distribution 
of electron pairs (cf. Table III). The energies of 
corresponding photons were found from the open- 
ing angle of the corresponding pair (following Ref- 
erence 4). In a few cases these estimates could 
be checked by direct energy measurements of the 
pair components from their scattering. 

The width of energy intervals given in Table III 
were chosen so as to be equal to, or slightly nar- 
rower than, the mean relative errors of the energy 
of individual pairs. 

Lateral and energy distributions of electrons 
and pairs given in Tables II and III permit us to 
estimate the total energy of soft component using 
one of the following four methods: 

(a) by comparing the data of Table II* with cas- 
cade theory calculations® giving (for each section 
of the shower) the dependence of the total number 
of particles in the core on the universal parameter 
Zy = E9R, where Ep) is the initial photon energy 
and R the radius of the core. 

(b) by comparing the data of Tables II and III 
with the cascade curves N(y,t) for photons and 
electrons, where y =In(Ej/Emin) and Ein is 
the effective lower limit of energy of detectable 
particles. 

(c) by adding the energies of all pairs of non- 
bremsstrahlung origin.{ 

(d) from the relation 


Abmin = 2Quc? | Exe (3) 
between the minimum angle of emission of photons 


*It should be borne in mind that only the particles of the 
central, most intensive cascade are included in Table II. 

+Since the total observed length of the cascade is suffi- 
ciently large the correction for photon conversion can be 
neglected. 


in m°-decay and the energy E,0 of the pion (J 
denotes the mass of 7’-meson). The required 
estimate of the 7’ -meson energy follows after 
substituting in Eq. (3) the angular distances @ 
between adjacent pairs of non-bremsstrahlung 
origin given in Table III. 

In general, the first method seems to us to be 
the most accurate. In this method random errors 
are due to uncertainty in the initial number of pho- 
tons and statistical fluctuations of cascade proces- 
ses, and systematic — to the omission of a certain 
number of particles because of angle limitation. In 
the second method, the error is, in addition to the 
above factors, substantially influenced by the inde- 
terminacy of E,,;, increased by geometry effects 
which are not accounted for. Lastly, in the third 
method the inaccuracy of the measurement of the 
primary photon energy is most essential, since for 
a small number of those both the systematic and 
random errors may become very large.* It should 


TABLE IV. Estimates of the energy Ej of 
the central electronic cascade 


Ey Bev | E 


Method of estimate* u/ Eo 

Cascade curves with lateral limit a- 240 >50% 
tions (table 2) (cf. ref. 5) 

Cascade curves with energy ~150 ~30% 
limitations 

Total energy of pairs of non- 225 ~45% 
bremstrahlung origin 

Angle of emission of photons in >200 >40% 


T™ «decay 


*E, — probable energy of the primary particle (under the 
assumption of a symmetrical angular distribution). 


be taken into account that the assumption of equi- 
partition of energy between the primary photons, 


*The systematic error is connected here with the possi- 
bility of including photons of bremsstrahlung origin. We ex- 
cluded the latter following the method of Ref. 6. 
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underlying the two first methods, can cause an ap- 
parent decrease of the total cascade energy. In 
actual experimental conditions this effect, however, 
is not large, corresponding roughly to the differ- 
ence between the mean geometric and arithmetic 
value of the energies of primary photons, amounting 
to less than a factor of 1.5. 

The number of photons ny produced in the nu- 
clear interaction by means of 7’ -mesons was found 
comparing the various methods of estimating the 
electronic cascade energy; for ny =2 the agree- 
ment is satisfactory, for ny =4 there is a marked 
discrepancy with the results of cascade theory. 

Final estimates of the energy of the main core 
of soft component Ej, by means of all four meth- 
ods are given in Table IV where the values of the 
ratio Ey/E,) are also given. Roughly similar es- 
timates (smaller by a factor of 1.5—2) were ob- 
tained for the additional cascade (core 1 in Fig. 2) 
which started to develop at a greater depth. 

It must be concluded therefore that at any rate 
not less than 30% of the total energy of the star is 
carried away by the soft component (accounting 
even for the errors mentioned at the end of section 
1). At the same time, attention is drawn to the dis- 
tinct concentration of high-energy photons near 
shower axis as compared with the angular distri- 
bution of penetrating particles. The bulk of energy 
of the electronic cascade is emitted within a cone 
with opening angle @max ~ 1/500 while the devia- 
tion of the penetrating particle closest to the axis 
of the same cone is O,)jy © 1/400. 
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Referring to the result of Ref. 1 mentioned 
earlier, our results indicate that the energy frac- 
tion carried away by the soft component may fluc- 
tuate by a factor of ten or more. It should be noted 
also that the energy estimates given above confirm 
again (cf. Ref. 2) the inadequacy of the explanation 
of all jets (i.e., high-energy interactions with a 
small number of slow charged particles) by the — 
n—n collision model. 

The authors would like to thank R. M. Gruzinov, 
L. V. Kruglov, M. N. Pachkov, and Iu. F. Sharapov 
for taking part in reducing the data, and Prof. N. A. 
Dobrotin and I. L. Rozental’ for discussion of re- 
sults. 
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The spectral properties of the radiation from the hydrogen plasma in a low-pressure gas 
discharge at currents up to 500 kiloamperes have been studied by means of a mirror-sweep 
method. Using this method it is possible to study the behavior of the gas discharge in the 
visible region as a function of time. During contraction of the plasma pinch a continuous- 
spectrum “flash” is observed. Results obtained in experiments in which nitrogen and helium 
were added indicate a high electron temperature in the plasma when contraction takes place. 
An estimate of the charged particle concentration is made on the basis of the broadening of 


the Ha line. 
1. INTRODUCTION 


lie presently available spectroscopic data for 
pulsed, low-pressure, high-current discharges 
(approximately 10° amperes!) yield comparatively 
scanty information on the development of the dis- 
charge. These data are relatively incomplete be- 
cause they are obtained over the entire duration of 
the discharge, thereby yielding the “integrated” 
characteristics of the process. Valuable additional 
information can be obtained from a knowledge of 
the intensity of the spectral lines as a function of 
time; the appropriate measurements can be easily 
carried out using a photoelectric cell in conjunc- 
tion with a monochromator. However, this method 
is inconvenient because of the impossibility of si- 
multaneous photometric measurements of all the 
spectral lines. Moreover, in experiments of this 
kind, it is difficult to study another important pa- 
rameter — the width of the spectral line. Among 
other things, a knowledge of the half width of the 
spectral line is extremely important for establish- 
ing the time variation of the density of charged 
particles in the plasma. It should also be kept in 
mind that without some sort of time-sweeping ar- 
rangement it is difficult to observe the extremely 
short-lived lines due to multiply charged ions 
which are produced in the discharge when atoms 
of other materials are introduced artificially. 

The identification and time variation of the in- 
tensity of these lines can be extremely important 
in estimating the electron temperature in the 
plasma at various instants of time. 

These considerations were the motivation for 
carrying out an investigation of the time variation 
of spectra of pulsed discharges. Time sweep was 
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obtained by use of the rotating-mirror method.’ 
A Kerr cell would be less effective because the 
emission from the discharge at times long after 
the initiation of the discharge is tens and even 
hundreds of times greater than that which obtains 
when the discharge is initiated; the latter is of 
greatest interest in studying the development of 
the discharge. 

Since the transmission of a Kerr cell cannot 
be reduced to zero even when it is “closed”, the 
intense and long-lived emission characteristic of 
the later stages of the discharge would tend to 
mask the weak spectrum characteristic of the 
initial stages. 


2. APPARATUS AND METHOD OF MEASUREMENT 


The experimental conditions were essentially the 
same as those described earlier in Ref. 1. The 
pulsed system consisted of a condenser bank with a 
capacity of 86 wfd and a discharge chamber made 
from a porcelain tube with inner diameter of 400 
mm. The distance between the copper electrodes 
of the discharge chamber was 900 mm. The dis- 
charge chamber was furnished with a side port 
covered with a quartz plate. The central region 
of the discharge could be ovserved through the 
window in the port (see Fig. 1). 

The discharge chamber was filled from a meas- 
ured volume; the hydrogen was first passed through 
a palladium filter. In the experiments in which gas- 
eous mixtures of hydrogen and helium were used 
the helium was spectrally pure. 

A Rogovskii loop was used to measure the cur- 
rent; with an initial voltage of 40 kv across the con- 
denser bank the maximum current strength was 460 
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FIG. 1. Optical diagram for the spectral sweep system. 
D) discharge chamber; O and 0’) objectives; S) intermediate 
slit, the image of which is obtained as a band in the plane S’; 
M and WM’) fixed mirror and rotating mirror respectively; h) 
height of the slit of the spectrograph. 


kiloamperes. The stray inductance in the discharge 
circuit was small and under the conditions indicated 
the initial rate-of-rise of the current was 1.5 x 10! 
amps/sec. The first contraction started 3 —4 mi- 
croseconds after the discharge was initiated. 

The method of obtaining the time sweep for the 
spectrum is as follows. The optical system forms 
a light beam from the visible radiation emitted 
from a definite section of the luminous volume of 
the discharge chamber; in the plane of the entrance 
slit of the spectrograph, this beam forms an image 
of the intermediate slit in the form of a narrow 
band. If this band is perpendicular to the entrance 
slit of the spectrograph, its width determines the 
wavelength of the spectral lines which are observed 


in the focal plane of the camera of the spectrograph. 


By using a rotating mirror it is possible to displace 
the luminous band along the entrance slit of the 
spectrograph. Thus the entire spectrum is swept 
in wavelength as a function of time. A schematic 
diagram of the optical system is shown in Fig. 1. 
The optical system is designed so that there are 

no limiting apertures for the light beam as the 
luminous band is displaced along the input slit. 

The sweep speed is determined by the distance 
from the rotating mirror to the plane of the input 
slit and by the rotational velocity of the mirror. 

In the present scheme, with n=15,000 rpm and 
h=12mm, the total sweep time was 20 microsec- 
onds. The time required for the luminous band to 
be displaced by a natural line width (the resolving 
time) was approximately 0.7 microsecond in the 
experiments described here. The rotational veloc- 
ity of the mirror was controlled to within 0.1 per 
cent by means of a special electron-beam tach- 
ometer unit. 

The spectral time-variation pattern can be syn- 
chronized with the discharge current. For this 
purpose a cross hair is placed across the input 
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slit of the spectrograph; this cross hair produces 
a fiduciary mark on all the spectral lines. A small 
mirror is placed at the level of the cross hair; 
when the luminous band passes through the cross 
hair light is reflected on to the cathode of a photo- 
multiplier. Thus, one beam of the oscilloscope is 
used to display the discharge current curve while 
the signal obtained from the photomultiplier is ap-— 
plied to the other beam and serves as an indication 
of the point in the discharge which corresponds to 
the fiduciary mark on the spectral sweep. 


3. RESULTS OF THE MEASUREMENTS 


In Fig. 2 are shown time-swept discharge spec- 
tra for several typical cases; these spectra were 
obtained with a condenser-bank voltage of 35 kv. 
The first two spectra (2a and 2b) were obtained 
using a discharge in pure hydrogen at initial pres- 
sures py) = 0.05 mm Hg and 0.1 mm Hg. In the 
spectrum marked 2c are shown data obtained by 
photographing the spectrum of a discharge in a mix- 
ture of hydrogen and nitrogen (95 per cent H, + 
5 per cent N,), 2d was obtained with a mixture of 
hydrogen and helium (70 per cent H, + 30 per cent 
He). For convenience, the current oscillogram 
corresponding to each spectrogram is also shown. 
The sweep speeds are the same for the spectra and 
oscillograms. _ 

Under the conditions being considered here the 
intensity of the Hg line is 15 —20 times greater 
than the intensity of the Hg line and greater still 
than the Hy line (cf. for example, Fig. 4 of Ref. 1). 

The spectra were photographed with panchro- 
matic aerial plates with a sensitivity of 1,000 GOST 
units, having maximum sensitivity in the red por- 
tion of the spectrum; hence of all the lines of the 
Balmer series only the line was recorded. 

An interesting characteristic of several of the 
spectrograms is the coninuum flash which occurs 
at maximum contraction of the plasma pinch (first 
break in the current oscillogram). The continuous 
background is small for the hydrogen discharge 
(with py = 0.05 mm Hg it is generally not notice- 
able) and fairly small when helium is added; how- 
ever, when even small amounts of nitrogen are 
added the background becomes very pronounced 
(cf. Spectrogram 2c). In addition to the continuum, 
on Spectrograms 2c and 2d there are observed 
lines, which as a rule, fade out in later stages of 
the discharge. The origin of these lines is consid- 
ered below. 

In the red region of the spectrum, the spectro- 
graph dispersion is small so that a reliable analy - 
Sis of the line shape can be made only for well 
separated lines. In Fig. 3 is shown the time be- 
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FIG. 2. Spectrogram of the 
pulsed discharge under various con- 
ditions. a) pure hydrogen, p,=0.05 
mm Hg; b) pure hydrogen, p, = 0.1 
mm Hg; c) 95 per cent H, plus 5 
per cent N,, po = 0.05 mm Hg; 

d) 70 per cent H, plus 30 per cent 
He, p, = 0.05 mm Hg. 


FIG. 3. Time variation of the half-width of the H, line: a) 
p, = 0.05 mm Hg. b) po = 0.1 mm Hg. The vertical lines de- 
note the first and second contractions of the pinch. 
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FIG. 4. Shape of the H, line at maximum contraction, 
Po = 0.1 mm Hg, 7 = 4.2 microseconds. 


havior of the half width of the Hg line for two 
values of the pressure. In view of what has been 
indicated the data for py = 0.1 mm Hg are much 
more reliable. As an illustration, in Fig. 4 is 
shown the line shape for the Hg line at the in- 
stant of time corresponding to contraction of the 
plasma pinch (pp = 0.1 mm Hg). 


4, DISCUSSION OF THE RESULTS 


We first consider the spectrograms shown in 
Fig. 2. On all spectrograms, up to the instant at 
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which contraction of the pinch takes place, only 
the Hg line of atomic hydrogen is observed. The 
absence of other lines in the Balmer series has 
already been explained. However, it is natural to 
wonder why the spectrograms do not exhibit nitro- 
gen lines or helium lines in the cases in which the 
discharge tube is filled with a mixture of hydrogen 
and these gases. In the nitrogen case the absence 
of a nitrogen line is explained by the small percent- 
age content of this gas; the fact that the nitrogen 
content was small was verified in control experi- 
ments. In the helium case the absence of Hel 
lines is probably due to the rather high excitation 
energy (for example, 23 ev for the HelI line at 
5876 A but 12 ev for the Hg line at 6563A). 

If the discharge takes place in pure hydrogen, 
lines due to impurity atoms, which enter from the 
walls of the discharge chamber, are produced after 
the second contraction (for example, the Sill line 
at 6347 A in Fig. 2a). This result is in agreement 
with the data of photoelectric measurements.! 

If the discharge takes place in a mixture of hy- 
drogen and nitrogen or helium, as has already been 
noted, at maximum contraction of the pinch there 
appear short-lived spectral lines which are not ob- 
served in the subsequent stages of the discharge. 
These lines, which can be distinguished from the 
continuum background, should be assigned to nitro- 
gen or helium (the emission of impurity atoms 
from the walls of the discharge chamber takes 
place later). However, these lines do not corre- 
spond to lines for neutral nitrogen or helium. 
Hence the observed lines were assigned to highly 
excited ionized helium and nitrogen. If the assign- 
ment of the NII, Hell and NV 4619 lines is 
granted, the NV 4945 line is open to doubt since 
the wave length given in the Moore tables? is a cal- 
culated value which has not been verified experi- 
mentally before. The following experiment serves 
to corroborate this finding: the intensity of the 
broadened NV 4595 line increases continuously 
as nitrogen added is increased. Aside from the 
NV 4945 line the NV 4943 line is also observed 
in the corresponding part of the spectrum. A mi- 
crophotogram of this region of the spectrum is 
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FIG.5. Microphotogram of the spectrum in the neighbor- 
hood of 4950 A. The iron lines Fe I at 4957. 7A and at 
4924.78 A are used as references. 
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TABLE I 
Wave Excitation 
length Element energy,* ev 
A 
4945 N V 90 
4686 He II 54 
4621 N Il 21 
4619 NV 59 
4607 N UJ 24 


*The excitation energy is computed 
from the ground state of the corresponding 
ion. 


given in Fig. 5. In Table I are shown wave length 
values for some of the observed lines. 

The unexpected appearance of these lines may 
be taken as an indication of a sudden increase in 
electron temperature at maximum contraction of 
the plasma pinch and as an indication of the con- 
version of the energy associated with the directed 
motion of the ions into heat. The temperature falls 
off in the subsequent expansion of the plasma and 
the lines corresponding to this high excitation van- 
ish. It is interesting to note that in the second 
contraction these lines are again observed, although 
their intensities are much weaker. 

One further circumstance must be explained in 
connection with the foregoing. In the initial stages 
of the discharge there are no nitrogen lines corre- 
sponding to small excitation energies; at maximum 
contraction, however, lines characterized by high 
excitation energies are observed. The probable 
cause for this effect is purely geometrical: the con- 
ditions for observing emission originating from the 
center of the discharge chamber are more favor- 
able than those for observing emission distributed 
uniformly over the volume of the discharge cham- 
ber. 

Since the electron temperature at the first con- 
traction is sufficient for exciting lines of quadruply 
ionized nitrogen and lines of neutral helium and ni- 
trogen are not observed, there is little doubt that 
the hydrogen is completely ionized (at least in cer- 
tain sections of the inner zones of the discharge). 
It is clear that the emission of the Hg line ob- 
served at this instant is due to those sections of 
the plasma pitch in which the ionization is less than 
100 per cent complete. 

If the electron temperature at the first contrac- 
tion reaches several thousands of electron volts* 


*We may recall that the kinetic temperature of the ions, as 
estimated from the velocity of propogation of the contracting 
light fronts or magnetic field fronts, reaches 100— 200 ev at 
the end of contraction.’ An estimate of the temperature, ob- 
tained from the Doppler broadening of the nitrogen lines during 
contraction, yields the value T; ~ 300 ev. The authors intend 
to return to this question. 
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an important role in the continuum spectrum being 
considered should be played by the “free-free” 
transitions, i.e., bremsstrahlung. The brems- 
strahlung intensity and recombination radiation can 
be estimated from the following formulas! 


1, (¥, Te) = AynneZeuTs ” exp {— hy / RT}; 
I, (v, Te) = ApnineZenTe "exp {— h(v— vp) [RT 2} / 3. 


Here ne and nj are the electron density and ion 
density respectively, Te is the electron tempera- 
ture, Zerp is the effective charge of the gas ions, 
n is the principal quantum number of the level 
from which recombination occurs, hv, is the en- 
ergy of this level and A; and A, are universal 
constants. Applying these to hydrogen for radiation 
which occurs in the visible region of the spectrum 
(recombination to the n=3 level) the values 
shown in Table II are obtained. 


TABLE II 

Te, eV 1 | 3 | 10 | a | 100 
V2 

t/njn, \ Tidy 23.4 | 60.0] 58.7] 44.0] 25.6 
: [Relative 
a units 

ea 107 34 (ico) Hy dee | Cy} 
Vi 


As is apparent from the Table, even at an elec- 
tron temperature of 30 ev, the bremsstrahlung pre- 
dominates; there is relatively little change in the 
intensity of this radiation with further increase in 
temperature. Thus, even if the electron tempera- 


ture is known with poor accuracy, if it is greater 


than 20 — 30 ev, the measurement of the intensity 
of the continuum gives an independent absolute 
method of determining the density of charged par- 
ticles in the plasma. 

The fact that the bremsstrahlung is proportional 
to Zc¢ and, the square of the density of charged 
particles is probably the explanation for the experi- 
mentally observed increase in the intensity of the 
continuum when helium and nitrogen are introduced 


and when the initial hydrogen pressure is increased. 


As is apparent from Fig. 3, the Hg line is 
broadened rapidly as the plasma contracts.* The 


*A similar result has been obtained recently in Ref. 5. 
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maximum broadening of the line is observed at the 
first contraction; in the second contraction, the 
broadening occurs at lower pressures and is 
scarcely noticeable at all at pp = 0.1 mm Hg. The 
line at maximum contraction (cf. Fig. 4) exhibits 
extended wings; these indicate that the Stark effect 
is responsible for broadening of the line. If we use 
the Holtzmark formula® to convert from the meas- 
ured half-widths to ion densities, at the first con- 
traction we obtain values which lie within the limits 
0.3 x 10!%em™3 to 0.7 x 10!"cm™3 in the various ex- 
periments. In the case being considered (po = 0.1 
mm Hg), the initial density of neutral atoms is 0.7 
x 10'*cm™?. Thus, there is a five- or ten-fold con- 
traction. Actually, the contraction is greater than 
this since the ionization is less than 100 per cent 
complete in the region of the discharge in which 
the radiating hydrogen atoms are located. 

It is obvious that these estimates of ion density 
cannot be taken too seriously since they were ob- 
tained from an application of the Holtzmark formula 
in a high-temperature plasma. Actually, under 
these conditions, the theory should not apply. How- 
ever, as has been shown by Kogan," the relation- 
ship between the effective line width and density of 
charged particles still applies (with certain cor- 
rections in the numerical factors). 

On the whole the optical data considered give 
an internally consistent picture of the phenomena 
which occur in a high-power pulsed discharge. 


1S§. Iu Kukianov and V. I. Sinitsyn, J. Atomic 
Energy 1, 88 (1956). 
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In continuation of Ref. 1, various experimental data on the magnitude of the transverse mo- 
mentum component of particles produced in high-energy nuclear interactions are considered. 
The data are compared with the one-dimensional hydrodynamical theory of multiple particle 


production. 


Tk study of high-energy nuclear interactions by 
means of photographic emulsions, it is generally 
possible to determine the angular distribution of 
secondary particles with sufficient accuracy, 
whereas the energy of the particles can be meas- 
ured only to a limited degree. The knowledge of 
the energy characteristics of an event is, however, 
of considerable help not only for the understanding 
of the interaction process, but also for the correct 
interpretation of data on the angular distribution, 
especially in the not very rare cases where there 
is no frame of reference in which the distribution 
possesses mirror symmetry with respect to the 
plane with @ = 90°. 

Rozental’ and Milekhin! were the first to draw 
attention to the experimental data and theoretical 
considerations in favor of existence of a connec- 
tion between the angle of emission @ of a particle 
and its energy E. They indicate that the projec- 
tion of momentum on the plane perpendicular to 
the direction of motion of the primary particle p, 
vary only slightly over a relatively large region 
of the angle @ and corresponds roughly to p of 
particles in thermal motion at the temperature 
uc? (where pw denotes the -meson mass ).* The 
purpose of the present paper is to consider a much 
wider sphere of experimental evidence supporting 
the above view. 


2. EXPERIMENTAL DATA ON THE TRANSVERSE 
MOMENTUM OF SECONDARY PARTICLES OF 
10?—10" ey, 


It is more convenient to consider the distribution 


of transverse momentum p, ina logarithmic scale, 


particularly in units of X = logy)(p,/pc), since, 


*In the following we call Py simply the transverse momen- 
tum, and measure it in units of pc. 
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as a rule the relative error of momentum (or more 
accurately, energy ) measurements (and conse- 
quently that of p, ) does not decrease with its value 
and even increases in certain cases. We introduce, 
therefore, a smaller error into the transverse mo- 
mentum distribution ascribing the same statistical 
weight to various measurements by using the log- 
arithmic scale. It should be also mentioned that, 

as it will be seen later, the theoretical and experi- 
mental distributions of the variable X can be ap- 
proximated satisfactorily by the Gaussian curve 


N (X) = Nyexp ((X — X)/o V2)", (1) 


Any such distribution can be sufficiently well char- 
acterized by two parameters: the mean value of X 
and the dispersion o. 


A. Cloud Chamber Method 


Angles of emission of secondary particles with 
energies up to 10!‘ev were measured using a cloud 
chamber placed in a magnetic field. The distribu- 
tions shown in Fig. 1 (taken from Ref. 2) refer to 
the angles of emission of secondary particles 6) = 
30, 50, and 90° in the center-of-mass system. The 
primary particles were protons of Ey = 2.2 Bev. 
Data obtained from cosmic rays**4 referring to pri- 
mary energies of 5 and 30 Bev are shown in Figs. 
2 and 3, respectively. The dashed parts of the his- 
tograms (which were taken into account in con- 
structing the resulting dashed Gaussian curves ) 
were obtained by an appropriate extrapolation of 
the events in which only the lower limit of the 
measured momentum was known. 


B. Emulsion Method: Measurements of the Multiple 
Scattering of Secondary Particles 


Besides the 34 measurements of the single event 
reported by Debenedetti et al.° and which was al- 
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FIG, 1. Distribution of secondary particles with respect to 
the transverse momentum p, (in units of pc), obtained by 
means of an accelerator for E, = 2.2 Bev.? Total number of par- 
ticles N = 244, Mean (geometrical) value (p))peom= 1.1 pc. 
Dispersion of the distribution VD(p,)/p, ~ 0.4. The solid, 
dot —, and dash-dot histograms of P, | distributions correspond 


to angles 0, = 30°, 0, = 50°, and 0, = 90° respectively. 


ready mentioned in Ref. 1, we had at our disposal 
additional 46 measurements of 4 events of 10!% — 
10% ev which were partially published in Refs. 6 
and 7. The distribution shown in Fig. 4 is based 
upon all data available. This time we have not in- 
cluded the 8 cases (out of 88) when only the lower 
limit of the value of p, had been known; the re- 
sulting mean value of the transverse momentum is 
therefore slightly lower. 


C. Emulsion Method: Analysis of Secondary Inter- 
actions 


In the cases when secondary interactions have 
been observed, it is possible to determine the cor- 
responding value of Y, from the angular distribu- 
tion, making use of the fact that the distribution is 
usually symmetrical in the center-of-mass system. 
Passing from yY, to the energy of particles, it is 
possible to account for the tunnel effect by using 
the results of Ref. 8. Data on all 15 cases known 
to us, in which it has been possible to measure 
the angles of emission and the energies of second- 
ary particles, are given in the table. 

It can be seen from the table that both the mean 
transverse momentum and the spread about the 
mean are considerably larger than in all previous 
(and also following ) methods of determination of 
p,;. There is a reason to think that the large 
spread in values of p, is in that case connected 
with large (compared with Poissonian) fluctua- 
tions of the angular distribution and that the large 
value of p, obtained is due to possible deviations 
from asymmetry in the angular distribution (in 
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FIG. 2. Distribution with respect to p, of secondary par- 
ticlesstormDae—15 Bev® (cloud chamber method). N = 72, 


OD =1.1 uc, VD, )/PL= 0.8. 


(eo 
| 
i 
“10 QS 0 | 0 0 K 
X=025 


FIG. 3. Distribution of secondary particles with respect to 
p, for E, = 30 Bev* (cloud chamber method). N = 41, (B1)geom 
= 1.8 ue, VD(p, )/p, = 1.0. 


N(x) 


FIG. 4. Distribution of 
secondary particles with re- 
spect to p, for E, ~ 5-10" 
ev. Data of Ref. 5—7 and of 
the author (multiple scatter- 
ing method, emulsion). N=80, 
(Py Jgeom = 1.1 pe, VDP, V/ 


5) peel: 


ay, 
X-005 


the mean) in interactions between particles with 
different mass (essentially m-mesons with nuclei). 


D. Emulsion Method: Analysis of the Angular and 
Energy Distributions of Particles of the Soft 
Component 


The study of the electron-photon component of 
the products of nuclear interactions reveals two 
possibilities for determination of the transverse 
momentum of 7°-mesons. Firstly, it is possible 
to measure the position of electron pairs of non- 
bremsstrahlung origin* with respect to the axis of 
the primary star, and to find the energy of those 
pairs from the opening angle of their components.f 


*Bremsstrahlung photons, incidentally, posses a transverse 
momentum of the order of mec only (where mg is the electron 
mass). 

+The energy determination followed the method of Ref. 13. 
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Interactions with ng < 5 are not given. The angles 6 are measured in projection 
on the emulsion plane. 


Advantage is taken of the fact that the additional 
transverse momentum imparted to the photons in 
the 1°-decay is found to be several times smaller 
than the initial momentum of the 7°-meson. The 
second method consists in determination of the 
photon energy from the development of electromag- 
netic cascades initiated by them. By a special 
combination of additional absorbers, it is possible Lan 
to create such conditions (as it has been done in FIG. 6. p,; distribution of 7°-mesons obtained from data of 
emulsion chamber experiments of a group of Jap- Ref. 12, eh electromagnetic cascades in emulsion chamber. 
anese physicists!*) that cascades due to different N = 36,001 Jesom= 2 Honey DP) Die 0S Rote orcas 
represents Seal ik according to one-dimensional hydrody- 
photons are well separated from each other. namical theory + for disintegration temperature T, = pc?/k. 
In the determination of p; according to the 
first method we made use of the data of Refs. 13, 
14, and 11. The calculated distribution is shown 
in Fig. 5. The distribution obtained using the sec- 


narrowest distribution which, at the same time, is 
not in disagreement with the theoretical curve. 

This distribution of the transverse momentum is 

M4) based on all available cosmic ray data, and although 
FIG. 5. p; distribution of one cannot exclude the possibility that the result is 


m-mesons obtained from the i ? 
ay due to experimental errors, we shall assume the 
energy and angle of emission 


of election pairs (daterol theoretical distribution given in Fig. 6 as the basis 
Refs. 12, 14, and 11). N=36, for the following discussion. 

Ol veom 7 1.6 pc, VDP, YV/ 

p, 1.0. E. Data from Extensive Air Showers 


The multiplicity of processes contributing to 


ond method, and the data of Ref. 2, as well as the the development of extensive air showers makes 
theoretical curve for the temperature of evapor- it impossible to obtain sufficiently accurate data 
ation equal to yc?/k calculated according to Ref. on the transverse momentum of shower particles 


1 are shown in Fig. 6. Comparing Fig. 6 with Figs. at the place of production. In view of the consid- 
2—5, we can see that the last method yields the erably higher energies involved, it is nevertheless 
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interesting to compare even rough estimates of p, 
with previous results. 

The possibility of estimating p, is basically 
connected with the analysis of the angular distri- 
bution of the penetrating component of showers at 
various depths underground (cf., e.g., Refs. 15, 
16). Defining the mean angle of emission of me- 
sons as the ratio of the mean radius of lateral dis- 
tribution to the effective altitude of shower initia- 
tion (about 10 km) and determining the mean 
energy from the range in ground we found that, 
for energies up to 10" ev, the mean value of the 
transverse momentum of m-mesons should be 
1—5d (in units of wc). The same principle of de- 
termination of transverse momentum can be used 
for the soft component of showers, giving results 
consistent with the above. It can be maintained 
that, for a primary energy of 10'7—10" ev, the 
distribution of secondary particles with respect 
to transverse momentum is in good agreement 
with the one-dimensional hydrodynamical theory 
of multiple particle production if we regard trans- 
verse deviation of produced particles solely as a 
result of their thermal motion at the temperature 
of evaporation, close to pc?/k. 

The author wishes to express his gratitude to 
S. N. Vernov and I. L. Rozental’ for the discussion 
and to E. A. Zamchalov for taking part in the re- 
duction of data. 
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The He* (y,n) He® reaction was investigated using a Wilson chamber. The method for treat- 
ing the He® track data is described. The dependence of the reaction cross section on y-ray 
energy and the angular distributions of the reaction products were measured. Ojnt and dp = 
fo (Ww) w-!dw are computed from the curve for o(W). 


1. INTRODUCTION 


ly the first part of this work!* we gave a detailed 
description of experiments on photodisintegration 
of helium using a Wilson chamber in a magnetic 
field, placed in the beam of the synchrotron of the 
Physical Institute of the Academy of Sciences, 
which gives a maximum energy of 170 Mev. We 
also gave the results of a study of the He*(y,p) H® 
reaction from the analysis of 9000 cloud chamber 
pictures, including the energy distributions of the 
protons and tritons and the energy dependence of 
the cross section for the reaction. 

We shall here describe the results of investiga- 
tion of the He*(y,n) He® from processing of the 
same photographs. 


2. PROCESSING OF PHOTOGRAPHS 


As was mentioned in I, the He*(y,n) He® reac- 
tion is characterized by the emission of a single 
charged particle, the He® recoil nucleus, which 
gives a high density track in the cloud chamber 
(Fig. 1). A single charged particle with a high 
density track can also occur from (y,n) reac- 
tions on C and O nuclei, which are contained 
in the vapor in the cloud chamber. However the 
mean length of these tracks is 4—5 mm, and their 
maximum does not exceed 15 mm, so they can be 
assigned to events in helium only for photon ener- 
gies between 20.6 (the threshold for the He‘ (y,n) 
He*® reaction) and 25 Mev. In investigating the 
energy dependence of the cross section for the 
He’ (y, n) He® reaction, we therefore restricted 
ourselves to the range of photon energies hv = 
27 Mev, in which the (y,n) reaction could be 
reliably identified. 

Since there are only two particles in the final 


*This paper will be cited as I. 
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state for the Het (y,n) He® reaction, we can, as 
in the Het (y,P) H® reaction, use the conservation 
laws to determine the energy of the photon which 
produced the reaction, from a knowledge of the 
angle of emergence and the momentum of one of 
the particles (the He® nucleus). For the meas- 
urement of angles of emergence and momenta of 
He® nuclei, we selected from all the recorded 
cases of the He* (yn) He® reaction those He® 
tracks which had a sufficient projected length 

(= 53 mm) on the bottom plane of the chamber, 
and the momenta were determined from the curva- 
ture of the tracks in the magnetic field. 

The procedure for measuring angles and mo- 
menta, as well as the necessary corrections, were 
described in I. Here we need only add that, since 
for low energy He® nuclei the curvature changed 
along the track, the measurement gave some aver- 
age value of the momentum, and a suitable correc- 
tion was made graphically to find the true momen- 
tum. However, if we limited ourselves to only 
those He® tracks which had a large projected 
length, we would impose a strong limitation on the 
energy range of the photons for which we could get 
the energy dependence of the cross section. Actu- 
ally, if for example the He® nucleus is emitted at 
an angle of 180° to the y-ray direction and has a 
range of 5.3 cm in the chamber gas, the energy of 
the photon responsible for this event is ~ 40 Mev, 
and this limiting energy depends essentially on the 
angle of emergence of the He® nucleus. Because 
of this, we also processed short tracks of He? nu- 
clei stopping in the chamber gas. For these the 
path length and spatial angles were measured with 
a special stereocomparator.* In this case the mo- 
menta of the He® nuclei were found from the range- 


*The stereocomparator was developed in the cosmic ray lab- 


oratory of the Physical Institute of the Academy of Sciences by 
engineer A. G. Novikov. 


. 
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FIG. 1. He*(y, n) He’ reaction. 
The single dense track is a He’ nu- 
cleus. 


momentum relation calculated for the mixture of 
gases in the chamber. 

Of the total number of 2685 cases of the He* 
(y,n) He? reaction recorded, 722 tracks of He? 
nuclei were analyzed. As in our study of the He* 
(Y;,P) H® reaction, all the measured He® tracks 
were incorporated in a nomogram which served 
as the primary material for further computations 
of energy dependence and angular distributions. 


3. RESULTS 


A. Dependence of the Cross Section for the 
He! (y,n)He® Reaction on Photon Energy 


The dependence of the cross section for the 
(y,n) reaction on photon energy is given in Fig. 2. 
For the reasons given above, it was not drawn from 
the reaction threshold (20.6 Mev), but from 27 


Mev. 
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FIG. 2. Dependence of the cross section for the He*(y, n) 
He’ reaction on photon energy. Only statistical errors are shown 
on the figure. The reaction threshold (20.6 Mev) is indicated by 
the arrow. The points marked with a+ are the data of Ref. 2. 


As we see from the figure, the (y,n) reaction 
on helium has resonant character, with a maximum 
of ~1.6 x107*"cm? at an energy of 27 — 28 Mev. 
The position and height of the maximum agree with- 
in the limits of error with the corresponding values 
for the (y,p) reaction. 

Comparison of the curves for the cross sections 
for the (y,p) and (y,n) reactions shows that they 
have the same shape, although the curve for the 
(y,n) reaction runs a little higher for photon en- 
ergies above 35 Mev. This difference is possibly 
due to the large corrections made to the measured 
values of the momenta of He? nuclei, of which we 
spoke before, and also to neglect of multiple scat- 
tering. Whether this difference is real will be set- 
tled in experiments which are now being done with 
a magnetic field of twice the intensity and a lower 
pressure of the gas mixture in the cloud chamber. 

In Fig. 2 we include for comparison the results 
of measurements of the cross section for the (y,n) 
reaction on helium which were found in Ref. 2 using 
thick-layered emulsions. As we see from Fig. 2, 
these results agree with our data only at ~55 Mev, 
while for higher energies they give cross sections 
which are approximately twice as large. 


TABLE I* 
P ae 
bes, Mev Coa j oa (W) dW, Mev-millibarns 
20.6 
4O 24.6-+40.9 
100 41,.341.7 
170 43,.8-+1.8 


*Only statistical errors are given. 
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From the cross section curve for the (y,n) re- 
action, we calculated the integral cross section 
Cnt = i o(W)dW (Table I), and the quantity op = 


= focw)w-taw = (1.09 + 0.08) millibarns. 

20.6 

The value of op agrees exactly with the value 

of op found in I for the (y,p) reaction. The 
values of the integral cross section for the (y,n) 
reaction at 100 and 170 Mev are somewhat greater 
than the corresponding values for the (y,p) reac- 
tion. 


_ 


B. Angular Distributions 


The angular distributions (in the center-of- 
mass system, c.m.s.) of the neutrons from the 
Het (y,n) He® reaction are given in Fig. 3 for two 
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FIG. 3. Angular distributions in the c.m.s. of neutrons from 
the He*(y, n) He® reaction with photons of energy: a) 27 —30; 
b) 30— 170 Mev. 


photon energy ranges: 27 —30 Mev and 30—170 
Mev. They were obtained by reflecting the angular 
distributions of the He*® nuclei about 90° in the 
c.m.s. These energy ranges were chosen for con- 
venience of comparison with the angular distribu- 
tions of protons from the (y,p) reaction on helium, 
which were given in I. 


The angular distributions were approximated by 
curves of the form 


A (sin? 6 + 8 sin? 6 cos 6 + 38). 


The values of the coefficients A, B, 6 were 
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fitted by a least squares method, and are given in 
Table II. 


TABLE II 
foe ete ee oh EE en i ee 
Photon en- A: 10” | | < 
ergy Ey, Mev ‘cm?/sterad 2 
ow) 1.7+0.2 0.44+0.18 0.42+-0.07 
30—170 7.5--0..6 0.47-+0.13 0.12-+0.07 


From Figure 3 and Table II we see that, in go- 
ing from photon energies below 30 Mev to energies 
greater than 30 Mev, the angular distribution of the 
neutrons remains unchanged within the limits of 
error of the experiment, and is close to a sin? 6 
distribution in the c.m.s. On the other hand, as 
was shown in I, the asymmetry of the angular dis- 
tribution of the protons from the (y,p) reaction 
on helium changes markedly in the photon energy 
region 30 — 35 Mev, so that in the 30 —170 Mev 
range the maximum of the angular distribution in 
the c.m.s. shifts forward to an angle of 65 — 70°. 

It is interesting to note that similar results are 
found for the angular distributions of photoprotons 
from more complex nuclei (C, Al, Ni, Mo). In 
fact®~§ the angular distributions of the photoprotons 
have their maximum at an angle of 60 — 70° and 
contain an appreciable isotropic part. At the same 
time, the angular distributions of the photoneutrons 
are well described by curves of the form a+bsin’ 6, 
symmetric around 90°. Thus if we disregard the 
appreciable isotropic part of these distributions 
(which may be due to evaporation processes and 
also to internal scattering of the particles inside 
the nucleus), there is a qualitative similarity of 
these results to the curves obtained for helium. 

These features of the angular distributions of 
protons and neutrons can be explained from the 
point of view of a model of direct absorption of 
the photon by an individual nucleon, as proposed 
by Courant,’ supplemented by including electric 
quadrupole absorption of the photons. Actually, 
from the point of view of this model, at low ener- 
gies there is electric dipole absorption, so that 
the angular distributions of protons and neutrons 
have the form sin?@. At energies greater than 
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30 Mev, electric quadrupole absorption begins to 
appear, which because of interference with the 
dipole absorption results in a shift of the maxi- 
mum of the proton angular distribution toward 
smaller angles. However, the electric quadru- 
pole absorption does not contribute to the neutron 
yield since the effective charge of the neutron is 
in this case equal to zero. Thus the angular dis- 
tribution of the neutrons remains close to sin? 6 
even at high energies. 

The quasideuteron model of photon absorption, 
proposed in papers of Khokhlov® and Levinger® can- 
not be responsible for the observed effects, since 
for photon energies greater than 30 Mev it would 
give an angular distribution of the neutrons simi- 
lar to that for the protons, but with the maximum 
shifted in the reverse direction. 

In conclusion, the authors express their grati- 
tude to Prof. P. A. Cerenkov for continual interest 
in the work, to Iu. K. Khokhlov, V. V. Daragan and 
Iu. M. Shirokov for discussion of the results, to 
A. G. Gerasimov, V. S. Silaev, N. N. Novikov, K. 
V. Chekhovich and Hu Cheng-Yti for participating 
in the analysis of photographs, and to the operating 
group of the synchrotron. 
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Results of an investigation of the He*(y,pn)D reaction, and a summary of results on photo- 
disintegration of He* are presented. The dependence of the cross section for the (y, pn) 
reaction on y-ray energy, the angular distributions of the protons and neutrons from this 
reaction, and the correlations between the directions of emission of protons, neutrons and 


deuterons were measured. djnt = (95 + 7) Mev 


computed from the cross section curves for the 
He’. 


mbarn and op = (2.4 + 0.15) mbarn are | 
(y,p), (y,n) and (y,pn) reactions on | 


The results are discussed from the point of view of finding a model for the interaction 


with He* of y-quanta of varying energies, and are also compared with theoretical computa- 


tions of the photodisintegration of He‘. 
1. INTRODUCTION 


lh: preceding papers!»?* we discussed in detail the 
properties of the He*(y,p)H® (I) and He‘(y,n) He? 
(II) reactions, which lead to the emission of two par- 
ticles — a proton and an H?® nucleus, and a neutron 
and an He® nucleus. Here we shall consider the 
third reaction which occurs after absorption of a 
photon by the helium nucleus — the He*(y, pn) D 
reaction, which leads to emission of three parti- 
cles — a proton, a neutron and a deuteron. 

The investigation of this reaction has a special 
interest from the point of view of testing the valid- 
ity of the two-nucleon model for the absorption of 
high energy photons by nuclei, which was proposed 
in papers by Khokhlov? and Levinger.* According 
to this model, high energy photons are absorbed 
by a pair of nucleons in the nucleus which are lo- 
cated at a relatively small distance from one an- 
other. Having absorbed the photon, the high en- 
ergy proton and neutron either both leave the 
nucleus or, before emergence, undergo a series 
of collisions in the nuclear matter and excite the 
residual nucleus. 

Many experimental papers have already been 
published whose results can be interpreted from 
the point of view of the quasideuteron model. 
Among these, we mention papers® ” on the angular 
and energy distributions of high energy photopro- 
tons, in which there were observed characteristic 
kinks in the energy spectra of the photoprotons at 
an energy about half the maximum energy of the 
bremsstrahlung, and a marked forward peaking 


*These will be cited as I, II. 
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in the angular distribution of the photoprotons. 
However no quantitative agreement between the pre- 
dictions of the quasideuteron model and experiment 
was found. In addition to this, experiments 
were done to detect directly the correlation in the 
emission of fast protons and neutrons in the nu- 
clear photoeffect. In these experiments, coinci- 
dences between neutrons and photoprotons were 
observed from lithium, carbon and oxygen, and 

the kinematics were the same as for the photodis- 
integration of the deuteron. The angular distribu- 
tions of the neutron-proton pairs were practically 
the same as the corresponding distributions in the 
case of the deuteron. The authors of Ref. 15 ar- 
rive at the conclusion that the quasideuteron model 
is applicable for photon energies from 140 to 300 
Mev, but are unable to say whether the quasideu- 
teron process can be responsible for all the high 
energy photoprotons which are not associated with 
the production of real mesons. 

Since we can, by applying the conservation laws, 
use the angles of emission and momenta of the pro- 
ton and deuteron from the He*(y, pn) D reaction to 
calculate the energy of the photon and the angle of 
emission and momentum of the neutron, the study 
of this reaction enables us to draw conclusions 
concerning the correlation in the emission of the 
neutron and proton, and to get some idea of the 
role of various processes in the photodisintegration 
of helium. 


2. TREATMENT OF PHOTOGRAPHS 


We have already said in I that the He*(y, pn) D 
reaction is characterized by the appearance of two 


PHOTODISINTEGRATION OF HELIUM. III 


tracks of different density in the Wilson chamber 
(the more dense track being that of the deuteron), 
and these tracks are at at arbitrary angle to one 
another and to the direction of the y-quanta. A 


cloud chamber photograph of a He‘ (y, pn)D reac- 


tion was given as Fig. 3 in paper I. We should 
mention that two arbitrarily oriented tracks of 
different density can also be formed in the 

He! (y,2p2n) reaction. However, as the results 
of photometering and measurement of momenta 
showed, almost all cases of a pair of tracks with 
random orientation are due to the He‘ (y, pn) D 
reaction. In a’ series of 23,000 photos taken with 
maximum bremsstrahlung energy from 170 to 260 
Mev, the number of. cases recorded of the 

Het (y,;pn)D and He*(y, 2p2n) reactions were 
1,370 and 120, respectively. Thus the relative 
yield of the He*(y, 2p 2n) reaction compared to 
He’ (y,pn)D does not exceed 10%. The yield of 
reactions of the type of He’ (y,pn)D and 

He! (y,2p2n) is 10% compared to that of reactions 
with two particles in the final state. 

To find the energy dependence of the cross sec- 
tion and to construct the angular distributions of 
the emerging particles, we restricted ourselves to 
those cases in which both tracks had projected 
lengths on the plane of the bottom of the chamber 
at least equal to 53 mm. We could then measure 
the radius of curvature of the track with sufficient 
accuracy. Having measured the angles between 


the y-ray beam direction and the track projections, 


as well as the projected momenta, we could, from 
the projected length of the tracks and the depth of 
the illuminated region of the chamber, determine 
by the same method as in I and II the true spatial 
angles of emission of the particles and their true 
momenta. Furthermore, by comparing the ob- 
served visual densities of the tracks with those 
expected (assuming we knew the type of particle 
and using the measured momenta), we checked 
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the correctness of the identification of the parti- 
cles. After this, using the conservation laws, we 
found the energy of the photon and the angles of 
emission and momenta of all three particles in 
the center of mass system, and the angles between 
them. 

In constructing the angular distributions of the 
emergent particles, we introduced corrections (as 
described in I) to take account of the limited size 
of the illuminated region. In constructing the en- 
ergy distributions, such corrections were not made, 
but the cross section curve was normalized to the 
total number of observed cases of the He*(y, pn) D 
reaction. 


3. RESULTS 


A. Dependence of the Cross Section for the (y, pn) 
Reaction on Photon Energy 


Figure 1 shows the curve for the cross section 
of the He*(y,pn)D reaction as a function of photon 
energy, obtained from analysis of 91 cases of this 
reaction in a series of 9,000 cloud chamber photo- 
graphs taken with radiation having a maximum en- 
ergy of 170 Mev. We see from Fig. 1 that the 
He’ (y,pn)D reaction has resonance character, 
with its maximum at an energy around 50 Mev. 

The cross section at the maximum is of the order 
of 2x 10-*%%em?. Comparison with the cross sec- 
tion curves for the (y,p) and (y,n) reactions 
shows that the cross section for the (y,pn) reac- 
tion becomes approximately the same as those for 
the (y,p) and (y,n) reactions for photon energies 
of the order of 75 Mev. 

To estimate the contribution of the (y,pn) re- 
action to the total photon absorption cross section, 
we give in Table I the integral cross section of this 


TABLE I* 


oS = i o (W) dW,Mev -mbarn 
Photon en- j,_ a 
ergy Ey, Mev 


(y, pr) (Y, P) + (¥, 7%) 


71. 64-2.2 
10.041 .9 
81 .6-12.9 


<15 
75—170 
<170 11. 


= 


*Only the statistical errors are given. 


reaction and also the total cross sections for the 
(y,p) and (y,n) reactions. 

We see from the table that, for energies below 
75 Mev, the contribution of the (y,pn) reaction to 
the total photon absorption cross section is less 
than 10%, while in the energy region above 75 Mev 
its contribution increases to 30%. 

The value of o = fo(w) wt aw found for the 
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FIG. 2. Angular distributions of protons from the He‘ (y, pn) D reaction, in the center of mass system, integrated over the 
bremsstrahlung spectrum for photon energies: a) hv = 25.9—75, b) 75—170 Mev. The solid curve is a least squares fit of the 


functional form sin?9 + B sin?@ cos0 +6, with B =1.0 + 1.2; 6 


= 1.6 + 1.0. The dashed curves are angular distributions of 


protons from photodisintegration of the deuteron, for photon energies of a) 55 Mev, and b) 105 Mev. 
FIG. 3. Angular distribution of neutrons from the He* (y, pn) D reaction in the center of mass system, integrated over the 
bremsstrahlung spectrum for photon energies: a) hv = 25.9—75 Mev, b) 75-170 Mev. The solid curve is a least squares fit of 


the functional form sin?6 + B sin?6 cos 6 + 5, with B = — 0.8 +0. 
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FIG. 4. Angular distribution of deuterons from the He‘(y, pn) D reaction in the center of mass system, integrated over the 
bremsstrahlung spectrum for photon energies: a) hy = 25.9—75, b) hv = 75—170 Mev. 


(y,pn) reaction was oy = 1.8 x 107% cm’. 


B. Angular Distributions 


In Figs. 2 —4 we give the angular distributions 
of protons, neutrons and deuterons in the center of 
mass system, for two ranges of photon energies, 
from 25.9 Mev (the threshold for the reaction) to 
75 Mev and from 75 Mev to 170 Mev. These an- 
gular distributions were found from analysis of 207 
cases of the He*(y, pn) D reaction, which were re- 
corded in 9,000 pictures at a maximum energy of 
170 Mev and in 14,000 pictures at a maximum en- 
ergy of 260 Mev. 

From Figs. 2 and 3 we see that the angular dis- 
tributions of the protons and neutrons produced in 
the (y,pn) reaction are very similar to the angu- 
lar distributions of the protons and neutrons from 
photodisintegration of the deuteron. Also, as in the 
case of the deuteron, they have an appreciable iso- 
tropic part at medium energies, and in the c.m.s. 
system the maximum for the protons is shifted for- 
ward to ~75° while that for the neutrons is shifted 
backward to ~105°. At high energies there is a 
bigger isotropic part. For comparison, in Fig. 2 
the dashed curves are the experimental angular 
distributions of protons from photodisintegration 
of the deuteron at photon energies of 55 Mev!® and 


105 Mev," normalized to the area under the histo- 
gram. 

The angular distribution of the deuterons (Fig. 4) 
is close to isotropic in both the photon energy inter- 
vals hv = 25.9—75 and 76—170 Mev. In Fig. 5 
we give the angular distributions of the protons in 
the laboratory system for approximately the same 
intervals of photon energy, as constructed from 
495 proton tracks. In constructing these eurves, 
we used all cases where the proton track had a 
projected length => 53 mm. We see from Fig. 5 
that the proton angular distribution for Ep = 21 
Mev is in satisfactory agreement with the calcula- 
tions of Dedrick™® on the quasideuteron model. 


C. Correlation between Particles 


To clarify the question of the existence of cor- 
relations in the emission of particles from the 
(y,pnd) reaction, we constructed distributions of 
the relative energies of proton and neutron (Fig. 6) 
and proton and deuteron (Fig. 7), computed in units 
of the maximum relative energy. In the absence of 
correlation we should expect the distributions to 
have the form 


const {1 — E;;/ Ey] (E;; / Ey), 


where Eij is the relative energy of proton and 
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FIG. 5. Angular distribution of protons with energies: a) Ep 
< 21 Mev, b) E, > 21 Mev, emitted from the He* (y, pn) D reac- 
tion, in the laboratory coordinate system. The solid curve is 
calculated for quasideuteron absorption, from data given in the 
paper of Dedrick’® (normalized at 0 = 30°). 


neutron or of proton and deuteron. 

As we see from the graphs, the distributions 
have approximately this dependence only for photon 
energies from 25.9 (the reaction threshold) to 50 
Mev. In the energy range 50 —75 Mev, a prepon- 
derance of large relative energies of proton and 
neutron is indicated. The distribution of relative 
energies of proton and deuteron remains practi- 
cally the same in the 50 —75 Mev interval as it 
was at low energies. For energies above 75 Mev, 
the preponderance of large relative energies of 
proton and neutron becomes completely apparent. 
At the same time a preponderance of small relative 
energies of proton and deuteron becomes notice- 
able. 

Thus for photon energies greater than 75 Mev, 
the neutron and proton are emitted preferentially 
in almost opposite directions, taking away an ap- 
preciable part of the energy of the reaction, while 
the low energy deuteron has a slight preference 
for being dragged along in the direction of emis- 
sion of the proton. 

Similar conclusions can be drawn from a con- 
sideration of the angles between the directions of 
emission of the particles. For energies up to 75 
Mev, all three particles behave equivalently, so 
that the average angles between them are approxi- 
mately 120°, whereas for energies > 75 Mev the 
average angles are 
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FIG. 6. Distribution of numbers of cases of the He* 
(y, pn) D reaction as a function of the relative energy (in the 
c.m.s.) of proton and neutron, for various photon energies: a) 
hv = 25.9—50, b) hy = 50—75, c) hy = 75— 100, d) hy = 100— 
150, e) hy = 50— 150, f) hy = 75 — 150 Mev. 


Number of cases 


FIG. 7. Distribution of numbers of cases of the He‘ 
(y, pn) D reaction as a function of the relative energy (in the 
c.m.s.) of proton and deuteron, for various photon energies: a) 
hv = 25.9—50, b) hv = 50—75, c) hv = 75— 100, d) hy = 100— 
150, e) hy = 50— 150, f) hy = 75 — 150 Mev. 
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Table II gives the average momenta of the emitted 
particles in units of Mev/c. 
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TABLE II 

Photon 

energy Proton Neutron | Deuteron 

E.., Mev 

a 

20.9—T9 123 118 124 

75—170 214 209 190 
CONCLUSIONS 


1. On the basis of results reported in papers 
I, If and III, we may suppose that the process re- 
sponsible for the He*(y,pn) D reaction is the 
quasideuteron absorption of photons, both in the 
low energy region and in the region above 75 Mev. 
This is indicated by the angular distributions of the 
particles and by the presence of correlation be- 
tween proton and neutron which is clearly evident 
at high photon energies and is masked by the mo- 
mentum distribution of the particles in the nucleus 
at low energies. 

2. From comparison of the angular distributions 
of protons and neutrons from the He’ (y,p)H® and 
He’ (y,n) He® reactions with those from photodis- 
integration of the deuteron, we can assert that these 
processes occur as the result of direct single par- 
ticle absorption of the photon, in which the main 
process is electric dipole absorption. At energies 
above 30 Mev, electric quadrupole absorption be- 
gins to be important. Its interference with the di- 
pole absorption causes a marked shift of the maxi- 
mum in the proton angular distribution, but gives 
no contribution to the yield of the (y,n) reaction. 

3. The relative importance of single-particle 
and two-particle absorption of photons changes 
with energy. As was stated above, the total con- 
tribution of two-particle absorption to the integral 
absorption cross section amounts to 12%, or to 
14% if we include the (vy, 2p2n) process which is 
also apparently related to two-particle absorption. 
However, in the region above 75 Mev, the contri- 
bution of two-particle absorption to the integral 
absorption cross section is at least 30%. Unfortu- 
nately, the poor statistics of the data at high photon 
energies do not allow us at present to draw con- 
clusions concerning the importance of the two-par- 
ticle mechanism of photon absorption in (y,p) and 
(y,n) processes for energies above 75 Mev. 

4, The cross sections for the three main proc- 
esses of photodisintegration of helium, (y,p), 
(y,n), and (y,np) were measured as a function 
of photon energy. Comparison with the results of 
calculations of Flowers and Mandl,‘® Gunn and 
Irving”? for electric dipole absorption with wave 
functions of various types (Gaussian, exponential, 
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and the functions introduced by Irving?! ), fora | 


pure central force, and with the calculations of 
Bransden et al.,2* which include tensor forces, ‘ 
shows that it is not possible to choose the param- 
eters of wave functions of this type so that one gets | 
simultaneously the correct values of the binding 
energy and radius of He’, the energy at which the 
cross section is a maximum, and the value of the~ 
maximum cross section. 

5. From the measured values of cross sections 
for the main reactions in photodisintegration of 
helium, (y,p), (y,n), and (y,np), we constructed 
a curve for the absorption cross section of photons 
in helium (Fig. 8). Using this curve and including 


20 40 60 G0 190 120—S «140 


160 hv, Mev 


FIG. 8. Dependence of total cross section for absorption of 
photons by He* on photon energy. Only statistical errors are 
shown on the graph. Errors in absolute values are ~ 6%. 


the small contributions from the He*(y, 2p 2n) and 
He*(y, 2d) reactions, we calculated the integral 


photon absorption cross section,* 
170 


Cit = ( Oops (W) dW = 95+ 7 Mev-mbarn. 
19.8 

This result is in satisfactory agreement with the 
calculations of the integral cross section for elec- 
tric dipole absorption of photons by He’ which 
were done by Rustgi and Levinger?® using sum 
rules. For central forces, with a 50% mixture of 
exchange force, these computations give Sint = 
89 Mev - mbarn. 


*The value 95 + 7 Mev- mbarn for the integral cross section 
is somewhat larger than the value 4 = 88 + 7 Mev mbarn 
given in I, although the difference is within the limits of error. 
The difference is due to the fact that in I we assumed 
oF (y, n) = oe (y, p), while here we are using the independ- 
ently determined value of Sint (y, n) from IJ, and this value was 
somewhat larger than on (y, p)- 
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From the photon absorption curve we also cal- 
culated 


170 
W 
\ scree, == 2.4+.0,15 mbar. 


19.8 


It is known” that Op depends only on the mean 
Square radius of the nuclear charge distribution, 
so that from the experimentally measured value 
of 0, Wwe can compute the mean square radius 
of the He’ nucleus. We found the value 


R = (1.57 +.0.06)- 10718 em 
(or ro = (1.28 + .0.05)-10°*3 cm)* 


in satisfactory agreement with the value R= 

(1.61 + 0.08) x 107 em found from electron scat- 
tering experiments.” This value is markedly dif- 
ferent from the values of the He’ radius calculated 
using Irving’s wave functions, as well as those 
found with wave functions of Gaussian or exponen- 
tial type adjusted to give the correct binding energy 
of He’, 

In conclusion the authors express their grati- 
tude to Prof. P. A. Cerenkov for continual interest 
in the work, to A. M. Baldin, V. V. Daragan, Iu. M. 
Shirokov and Iu. K. Khokhlov for discussion of the 
results, to S. I. Shornikov, A. G. Gerasimov, N. N. 
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Two methods for measurement of the dynamic compressibility of solids are described which 
are based on determination of the kinematic parameters of shock waves, — their velocity of 
propagation and the mass velocity of the substance behind the front. The adiabates of shock 
compression of iron possessing various initial densities were determined by these methods 
in the pressure range from 4 x 10° to 5 x 10°atm. The compressibility curve of iron at ab- 
solute zero is derived from the experimental data. The curve is extrapolated to pressures 


at which statistical atomic models are valid. 
INTRODUCTION 


‘Tre investigations of the equations of state of ele- 
ments and compounds at high pressures are of 
great interest for various branches of experimental 
and theoretical physics, geophysics, cosmogony and 
a number of related disciplines. 

Until recently, the only experimental method for 
the high-pressure region was the static measure- 
ment of compressibility using piezometers of vari- 
ous designs. Bridgman’s well-known work!~? cov- 
ered the range of pressures up to 100,000 atm. At 
still higher pressures the piezometer vessels were 
deformed so that exact measurements could not be 
obtained. 

In an entirely different manner, which does not 
involve the use of mechanical pressure or special 
piezometers, conditions of high hydrostatic pres- 
sure are created for short time intervals behind 
the front of a strong shock wave. This method can 
be used to produce pressures of hundreds of thous- 
ands and millions of atmospheres, which are unat- 
tainable by static methods. The laws of mass and 
momentum conservation relate pressure and den- 
sity in a shock compression to the kinematic pa- 
rameters of the shock wave through two equations: 


33 = U)/0, = D/(D—U,), 
Py=U,D/%, 


(1a) 
(1b) 


where D is the velocity of propagation of the shock 
wave, U,; is the mass (or particle) velocity of the 
material, vy is the specific volume behind the 
shock front, vo is the initial specific volume, 0; 

is the relative compression and P, is the pres- 
sure of the shock compression. It is assumed that 
ahead of the front the pressure is zero and the 
medium is at rest. 
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By means of Eqs. (1a) and (1b), the problem of 
determining pressures and densities p, = 1/v, re- 
duces to experimentally feasible measurements of 
the wave and mass velocities of shock waves. 

We now consider the conservation of energy. 
The total amount of work done on a unit of mass 
by a passing shock front is represented in Fig. 1 
by the area of the rectangle with the sides P, and 
Vp —Vy. According to Eqs. (1a) and (1b), half of 
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FIG. 1. P—v diagram 
of shock compressibility. 


SZ 


SS 
OOS 
2 {> Ss 


en 
ERE 


Xx 


eo 


S. 


2s 
y) % wy 


this work is transformed into kinetic energy, while 
the remainder increases the specific internal en- 
ergy by the amount 


E (Pr; 01) = 4/2 Py (0p — 04). (2) 


Equation (2) describes the Hugoniot adiabate of the 
shock compressibility of the medium. 

The internal energy acquired through compres- 
sion is divided into an elastic component E, rep- 
resented by the area between the horizontal axis 
(of volumes) and the curve of Po, which is the 
“cold” compressibility at absolute zero, and the 
thermal energy Ey represented by the area of 
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the crisscrossed curvilinear triangle. Thus a 
shock compression is always accompanied by heat- 
ing of the substance and increase of its entropy, 
which in turn leads to the appearance of a thermal 
pressure component Py. With increasing wave 
amplitude, the thermal energy and thermal pres- 
sure of a shock compression rise progressively. 

It is obvious that a single dynamic adiabat does 
not provide sufficient information for obtaining an 
equation of state. Ia. B. Zel’ dovich has shown that 
much more complete information regarding the be- 
havior of matter at high pressures can be obtained 
from two shock adiabats with different initial den- 
sities. The shock compression of a porous speci- 
men (of lower density) is associated with large 
volumetric deformation and a large entropy in- 
crease as a result. Thus in the P—v diagram 
the “porous” shock adiabat is always above the 
adiabat of the solid material (see Fig. 1). The 
relative positions of the two adiabates, which cor- 
respond to very different degrees of heating, per- 
mit the derivation of a semi-empirical equation of 
state for the test material. Extrapolation leads to 
the compressibility curve at absolute zero. 

The dynamic procedure for the investigation of 
equations of state was developed by the present 
authors about ten years ago. The present article 
describes the principal methods of measuring the 
dynamic compressibility at high pressures and 
the results obtained from a study of iron* in the 
range from 4 xX 10° to 5 x 10°atm. One of these 
methods was independently developed by Mallory,° 
Walsh and Christian,® Goranson, Bancroft and 
others’:® in investigations of the compressibility 
of metals including iron. The range of pressures 
in these investigations was relatively small and 
did not exceed a maximum pressure of 4 x 10° 
atm; the results which are pertinent to the subject 
of the present article will be mentioned in the sec- 
tion on the equation of state of iron. 


1. METHODS OF DETERMINING DYNAMIC 
COMPRESSIBILITY 


The dynamic study of compressibility is based 
on the experimental determination of wave and 
mass velocities. Wave velocities are measured 
relatively simply by contact pins placed in the path 
of the shock wave. On the other hand, in most 
cases it is impossible to observe the mass veloc- 
ity of a substance directly. 

We have developed two methods for the complex 
determination of the kinematic wave parameters, 


*This was actually low-carbon steel with 0.2% carbon. 


the method of “splitting off” and the method of “de- 
celeration”. The first method studies the propa- 
gation of a strong discontinuity which appears in 
an elastic barrier from which a detonation wave is 
reflected. Figures 2 with the coordinates path and 
time represents the motion of the shock wave and 
unloading wave in the barrier plate. The experi- 


FIG. 2. x—t diagram 
of the reflection of a de- 
tonation wave from an 
elastic plate. OA deto- 
nation wave; AC — shock 
wave; BC —centered un- 
loading wave. 


(HE) 


mentally measurable quantities are the wave veloc- 
ity D and the velocity of displacement W of the 
free surface of the plate in the initial portion of 
its trajectory, which is approximately twice the 
mass velocity of the material behind the wave front. 

The velocity W is acquired by the matter of the 
barrier through two different processes; these are, 
first, the shock transition from the state Py) = 0, vo 
to the state P,, v; and, secondly, the subsequent 
isentropic rarefaction in the opposing unloading 
wave to the state P)=0, vo > vo. 

In the state P,, vy, the mass velocity is U,;= 
VPi (v9 -vi) . The additional velocity acquired 
through rarefaction to vo is 


Ge ( Waa, 


U% 


For very weak shock waves down to sound waves 
U, = U, and W = 2U,. In the general case Uj; # Uj, 
which with increasing wave amplitude leads to vio- 
lation of the law of doubled mass velocity. But for 
a broad class of possible equations of state of sol- 
ids, with degrees of shock compression 0; < 1.4 
the departures from the doubling law are of the 
order 1—2%. Hereinafter for small compressions 
we shall assume 


(Wy Fe & W. (3) 


The same result was obtained in Ref. 6, where 
the question of violations of the doubling law was 
regarded under the most general assumptions with 
respect to the isentropic rarefaction. A special 
experiment showed that for iron the mass velocity 
is doubled approximately up to very high shock 
compressions of 3.5 x 10°atm. The “splitting-off” 
method is entirely unsuited to the investigation of 
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porous materials, where for weak shock waves Uj 
is almost zero. 

The “deceleration” method is based on very 
rigorous premises and can be applied to any ma- 
terials at pressures and densities as high as de- 
sired. In the “deceleration” method a smoothly 
accelerated “shock driver” strikes a “target” at 
rest inducing two shock waves which are propa- 
gated in opposite directions from the collision 
surface (Fig. 3). The measurable parameters 
,¢ 


FIG. 3. x—t diagram of shock 
deceleration. T is the target; 
D is the shock driver; 1 is the 
region of shock compression 


are the velocity Wy, of the driver and the veloc- 
ity Dy of the shock wave in the “target”. In 
shock compression region 1 on both sides of the 
driver-target interface equality of velocities and 
equality of pressures are always established. The 
first of these equalities follows directly from the 
continuity of the medium, while the second follows 
from the law of the equality of action and reaction. 

U, denotes the velocity of progressive motion 
of the boundary, which coincides with the jump of 
mass velocity at the front of the shock wave pas- 
sing through the “target”. The velocity jump at 
the front of the wave propagating through the driv- 
er is Wp — Uy. When the driver and target are 
made of the same material, Wp — U; = U, and 
thus 


al 
Op = Woe (4) 


The other parameters of the shock wave in the tar- 
get are obtained by substituting U, and D7 into 
the conservation equations (1). Measurements at 
different velocities of the shock-producing body 
determine a number of points on the dynamic adi- 
abat of the tested material and thus on the whole 
determine the dynamic adiabat of the target and 
driver material. 

Equation (4) superficially resembles Eq. (3). 
But in the splitting-off method the velocity of the 
barrier is acquired through two essentially differ - 
ent processes, the shock compression and the sub- 
sequent isentropic rarefaction, which furnish ap- 
proximately identical velocities only for relatively 
weak shock waves. In the deceleration method, 
the double reduction of velocity through shock de- 
celeration is exact for velocities of any magnitude 


and at any pressures and temperatures of shock 
compression. 

When different solids collide, there is no equal- ‘ 
ity of the velocity jumps in the target and driver. 
This difficulty is easily overcome if the driver is 
made of a material with a previously determined 
dynamic adiabate which furnishes a function rela- 
tionship between shock compression pressure and 
the velocity jump Wp — U,. In the pressure - 
velocity diagram (Fig. 4), the dynamic adiabate of 


p 


D | 


we 


FIG. 4. P—U diagram of shock p 
deceleration. AD is the adiabat of 
driver deceleration; OT is the 
wave line of the target; 1 is the 
state of shock compression. 


deceleration of the driver material is represented 
by a curve whose distance from the coordinate 
origin is Wp. Measurement of the wave velocity 
Dy in the target determines the position of the 
wave line OT of possible shock compression 
states of the target material, satisfying the equa- 
tion Pp= popDyU (por is the initial density of 
the target material). In actuality, state 1 is re- 
alized for equal pressures and velocities of the 
driver and target on both sides of the interface. 
This state lies at the intersection of the driver 
adiabat and the target wave line. The intersection 
coordinates determine the pressure and mass ve- 
locity, and also through Eq. (la) the shock com- 
pression density of the target material. 


2. METHOD OF INVESTIGATION AND EXPERI- 
MENTAL TECHNIQUE 


Measurements of the wave and mass velocities 
by the splitting-off method were obtained in a se- 
ries of 6 to 7 experiments which were designed to 
induce shock waves of identical amplitude in the 
barriers. Some of the experimental work was de- 


FIG. 5. Scheme of measurements: a— wave velocity; b— split- 
ting-off velocity in the barrier plate. K — electrical contactors; 
K, —electrical contactors with protective caps. 
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signed to determine the wave velocity according 
to the scheme of Fig. 5a, and the remainder to de- 
termine the velocity of the free boundary accord- 
ing to the scheme of Fig. 5b. The wave measure- 
ments are performed by means of two groups of 
electrical pickups K which are acted upon suc- 
cessively by the shock front. The distance be- 
tween the “upper” and “lower” pickups provides 
the measuring base distance d, which is usually 
5 to 8 mm. 

With varying velocity of propagation of shock 
waves, the recording of time intervals furnishes 
average velocities for the experimental distance; 
these agree very accurately with the instantaneous 
shock velocities at the middle of the base distance. 
Mass velocities behind the shock front must also 
be measured at the same distance from the explo- 
sive. Figure 5 shows that the latter measurements 
obtained with thinner barriers whose free surfaces 
are separated from the HE boundary by the same 
distance as the center of the base distance in the 
wave measurements. 

The velocity of barrier plate motion is not con- 
stant (Fig. 2). This is due to the fact that when the 
detonation wave is reflected at the boundary be- 
tween the explosive HE and the plate, the pressure 
and velocity regime which is established decays 
with time. For a very strong barrier which re- 
mains continuous during the initial period of motion 
the trajectory of the free surface reproduces accu- 
rately to within the doubling coefficient and a cer- 
tain time shift the velocity decay at the detonation 
interface. 

The pattern of motion is complicated by the 
presence of disruptive stresses in the region occu- 
pied by the unloading wave; these stresses are zero 
on the free surface and have their maximum value 
at the boundary of the unloaded zone. The magni- 
tude of the stresses increases as the unloading 
wave moves farther into the barrier. At a certain 
distance from the surface the tensile stresses 
reach the limit of dynamic breaking strength; this 
leads to the formation of a crack and the splitting 
off of a thin plate. For matter with vanishingly 
small strength, the split-off plate is very thin. 
Under such conditions it can be assumed that its 
velocity coincides with the free surface velocity 
at the instant when the shock wave reaches it. For 
the majority of materials, correct values of the 
initial velocity can be obtained in barriers with a 
generated surface of separation between the main 
plate and a split-off plate a few tenths of a milli- 
meter thick (Fig. 5b). Such plates, which separate 
freely from the main plate, determine our required 
maximum mass velocity on the shock front as it 
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reaches the free surface. 

In order to obtain undistorted results, the meas- 
uring units must be placed close to the explosive 
axis in a region which is not touched by unloading 
waves from the lateral surfaces of the explosive 
charge or the specimen. 

Certain limitations are placed on the ratio be- 
tween the thickness d of the barrier and the dis- 
tance s which is the base for measurement of the 
surface velocity (Fig. 5b). During a measurement, 
the unloading wave after reflection from the bound- 
ary between the barrier and explosive products 
must not again reach the free surface. This con- 
dition will be fulfilled if 


S/W 00d iD: (5) 


In Eq. (5) it is assumed that the velocity of the un- 
loading wave in the barrier is approximately equal 
to the velocity D of the transmitted shock wave. 

In investigations of relatively strong shock 
waves, which communicate velocities of a few ki- 
lometers per second to the free surface, the elec- 
trical pickups K outside the barrier must be 
covered with special protecting caps that are sep- 
arated from the contact points by a few tenths of 
a millimeter. These are required to prevent pre- 
mature shorting of the electrical contacts by the 
air shock wave which moves ahead of the barrier 
plate. 

Shock driver 


eile ae 


FIG. 6. Arrangement for measurement of wave and mass 
velocities by the deceleration: a—of the shock driver; b—of 
the shock wave in the target. 


Figure 6 shows the arrangements for determin- 
ing the velocity of the shock driver and of the wave 
in the target by the deceleration method. Each of 
these quantities is determined in an independent 
series of experiments. With varying, increasing 
velocity of the driver the wave velocities in the 
target material and the driver velocities must be 
measured at an identical point of the trajectory, 
which is the middle of the measuring base. 

Rigorously related values of Wp and Dy 
could be obtained only if the measuring base were 
made infinitely small, with the target surface at 
the midpoint s, and if wave velocities were meas- 
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ured directly on the surface. This is, of course, 
impossible. For a finite measuring base distance 
as shown in Fig. 6b. The motion of the shock 
driver from the target surface to the center of the 
base is replaced in wave measurements by the mo- 
tion of the shock wave in the target. Since the ve- 
locity of the driver moving through air and the 
mass velocity in the shock wave moving through 
the target do not have identical relative increments, 
small corrections are made to the measured values 
of the wave velocities not exceeding one percent of 
the value of Dp. As in the splitting-off method, 
during measurements of Wp the electrical con- 
tactors must be shielded. 

In all of the experiments for the determination 
of wave and mass velocities, time intervals were 
measured by means of cathode ray oscilloscopes 
with high sweep velocity; signals from the contact- 
ors were fed to the deflecting plates. Figure 7 is 
a typical oscillogram as recorded with a twin-beam 
oscilloscope using a method devised by N. N. Leb- 
edev, E. A. Etingof and M. S. Tarasov. The first 


| MAWES 
| AAA 

| www 

| WWWn 
www 


ARABS Oe wn y 
NATAL, 


FIG. 7. Oscillogram recording time interval between elec- 
trical contacts. 


step upward of the traces fixes the time of closing 
of the upper contacts; the second step upward does 
the same for the lower contacts. A sine wave with 
a period of 107’ sec was applied to each beam. 
Time intervals were recorded with an accuracy of 
+5 x10 sec. 

We can now estimate the accuracy of determina- 
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tion of the dynamic compressibility. Differentiat- 
ing Eqs. (la) and (1b) with respect to D and 
and assuming the relative errors of the wave and 
mass velocities to be independent of each other, 
we obtain the following expressions for the root 
mean square relative errors of P and o: 


a 


U 


Every value of D and U was obtained by av- 
eraging data from 3 to 4 experiments, in each of 
which the measurements were repeated a few 
times. The relative error is + 0.01. When this 
value of AU/U and of AD/D is substituted in 
(6) and (7) we find that the density spread at p = 
1.5 and 2.0p) is + 0.01 and + 0.03p9, respec- 
tively. Pressures were measured with 1.5 —2% 
accuracy.. 


Aco _ 


Oo 


3. DYNAMIC ADIABATE OF IRON 


Up to pressure of 1.5 x 10° atm, the dynamic 
adiabate of iron was obtained by both the splitting- 
off method and the deceleration method. From 
1.5 x 10° to 5 x 10° atm, only the deceleration 
method was used. Table I contains the parameters 
of all the experimentally determined points of the 
shock adiabate of iron. The points are numbered 
and the methods: of measurement are indicated in 
the first and second column, respectively. The 
kinematic characteristics of the shock waves are 
then given: wave and mass velocities in km/sec, 
pressures in bars, relative shock compressions 
o =v,/v and densities in g/cm*. The initial den- 
sity of the low-carbon steel specimens was 7.85 
g/cm, The highest mass velocity U =5.17 km/ 
sec corresponds to shock wave velocity D = 1200 
km/sec, iron density p = 13.79 g/em® and pres- 
sure P = 4.87 x 10" bars. 

In the entire investigated velocity range from 


TABLE I 

No. of Method of 
mein Stee D, km/sec | U, km/sec |Px10' bars c= W/V; P, ¢/cm® 
il Splitting-off 5.30 0.97 0.40 1.224 9.64 
Dh 2 5.38 1.00 0.422 4.228 9.64 
S Deceleration Dae 1.14 0.50 1.259 9.88 
4 Splitting-off Cheeatl 2.26 1.29 1.451 11.39 
5 i. eas 2.38 AA 1.464 11.47 
6 Deceleration 8.89 3620 DARPA 1.576 VRS, 
7 A 9.36 3.56 2.62 1.614 12.67 
8 . 9.98 3.83 3.00 1.623 12.74 
is) 7 10.45 4.20 3.44 1,672 1ord3 
10 . 10.67 4.32 3.62 1.680 13.419 
et 4 J 110 4.59 4.00 4.705 13.38 
12 : 132 4.83 4.29 1.744 13.69 
13 _ 12.00 Ode 4.87 Real BT) 
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U=1.0 to U=5.17 km/sec the velocities are 
related linearly: 


D = 3.80 + 1.58 U. (8) 


The functional relations between D and U, in- 
cluding the form D=C)+AU, completely deter- 
mine dynamic adiabates. For the coordinates pres- 
sure and velocity Eq. (8) leads to 


P = 9) (Cy-+ AU) U. 


With pressure and the specific volume as coordi- 
nates, the linear relation between D and U cor- 
responds to the equation of the adiabates: 

ce (% — v) 


pit 
(A= 1)? [A 72— 1) — (y/o) ’ (9) 


which is valid for iron from 3 x 10° to 5 x 10° atm. 

Figure 8 shows the adiabate of ironin the coordi- 
nates P and o =v)/v. It must be mentioned that 
the parameter Cy in (9) is an adjusting constant 
and is not at all related to the actual velocity of 
propagation of weak acoustic waves. 

All of the data refer to the compression of spe- 
cimens of normal density. Two series of experi- 


TABLE II 
; ' ; Pal Onemliar 10x 
Por &/cm’| vo, cm’ /g|D, km/sec|U, km/sec} v, cm’/g. oe en/e 
One 0.184 6.69 Pacteve 0.104 A) 08) 4.04 
7.85 0.127 — — 0.104 0.40 Q;466 
Dl 0.184 HORA 4.95 0.0923 2.80* 12.14 
7.85 ORD 7 — = 0.0923 4,00* thi) 


*Calculated using Eq. (9). 
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Px 10"? dynes/cm 


186 


FIG. 8. Shock adiabats and cold compressibility curve of 
iron. Py — shock adiabat of iron at normal density; Py, — shock 
adiabat of iron at reduced density with v,, = 1.412 v,; PC —iso- 
therm of iron at T = 0°; @— experimental points; o— data of 
Goranson, Bancroft et al.78 


Px 1000 atm 
400 


ments were performed with specimens of reduced 
density. The results of the latter, which were ob- 
tained by the deceleration method, are given in 
Table II, which also contains for comparison the 
greatly reduced values of P and E that were ob- 
tained through a shock compression to the same 
densities of solid iron. The dimensionless param- 
eters y and h are also given; these will be dis- 
cussed below. 


4. COMPRESSION OF IRON AT ABSOLUTE ZERO 


There is undoubted interest in the transition 
from shock compressions where an important part 
is played by the thermal components of the pres- 
sures to the relation P,(v) at absolute zero. 


FIG. 9. Compressibility of iron 
up to 300,000 atm A— data from 
Ref. 7; O— data from Ref. 8. 


Goranson and Bancroft and their collaborators!® 


have studied the compressibility of iron below 300,- 
000 atm. Of special interest are the results of 
Bancroft et al.,8 who at 132,000 atm discovered 
a phase transition accompanied by a kink in the 
compressibility curve (Fig. 9). Since the thermal 
components of the pressures are still small at this 
pressure, the data obtained in Refs. 7 and 8 can be 
used directly for the purely cold compression re- 
lation Pg(v). By treating the curve of Fig. 9 as 
P,, we obtain the cold compression energy E, 
through a volume integration of this curve. The 
values of Eg and Pg for P< 0.3 x 10° atm are 
given at the beginning of Table III. 

We now turn to the deduction of the equation of 
state of iron, which we need for the cold compres- 
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TABLE III 
Ea? 102, Po+10"8, Pry 10}, 
Volt erg/g Gare fare 
AOR 0.0525 Onie2% 
iba eo) 0.181 0. 200* 
1.19 0.30 Ones2ar 
He25 0.585 0.463 0.484 
1.30 0.86 0.600 0.645 
He 35 1.18 0.761 0.840 
1.40 MET, 0.942 4.07 
1.45 1.97 4.154 1.36 
1.50 PtP 1.358 AOE 
Are 55 2.94 1.613 2.08 
1.60 Sno 1.880 2eOo) 
1.65 LIP 2.174 S413} 
wie) 4.79 2.484 3.82 
NS 5.04 2.822 4.66 


*From Ref. 8. 
**From Ref. 7. 


sibility at high shock compression densities, where 
the dynamic adiabate differs considerably from the 
isotherm at absolute zero. Here and hereinafter, 
we shall not distinguish between isotherms at room 
temperature and at absolute zero. 

We shall write the equation of state and an ex- 
pression for the internal energy in the form 


(10) 
(11) 


P = —0E,/00+ BT /0v; 
B= Eo Col 


Here —9Ec/8v = Pe is the compression pressure 
at T=0°K, B is the thermal pressure coefficient, 
Cy is the specific heat at constant volume. In gen- 
eral, B and Cy can depend on temperature and 
density. 

When temperature is eliminated we obtain the 


well-known caloric equation of state®~! 
Gee eb Fi 
pee (12) 


The left member of (12) is the thermal component 
of the pressure and the ratio (E — E,)/v inthe 
right member is the volumetric density of thermal 
energy. - 
The Griineisen coefficient y= B/Cy gives the 

ratio of the thermal pressure to the thermal energy 
density. We shall consider this quantity to be a 
constant which like the unknown function E,(v) 
must be obtained from experiment. For this pur- 
pose, substituting in (12) the expression for E 
given by the Hugoniot equation (2), we obtain the 
differential equation 

2 vu, 

park 


When vy=Vvo, Eg = 0EQg/dv = 0. In (13) Py(v) 
is the experimental equation of the shock adiabate. 
The solution of (13) is given by 


Pa (v) uv 


OE 
ASTON rp ee Sanaa (13) 
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4 ae 
Fe = G1) aD \ Fi Clie a0 oe 
P OE, es 2 
oT O08 (pa hED aD) (14a) 


Vo 


x \ Py(x) (2 — h) x2K6—Ddx —*, Pu(2) (2 — ) a 
In (14) h = (2/y) +1 is the so-called maximum 
density of shock compression. 

At pressures from 3x 10° to 5 x 10° atm, 
Py(v) for iron is given by (9). We shall be com- 
mitting only a very small error if, when calculat- 
ing Eg inthe region P > 3 x 10° kg/cm’, we 
consider (9) to apply also to the initial portion of 
the dynamic adiabate. 

In order to determine y and thus h, we shall 
compare two states 1 and 2 representing the shock 
compression of solid and of porous iron, respec- 
tively, to the same specific volume v, (Fig. 1). 
Since both states have the same energy E,, which 
depends only on the volume, the pressure differ- 
ence AP = P, — P; =AP7 is accounted for by the 
thermal energy difference AE = E, — KE, = AEf. 
From (2) 


Ne S21: (Vog — V1) — Pi (Uy — V})]. (15) 


Here Vo is the initial volume of the porous iron 
and P, is the shock compression pressure of the 
porous iron. The constants y and h are obtained 
on the basis of (15) from the equations 


Vans AE, = 4 VooP2 — VoPy 
y WAP, 2 eae a (19) 
__ (Yoo / Vo) P2 — Py / 
h= ae ae Ce (16a) 


The available experimental data on the dynamic 
compressibility of porous iron (in Table II) permit 
us to obtain y and h for two degrees of shock 
compression. The values of these parameters are 
given in the last two columns of Table II. For the 
transition from the dynamic adiabate to the isotherm 
T =0, h ismore important at high compressions, 
that is, in the region where the thermal components 
of the pressures are relatively large. In subse- 
quent calculations, we shall assume h = 2.25. 

The values of the cold compression energy Eg 
and of the pressure Po = —8E,/8v calculated 
from (14) are given in Table III for pressures from 
0.3 to 5 million atmospheres. Also given are the 
pressures Py(v)/v) of the shock adiabate for the 
compression of iron of normal density, which were 
calculated from the interpolation formula (9). 

Knowing the function E, and its derivative, we 
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can now write an expression for the adiabate of 
shock compression from a state with the initial 
volume Vo) = Vo. Solving (13) with respect to iris 
we obtain 

(h— 1) OB. / Ou + 26, / 0 


Py(o03 ¥) = — 


h— U9 /v 
a3 (2—1) Po — 2E,/e (17) 
h — Uo9/0 ; 


The curve P, of cold compressibility, the ex- 
perimental adiabate of solid iron (9) andthe adiabate 
of porous iron with initial volume vo) = 1.412 vo 
are compared in P —v diagrams (Fig. 8). Ther- 
mal pressure plays a strikingly large part, espe- 
cially in the shock compression of porous iron. 

We note in conclusion that the equation of state 
(12) and the expressions that have been found for 
y and Eg are valid in the region bounded by the 
curve for cold compressibility P, and the shock 
adiabate of porous iron. 


5. EXTRAPOLATION OF THE COMPRESSIBILITY 
CURVE OF IRON 


The compressibility of matter at absolute zero 
can be studied by quantum statistical methods. 
However, the Thomas-Fermi and Thomas-Fermi- 
Dirac statistical models of the atom hold true only 
at very high pressures of hundreds of millions of 
atmospheres, when the electronic shells of the 
atoms are pressed together and lose their individ- 
ual structure.!! 

At relatively low compression up to 2 or 3p 
statistical methods yield highly exaggerated values 
of the pressures. Figure 10 is a logarithmic plot 
for iron of density-pressure curves which were 
computed by the Thomas-Fermi method!! and by 
the Thomas-Fermi-Dirac method,!! with an ex- 
change correction. According to Kompaneets and 
Pavlovskii,!* the Thomas-Fermi-Dirac results are 
correct when the exchange correction is small, 
which undoubtedly occurs for compression close 
to p=8—10py. The lower branch of the compres- 
sibility curve up to p = 1.7p) has been obtained 
experimentally by the present authors. 

From a knowledge of the upper and lower por- 
tions of the function P,(p) we are able to inter- 
polate it satisfactorily for the intermediate region 
from p =1.7pp) to p = 8p, (see the dashed line in 
Fig. 10). The same graph shows Jensen’s interpo- 
lation,'4 which lies considerably above both the 
curve for Pg andthedynamicadiabate. The error 
in Jensen’s curve resulted from the lack of experi- 
mental information on the compressibility of iron 
at pressures of several million atmospheres. 
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FIG. 10. Extrapolation of the compressibility curve at 
T =0°K. TF was computed with the Thomas-Fermi model; 
TFD was computed with the Thomas-Fermi-Dirac model; P, is 
an experimental portion of the isotherm T =0; J is the iso- 
therm T =0 according to Jensen; Py is the experimental dy- 
namic adiabat. The dashed line is the extrapolated portion of 
the isotherm T = 0. 


CONCLUSION 


Dynamic methods of investigating compressibil- 
ity greatly broaden the experimental possibilities 
in high pressure physics. Our deceleration method 
is especially promising since it enables us to per- 
form measurements up to a few million atmospheres 
of pressure. We were thus able to determine the 
dynamic adiabate of iron with different initial densi- 
ties from 4 x 10° to 5 x 10° atm. 

The dynamic adiabate of porous iron with its re- 
duced initial density lies considerably higher than 
the adiabate of the solid material in the pressure- 
density diagram. This is evidence of the large part 
played by the thermal components of the pressure 
in shock compression. 

On the basis of our experimental findings, we 
have derived an empirical equation of state for iron 
and have obtained the cold compressibility curve 
up to densities p =1.7p 9. The isotherm at T = 0° 
has been extrapolated to pressures at which quan- 
tum statistical methods of computation are applic- 
able. 

The present work was undertaken at the sugges- 
tion of Ia. B. Zel’ dovich. In methodological and 
instrumental matters the authors were constantly 
assisted by V. A. Tsukerman and his co-workers 
E. A. Etingof, N. N. Lebedev and M. S. Tarasov. 


614 


The successful conduct of the investigation was 
greatly assisted by advice and active participation 
in discussions on the part of E. I. Zababakhin, S. 
B. Kormer, E. A. Negin and G. I. Gandel’ man. In 
the initial stages some very valuable experimental 
information was obtained by D. M. Tarasov and A. 
A. Bakanova. The numerous complicated experi- 
ments were performed with the aid of the techni- 
cians A. A. Zhiriakov, S. P. Pokrovskii and A. N. 
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DYNAMIC COMPRESSIBILITY OF METALS UNDER PRESSURES FROM 400,000 TO 


4,000,000 ATMOSPHERES 

L. V. AL’ TSHULER, K. K. KRUPNIKOV and M. I. BRAZHNIK 
Submitted to JETP editor December 28, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 886-893 (April, 1958) 
A method for the determination of pressures and densities of shock compressions is proposed 
which is based on the measurement of the velocities of propagation of strong shock waves. 
The dynamic compressibility of copper, zinc, silver, cadmium, tin, gold, lead and bismuth 
were measured by this method in the pressure range from 400,000 to 4,000,000 atm. The 
highest degrees of compression (by factors 2.26 and 2.28) were observed in lead and bismuth, 
which possess the largest atomic volumes. The highest absolute density (32.7 g/ cm?) was 
recorded for gold. 

INTRODUCTION 


Dynamic methods of investigation in high pres- 
sure physics are based on the compression of mat- 
ter by means of strong shock waves. Experimen- 
tally measurable parameters of shock waves are 
D, the velocity of propagation of a wave front in 
an undisturbed medium, and U, the velocity of 
matter behind the wave front. Having determined 


these parameters, from mass and momentum con- 
servation we obtain the density 


P = 9D /(D —U) 


and the pressure of a shock compression 


(1) 


P=p,U0D, (2) 


For the complex determination of shock wave 
parameters we! have developed two methods of in- 
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vestigation, the “splitting-off” method and the “de- 
celeration” method. 

In the “splitting-off” method measurements are 
obtained of the velocity of a shock wave in an ob- 
stacle and of the velocity W of the free surface 
of the obstacle after the shock wave passes through 
it. W is approximately twice the velocity of mat- 
ter behind the wave front. The “deceleration” 
method, which involves very exact initial premises, 
is based on the recording of the velocity of a “shock 
driver” and of the shock wave velocity in the target 
following the shock. These methods were used! to 
obtain shock compression curves for iron of vary- 
ing initial density. On the basis of the experimen- 
tal findings, an equation of state of iron was derived 
which is valid under pressures of hundreds of thous- 
ands or millions of atmospheres. 

Knowledge of the shock adiabat of any one mate- 
rial such as iron greatly simplifies measurements 
of the dynamic compressibility of any other mate- 
rials. As will be shown below, to obtain points of 
shock adiabats it is now sufficient to record a 
single parameter, the velocity of propagation of 
the shock wave. Measurements of mass velocities, 
which are considerably more complicated from an 
experimental point of view, become unnecessary. 
This method, which was developed by the present 
authors in collaboration with G. M. Gandel’man, 
is used to study the decay of a strong discontin- 
uity when a shock wave is reflected from the bound- 
ary between two media. This will be designated 
briefly as the “reflection” method. 

The present paper describes the essentials of 
the method and gives the results obtained for the 
dynamic compressibilities of copper, zinc, cad- 
mium, tin, silver, gold, lead and bismuth under 
pressures from 400,000 to 4,000,000 atmospheres. 

For each of these substances, the knowledge of 
only one dynamic adiabat is insufficient to estab- 
lish the equation of state which relates pressure, 
temperature and density. Nevertheless, informa- 
tion regarding shock compressibility under pres- 
sures of hundreds of thousands and millions of 
atmospheres is very valuable for the testing of 
theoretical ideas concerning the behavior of mat- 
ter under these conditions. Such information also 
provides a necessary link in the chain of experi- 
mental studies which lead to the establishment of 
empirical equations of state at high pressures. 


EXPERIMENTAL METHOD 


We shall consider the passage of a shock wave 
of known amplitude from medium A with a known 
equation of state into the investigated substance B 
(see the path-time diagram in Fig. 1). Reflection 


FIG. 1. x—t diagram of the reflection 
method. CD is the shock wave in medium 
A; DF is the shock wave in medium B; 
DE is the reflected wave in medium A; 
DG is the trajectory of the boundary. 


of the shock wave from the interface is accompa- 
nied by decay of the discontinuity and the forma- 
tion of both a transmitted and a reflected wave. 
The transmitted wave is always a shock compres- 
sion wave. The reflected wave can be a compres- 
sion wave if the dynamic rigidity of medium B is 
greater than the dynamic rigidity of medium A, 
or it is a rarefaction wave in the opposite case. 


4), 


FIG. 2. PU diagram of the reflection |/ 
method. P,(U) is the shock adiabat of 
medium A; OA is the wave line of medium 
A; OB is the wave line of medium B; 
1-2, is the isentropic rarefaction curve 
from state 1; 1—2p is the deceleration 
adiabat from state 1. 0 


In the pressure-velocity diagram (Fig. 2), the 
dynamic adiabat of a single shock compression of 
medium A is represented by the parabolic curve 
P,(U), and the state inmedium A before re- 
flection from the interface by point 1 of this adi- 
abat. After reflection, the new state 2 in medium 
A lies on the isentropic rarefaction curve 1—2p 
of substance A or on its double compression shock 
adiabat 1—2p. The geometric locus of the possi- 
ble states in substance B, in which the shock wave 
is propagated with velocity Dp, is the straight 
line OB, P= PyDpUR, which satisfies conserva- 
tion equation (2). In Region 2 (Fig. 1) on both sides 
of the interface, both in the reflected wave in A 
and in the transmitted wave in B, the pressures 
and velocities are equal. In the P—U diagram 
(Fig. 2) this condition is represented by point 2, 
the intersection of the 2,—2p curve with the 
“wave line” OB of medium B. The coordinates 
of the point of intersection determine the pressure 
Pp and the velocity Up of one of the points of the 
dynamic adiabat of substance B. The density is 
found by substituting the values of Up and Dg in 
Eq. (1). 

For application of the refiection method, it is 
necessary to have available at least one substance 
of known dynamic adiabat and known equation of 
state, which is required for plotting of the rarefac- 
tion and deceleration adiabats of the barrier plate. 
The experimentally measured quantities in the re- 
flection method are the parameters of state 1 and 
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the wave velocity Dp which determines the slope 
of OB. For many materials, including iron, the 
curve 2,—2p is very accurately approximated 
by the mirror image of the basic adiabat Pa. For 
the investigated substances whose wave lines pass 
close to point 1, the error resulting from this ap- 
proximation is vanishingly small. 


Figure 3 is the schematic drawing of a typical 
experiment for determining compressibility by the 
reflection method. A plane shock wave produced 
by an explosion passes through an iron plate to 
which samples of iron and of the investigated sub- 
stances are attached. State 1 in the transmitted 
wave before reflection is determined in the same 
experiments as the wave velocities in the test spe- 
cimens, from the velocity Dpe of the shock wave 
in the iron specimen. In the pressure-velocity 
diagram (Fig. 2) Dpe determines the wave line 
OA, which forms the angle a@ = arctan(p)peDpe) 
with the horizontal axis. State 1 is given by the 
point of intersection of OA with the known adiabat 
Pa(U) of single compression of the iron plate. 
According to Ref. 1 the equation of the shock adi- 
abat of iron at pressures from 400,000 to 4,000,000 
atm is given by the following relation between D 
and U: 


FIG. 3. Measurement of wave veloc- 
ities by the reflection method. A—iron 
plate; A‘—specimen of iron; B, C—test 
specimens; d— reference measuring base. 


Dre= Co+AU, Cy=3.8 km/sec, K=1.58. (8) 


In the coordinates pressure and velocity, 
[Pas = Wyre (G5 +)U)U.- 107° bars (4) 
and in the coordinates pressure and relative density, 


PoC, o(6—1) 


= =F ha a 


5°10! bars. (5) 
The time required for passage of a shock wave 
through a test specimen was the difference between 
the time of shorting of the electrical pickup against 
the lower surface of the specimen and the average 
time of shorting of the upper pickups against the 
iron plate around the specimen. Signals were 
transmitted to the deflection plates of an oscillo- 
scope with a driven sweep velocity of 50 km/sec. 
A 10-megacycle sine wave was applied to the os- 
cilloscope beam as a scale. The accuracy of the 
time intervals was 5 x 10-*sec. The measuring 
base, which was equal to the thickness of a speci- 
men, was 6 —8 mm and the thickness of the iron 
plate was 6 to 9mm. The wave velocity was ob- 
tained through division of the reference base thick- 
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ness by the measured time. In order to prevent 
reduction of the wave velocities by the unloading 
waves from the edges of the specimens, the spe- 
cimen diameters were twice their thickness. 
Specimens were fastened to the plate by pieces of 

Wood’s alloy with the necessary openings for insu- 
lated wires. Three specimens (A’, B, C in Fig. | 


| 
4) 


—_ 


3) were used in each trial. | 


EXPERIMENTAL RESULTS | 


The dynamic compressibility of the metals was 
measured in three runs which differed with regard 
to the shock wave pressure in the iron plate. In the 
first run the pressures were produced by reflect- 
ing a detonation wave from the outer surface of the 
plate. 

In the measurements for zinc, cadmium, lead, 
bismuth and tin, the plate was 10 mm thick and 
the specimens were 8 mm thick. Thus the middle 
of the reference thickness was 14 mm from the 
first surface. At this distance the velocity of the 
shock wave in the iron specimens was found to be 
5.30 km/sec, corresponding to a pressure of 0.40 
x 10! bars. Measurements on copper, silver and 
gold were made with a plate of somewhat lesser 
thickness. Under these conditions at the middle 
of the reference thickness Dye = 5.38 km/sec and 
the pressure was 0.42 x 10” bars. 

In the second run the dynamic compressibility 
of all of the tested metals was determined at a 
pressure of 1.40 x 10’? bars in the iron plate; in 
the third run, at 3.60 x 10! bars. As previously, 
the characteristics of the shock wave in iron refer 
to a surface passing through the middle of the ref- 
erence thickness. 

The velocities of propagation of the shock waves 
are given in Table I, as well as the parameters of 
the shock waves in the iron plates, the initial den- 
sities py of the test specimens and the velocities 
Cy of the propagation of acoustic waves of volume 
compression. The latter were calculated by means 
of the formula Cy) =1/Vpok , using the initial den- 
sity of the material and the volume compression 
coefficient x taken from Ref. 2. 

As was shown in the preceding Section, the data 
in Table I are sufficient for an unambiguous deter- 
mination of the pressures and densities of shock 
compression. Table II contains the corresponding 
parameters of the shock adiabat points. 

The experimental results can be used to deter- 
mine the shock adiabats by means of Eqs. (1) and 
(2) with interpolated relations between the wave 
and mass velocities (Fig. 4). The results of this 
calculation are given in Table III and are repre- 
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TABLE I 
Metal Cu Zn Ag Cd Sn Au Pb Bi 
Parameters of shock 
: wave in iron plate 
eon 8.93] 7.14 | 10.49) 8.64 | 7.28 | 19.30] 11.34] 9.80 
Coy 2 D, U, P, 
km/sec | °°9| 2-92 | 3.08) 2.34 | 2.64) 2.98) 1.94) 1.85 |iyms | my | so! | Pe 
sec sec | bars 
I 9700) —— ANS — Bi Da moe — 5.38] 1.00] 0.42) 4.23 
— 4.70 — 4.10 | 4.20 — 3.02| 3.37 || 9.30! 0.95) 0.40) 4.23 
D, 
lenjeell! 213) 6285 6.76) 6.32 | 6.36 On (Ol TOnddl one: |! 7.05) 22001 4240) M46 
III | 10.16} 9.90 9.45) 9.14 | 9.02 | 8.06} 7.65) 7.94 |/10.63] 4.32] 3.60] 1.69 
TABLE II 
Series I Series ug Series III 
Metal P, U, | Pp, U, P, U, 
PlPe 10’? bars| km/sec eles 10’? bars| km/sec Pipe 10’? bars| km/sec 
Cu 12d 0.45 0.94 AAT, 1.46 PAPAS) 1.70 3.80 4.19 
Zn 1.28 0.35 1.04 4799 ee: 2.04 1.87 3.26 4.61 
Ag Aha 0.46 On9S 4.48 5s Zell) WSS) 4.04 4.05 
Cd 138) 0.36 1.02 1.63 1.33 2.44 1.94 3.49 4.42 
Sn 4.35 0.33 1.08 1.69 4.20 2.09 2.10 3.10 ATs 
Au S20) 0.59 0.71 4.45 195 1.78 1.69 Dede 3.30 
Pb A ake! 0.39 0.97 1.78 1.44 Peay PRAPAS 3,70 4.26 
Bi Hts) OF35 1.05 1.86 1.30 2.41 2.28 3.45 4.49 
D, km/sec fe sented graphically in Fig. 5 in the coordinates 


7 Z 3 4 d 
U, km/sec 


FIG. 4. D—U diagram of the tested metals. The solid lines 


are portions of curves which are approximately represented by 
the linear relation D = Cj + AU. 


pressure and relative compression o = p/pp. 

Figure 4 shows that for all of the metals studied 
except tin the relation between D and U for U> 
1 km/sec is approximated with sufficient accuracy 
by the linear relation D=C)+ AU. The dynamic 
adiabats can then be represented by Eq. (5). The 
values of Cy and A are given in Table IV. Since 
the constants Cy and A were selected from the 
requirement of the best possible approximation 
for the entire investigated velocity range, Cj dif- 
fers somewhat from the actual initial sound veloc- 
ities given in Table I. 

We note that at pressures of the order of 400,- 
000 atm the results of the present work agree with 
the values of the dynamic compressibility of copper 
and zinc in Ref. 3. 


CONCLUSION 


Table V gives for zero pressure and 3,500,000 
atm the relative compression go, the gram-atomic 
volume Va, the wave velocity D, the mean shock 
compression modulus p)D* and the increment AE 
of internal energy of all of the metals studied in- 
cluding iron. 

This table shows a definite relation between the 
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TABLE II 
Oe Ee eee 
P, 10? bars 
o 
Cu Zn Ag Cd Sn Au Pb Bi 
| 
aul 0.16 0.09 0.412 0.07 0.05 0.25 0.05 - 
Ae, 0.40 0.24 0.34 0.47 0.14 0.56 0.44 — 
438 0.74 0.38 0.63 0.32 0.27 1.04 0.26 _ 
1.4 1.14 0.64 1,04 042 0.43 1.63 0.42 0.29 = 
45 1.72 0.94 1.64 0.79 0.65 2745 0.60 0.43 
1,6 2.49 ey. 2.40 LAS 0.92 3.07 0.82 0.59 
slay 3.52 4.85 3.51 1.64 4.26 5.06 1.09 0.80 
1.8 —_ Pitt 5.04 2.30 1.65 — 1.40 1.06 
1.9 — — — 3222 2.09 — ‘he thy) 17739 
220 — — — 4.49 2.57 — 2.29 1.80 
254 — = = os 3.10 = 2.80 2:31 
252 = = — — 3.77 3.46 2.95 
200 = — — — -— o 4.26 3.76 
degree of compression and the initial atomic vol- TABLE IV 
ume. Elements with large initial atomic volumes i 
Metal | Co 2 | Por &/cm? 
are compressed more strongly that those with ia) eac 
smaller atomic volumes. Thus, at 3,500,000 atm i ae ie Te 
the density of bismuth is increased by a factor of on 3,90 i as 744 
2.28 and that of iron by only 1.67. The ratio of the Ag cae ae oo 
atomic volumes of these elements, which at atmo- Au 3.15 1.47 19.30 
Pb 2.30 ofl 14.34 
Au Bi 2.00 1.34 9.80 
P x 10’? bars 
oo 
| spheric pressure is 3, reduces to 2.2 at 3,500,000 
| atm. ; 
| With higher pressure there is a many-fold in- 
Cu Ag Zn Cd Sn Pb Bi 


22 


24 
o-p/f, 


FIG. 5. Dynamic adiabats of copper, zinc, silver, cadmium, 
tin, gold, lead and bismuth. 


crease in the wave velocity and mean shock com- 
pression modulus, which is the ratio of the applied 
pressure to the relative reduction of volume. The 
change of the modulus indicates a strong increase 
in the elasticity of the material with higher densi- 
ties and temperatures. For copper, the shock wave 
velocity at 3,500,000 atm exceeds the sound veloc- 
ity at atmospheric pressure by the factor 2.46, 
while the modulus p)D? increases by about the 
factor 6. For lead at 3,500,000 atm, the wave ve- 
locity increases by the factor 3.93 and the shock 
compression modulus by the factor 15. ; 

At high pressures there is a large increment of 
the specific internal energy, which is calculated 
from the equation 


E =P (v)—v)/2. 


Thus the internal energy of 1 g of bismuth at 
3,500,000 atm exceeds the explosive energy of 
1 g of TNT by the factor 2.5. The present paper 
does not include the question as to what portion of 
this energy is thermal or the relation between the 
thermal and elastic pressures. 

In conclusion the authors wish to thank the fol- 
lowing for their assistance: A. N. Kolesnikova, 
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TABLE V 

SSS SS EE EE ee ee ee eee 

(oy Va, cm’ /g-atom D, km/sec Po D?: 10"? bars AE \ 

Pass 10° erg/g 

Element 12 

x 10 =o [P= 35:10" pg JP = 85-104 |) [P= 8.5-104/P = 3.5.10 
bars bars bars ne bars bars: 
Fe 1.67 AW 4.26 4.63 10.53 1.68 8.70 9.0 
Cu 1.70 Viealal 4.18 3.95 9.75 4.39 8.48 Sai 
Zn 1.89 9.16 4.84 Pow? 10.19 0.64 7.41 AGO 
Ag dls 10.28 6.01 3.08 8.96 0.99 8.42 6.9 
Cd 4.93 13.04 6,72 Roe Oaks) 0.47 Hae 10.0 
Sn 2216 16.30 ft .04 2.64 9.44 0.51 6.49 13.0 
Au 4.59 O22 6.43 2.98 6.99 “eye 9.43 Bye) 
Pb Deh 18.27 8.25 1.94 hen) 0.41 6.38 8.0 
Bi Dail By 9,39 1.85 7.99 0.33 6.25 10.0 


S. N. Pokrovskii, A. L. Zhiriakov, M. M. Pavlov- 
skii and V. P. Drakin. 
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Note added in proof (March 10, 1958). The results 
obtained in the first experimental series also agree 
with the measurements of the dynamic compression 
of metals from 150,000 to 400,000 atm [ Walsh, Rice, 
McQueen and Yarger, Phys. Rev. 108, 196 (1957) ], 
which were brought to the attention of the present 
authors after this paper was sent to press. 


Translated by I. Emin 
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EXPERIMENTAL DETERMINATION BY AN OPTICAL METHOD OF THE STRESSES IN AN 
ANISOTROPIC PLATE UNDER THE ACTION OF A CONCENTRATED FORCE. II 


V. M. KRASNOV, A. V. STEPANOV and E. F. SHVEDKO 


Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor August 8, 1952 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 894-898 (April, 1958) 


The state of stress in an anisotropic plate made of a 60% T1Br + 40% TII single crystal of the 
cubic system was investigated by an optical method. The case of a concentrated force directed 


along the (110) direction is considered. 


] . The present paper is a supplement to Ref. 1, in 
which an attempt at an optical method of the inves- 
tigation of stress in anisotropic media was carried 
out. The theoretical bases of this method was set 
forth in Ref. 2, while a more detailed methodologi- 
cal instructions were given in Ref. 3. In Ref. 1, the 
problem of the effect of a concentrated force on an 
anisotropic plate cut from a single crystal of the 
alloy Tll+ TlBr parallel to the plane of the cube 
was considered (the crystal belonged to the cubic 


system). The direction of the force coincided with 
the direction of the maximum of the modulus E, 
i.e., with the (100) direction. 

According to the method given previously, the 
stresses at an arbitrary point of an anisotropic 
plate are determined from the formulas 


tan 28 = ktan2¢, (1) 
& = C,d(s1;— Ss), (2) 


where f is the angle determining the direction of 
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the semi-axis of the optical ellipsoid and is meas- 
ured from the (100) direction (the optical param- 
eter of the isocline), g = the angle defining the 
direction of the principal normal directions (elas- 
tic parameter of the isocline), 6 = optical path 
difference of two rays propagated along the direc- 
tion of the normal at a given point of the plate con- 
sidered, o;, — 0, = difference of the principal nor- 
mal stresses, k = coefficient equal to the ratio of 
the two constants A and B which define the photo- 
elastic properties of the material, Cg=a coeffi- 
cient depending on the angle 8. Here, 6 and B 
are quantities which are directly measured by ex- 
periment. 

These formulas show that in the observation of 
the stress of an anisotropic plate in polarized light, 
the optical interference picture (as also the stress 
distribution) depends on the orientation of the di- 
rection of the applied forces relative to the crys- 
tallographic axes of the plate. The present re- 
search also had the purpose of showing experimen- 
tally the difference both in the interference picture 
and the stress distribution which is produced by a 
change in the orientation of the plate. Here we 
consider the same problem as in Ref. 1 — the effect 
of a concentrated force on the anisotropic plate, 
except that the direction of the applied force is that 
of the (110) direction i.e., the direction of the max- 
imum modulus E., 

2. The model investigated was prepared from a 
single crystal of an alloy of 40 mol percent TiBr 
+ 60 mol percent TI1I, which belongs to the group 
of “transparent metals.”4~*> According to Ref. 1, 
the photoelastic constants of the material of the 
model are equal to 


= + 12-103 cm?/dyne, B= — 205-107! cm?/dyne, 


and the elastic constants are 


FIG. 1. Photograph of a picture of isochromes at a load 
P = 9,18 kgm. 
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Si, = 37-107 em?/dyne, Sy, = 182- 10713 cm?/dyne; 
Sy. = — 11-1073 cm?/dyne. 


The model was a rectangular plate of dimen- 
sions 40.5 x 34.0 x 4.15 mm. The plate was so cut 
that its plane coincided, and its side edges made an 
angle of 45°, with the plane of the cube, i.e., the 
side edges of the plate run along the (110) direction. 
Before the measurement, the plate was annealed at 
a temperature of 190°C to remove the remaining 
stresses obtained in its processing. For loading 
the model we made use of a special device, con- 
sisting of a stage on which was put a plate and a 
lever arm, by means of which (making use of a 
steel cylinder of diameter 2 mm, with its axis lo- 
cated perpendicularly to the plane of the plate) a 
concentrated pressure was produced on the center 
of the upper face of the model. 

The loading system was put in a polarization 
apparatus so that rays fell on the model perpen- 
dicularly to its surface. Since it was necessary 
to photograph the entire model and, moreover, to 
measure the optical path difference 6 at separate 
points of the model, two polarization setups were 
used: (1) a projection polarization unit (PPU) and 
(2) a cordinate synchronized polarimeter (KSP) 
which was prepared in the experimental workshop 
NIIMM of Leningrad State University. These two 
units were so set up that it was possible to use 
them without moving the loading system with the 
model from one place to another. 

The direction of the force coincided with the 
(110) direction. In this case, it was more suitable 
to make the measurement of the angles from this 
direction. Therefore we introduced the angle 
y = B — 45°, which changed the fundamental derived 
formulas to the following form: 


tan 2x == Rtan2y, 
8 = C,d(s, — 93), 


(1’) 
(2’) 
where a = gy — 45° and Cy has the value 


Cae AB 
v" V B sin? 2y-+ A? cos? 2y ; 


(3) 


The force acting on the model amounted to 4.8 kgm. 
3. Figure 1 shows the isochromes obtained on 
the apparatus PPU for circular polarization and 
with an interference filter of mean wavelength Am 
= 610myp and transmission band width +12muy. If 
we compare the given picture of the isochromes 
with the picture of isochromes given in Fig. 1 of 
Ref. 1, it is seen how sharply the isochromes are 
changed in their dependence on the orientation of 
the plate. Here the pressure is produced in the 
direction of the largest values of the coefficient 
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of photoelasticity C B3 there, the direction of the 
pressure coincided with the direction of the smal- 
lest value of Cg. 

In addition to the photograph of the isochromes, 
we carried out measurements of the optical path 
difference over the horizontal cross section, lo- 
cated at a distance of 5 mm from the upper edge. 
In the method of measurement of the optical path 
difference with the aid of a compensator (meas- 
urement was carried out on the mica compensator 
of Krasnov® ), there enters as a required element 
the measurement of the angle which determines 
the position of the plane of polarization of the ray 
propagated through the plate, i.e., the angle £, or, 
in our case, the angle y. Thus, the optical quan- 
tities y and 6 were obtained at the points of the 
particular cross section. 

On the basis of Eqs. (1’) and (2’), the quantities 
g and o; — 0, were calculated according to these 
data. Consequently, we obtain two quantities 
and 0; — 0) at any point of the model by the photo- 
elastic method. For the complete solution of the 
problem, it is also necessary to obtain o, and oy, 
separately. Usually, the method of numerical inte- 
gration of the equilibrium equation is applied for 
the separation of the principal normal stresses, 
making use of data obtained optically. This method 
is also applied in the case of an anisotropic medi- 
um, since the equations of equilibrium are valid 
for every continuous medium. In this way we would 
obtain a complete solution of the problem, and for 
estimates of the roughness of the experiment we 
compare the data obtained with the theoretical solu- 
tion. However, in our case, it was desirable to es- 
timate the roughness of the measurement by those 
quantities which were obtained purely optically. 
Making use of the same method of numerical inte- 
gration (which has its own roughness ) we could 
not estimate the accuracy of the photoelastic meth- 
od. Therefore, for such an estimate we employed 
a direct comparison of the obtained data with the 
theoretical data. The theoretical solution of the 
given problem! gives the following results: 

(1) the stresses are radial, i.e., the angle a 
which determines the direction of the principal nor- 
mal strain, is equal to the central angle 9; 

(2) 09 =Cy~g = 0; op #0, i.e., that o, and og 
are the principal normal strains, where oy — 09 = 
Oy3 

(3) opr = const for @ = const, i.e., the strain 
along the radius changes inversely proportionally 
to the radius. 

These data make it possible to draw the follow- 
ing comparisons. 

I. We compare the angle a, computed on the 
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basis of the experimental data, with the angle @. 
The data for the comparison are given in the Table, 
where x is the coordinate of the point measured 
from the direction of action of the force. The table 


bee 6° a? 
| 
0) sas pon 
Oxo 6 i) 
ies) ay 19 
2.0 22 24 
3.0 31 31 
4.0 39 36 
5.0 45 41 
9.0 48 43 
5.8 49 45 
6.3 iy? 46 
7.0 54 48 


*x — coordinate of the 
point measured from the axis 
drawn through the direction 
of action of the force. 


shows that there is satisfactory coincidence up to 
limits of 45°; beyond, there is observed a steadily 
increasing divergence which can be explained by 
the finite dimensions of the plate; the radial strains 
take place in an infinite medium. Detailed compar- 
isons were also carried out on the other cross 


sections. 
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FIG. 2. Dependence of the strain o, on the distance for the 
direction py=0, O— P = 8.194, e— P = 5.784 kgm. 


Il. Figure 2 shows a graph of the change of 
0, — 0, independence on i/r. The graph shows 
that the points lie rather well along a straight line, 
which is also in agreement with theory. 

III. Figure 3 shows: (1) a graph of the optical 
path difference 6, (2) the graph of 9, — oo, and 
(3) the graph of o2, constructed from theoretical 
data. All the graphs are given for the cross sec- 
tion h=5 mm. Taking it into consideration that 
0, — 02 = Or — 09 =Oy, we can state the excellent 
agreement of theoretical and experimental results. 

IV. Figure 4 shows the curve o, = const, con- 
structed from the theoretical data and the curve 
Oo, — 0, =const drawn from the experimental data, 
which also agree sufficiently well. On this same 
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ee laa eats ag Heat at FIG. 4. Curves 0, = const: continuous line — theoretical 
FIG. 3. Distribution of the strain o, for the load P = 5.784 curve for o, = 16.3 kgm/cm’ = const; O — experimental values 

kgm at the cross section h =5 mm; continuous line — theoreti- for o, = 16.3 kgm/cm? = const; @— isochrome of the first order; 


cal curve, O— experimental results, @— optical path difference. P = 5.784 kgm. 


curve, there is drawn one of the isochromes which 2V.M. Krasnov. Uch. zap. Leningrad State 
shows clearly that the anisotropy of the photoelas- Univ. No. 13, 97 (1944). 
tic properties is sharply distinguished from the 3V. M. Krasnov, Dissertation, Leningrad State 
anisotropy of the elastic properties. In the case University, 1953. 
of an isotopic body, these curves coincide, as is 4A. V. Stepanov, Z. Phys. Sowjetunion 6, 312 
well known. One must turn one’s attention also to (1934). 
the fact that the maximum value of the radial strain 5 A.V. Stepanov, J. Tech. Phys. (U.S.S.R.) 19, 
0, takes place not on the line of action of the force, 205 (1949). 
but on the two rays located symmetrically relative SV. M. Krasnov, Uc. zap. Leningrad State Univ. 
to this line. No. 8, 108 (1939). 

In conclusion, we consider it our pleasant task 'S. G. Lekhnitskii, Teopua yupyroctTu 
to thank A. L. Shakh-Budagov for his assistance in aHusoTponHoro tesa (Theory of Elasticity of an 
carrying out this research. Anisotropic Body) GITTL, 1950. 

‘Vv. M. Krasnov and A. V. Stephanov, J. Exptl. Translated by R. T. Beyer 
Theoret. Phys. (U.S.S.R.) 25, 98 (1953). 178 
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STRANGE-PARTICLE DECAYS IN THE THEORY OF FEYNMAN AND GELL-MANN 
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P. N. Lebedev Physical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 16, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 899-901 (April, 1958) 


An explanation is given for the equal probabilities of the Ke3 and Ky3 decays in the absence 
of Ke, decay, and of the large asymmetry in the decays of polarized hyperons. The assump-. 
tion used is that of a universal A—V interaction as proposed by Feynman and Gell-Mann. 


One of the most interesting facts relating to the probabilities of the decays K*t — u* +v+7 and 
lepton decays of K mesons is the absence of the Kt > ef + p47, 

+ 
peesy Kr — e* +v and the presence of the decay We would like to point out that these facts can 
K' > p +», together with the approximately equal be explained in an altogether natural way if one 
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assumes that all of these decays occur on account 
of the universal four-fermion interaction proposed 
by Gell-Mann and Feynman! and by Sudarshan and 
Marshak.’ If one assumes that such an interaction 
exists, then the decays K' > pt +v and Kt — 


e' + vy must occur through the conversion of the 


K meson into a baryon-antibaryon pair and the sub- 


sequent conversion of the latter into ev or up, 
which goes through the weak four-fermion inter- 
action 


(G/ V 2) (dp. (1 + Ys) bw) (dp (1 + Ys) pe). 


In its general form, the diagram for such a proc- 
ess can be drawn as in Fig. la. Just as in the case 


YG 
e, ty 


K v K v 


FIG. 1 


of the analogous decays of the 7 meson,! the cor- 


responding matrix element has the form 
F ~fMG (b.px (1 + Ys) Pu.e)s 


where M is the mass of the nucleon and f isa 
numerical constant which is the same for the pw 
meson and the electron (in view of the fact that 
the matrix element for the transition can depend 
only on px). 

The corresponding probability w is propor- 
tional to 1+ (vy ¢/c) cos # where ¥ is the 
angle between the directions of the momenta of 
the p meson (or electron) and the neutrino. 
For the two-particle decay cos $= -1, so that 
the probability is proportional to 1 —-v/c and 
is extremely small for the electron case. The 
ratio of the probabilities of the decays K~e+vp 
and K—~y+v is given by 


es Gsm 2) [MG eke = 
Rapte > (me) 702510. 


The situation is decidedly different when a 7 
meson comes off from the baryon loop. The cor- 


responding diagram has the form shown in Fig. 1b. 
The general form of the corresponding matrix ele- 


ment is 
F ~ f,G (bx (1 +s) Yeu) + f2 @ Grin (1 + Ys) Pure): 


Noting that px = Pe,y, + Py + Pq and using the 
Dirac equation, we can put Eq. (2) in the form 


F ~ (fy + fe) G (Goin (1 + Ys) Pern) (3) 


+ fete». G (dy (1 — Ys) ¥e,n)- 


If we consider the simplest diagrams of the form 
lb (see Fig. 2), we find that they lead to logarith- 


(2) 


FIG. 2 


mically divergent integrals. If we keep only the 
logarithmic term, then f;=f,, independently of 
the parity of the K meson. 

We shall assume that f, ~ f,; then we can neg- 
lect the second term in Eq. (3) (which gives for 
the meson an error of the order of 10 percent) 
and write Eq. (3) in the same form as Eq. (2): 


F ~f (¥px (1 + Ys) Pye): (4) 


The probabilities of the decays Kes; and Ky; 
are proportional as before to 1+(v/c) cos J, but 
since these are three-particle decays, cos @ no 
longer has to be equal to —1. For this reason the 
forbidden character found for the decay K~e+vp 
is not found for the decay K-~e+pv+m, and we 
get for the ratio of the probabilities 


K>e+v+nr 
ID a Weis 


~ | 


This result always holds as to order of magnitude, 
provided only that f, = —f,; that precise equality 
should occur appears improbable. We note that 
the spectrum of the » mesons and electrons for 
the interaction (4) and for other possible types of 
interaction has been examined by Furiuchi and 
others;’ the angular correlations between the mo- 
menta of the a meson and electron (which are 
easily observable in the case of the decay K® — 
e+ +vy+7*, which is the analogue of the corre- 
sponding K* decay) have been obtained by Pais 
and Treiman. 

It must be remarked that the application of 
analogous considerations to the decays m~>et+p, 
1™—-p+v gives for the ratio of the decay proba- 
bilities 

Thera Gy v F = 
moet 13-10 


(see, for example, Ref. 1). The decay m~>e+v 
has not been observed. Lattes and Anderson? give 
an upper limit 10~ for this ratio. We believe, how- 
ever, that the question of the esistence of the decay 
m—-et+vp calls for further examination. 

The question arises as to whether the forbidden- 
ness of the decay 7 e+v canbe removed on 
account of the emission of a y-ray quantum in the 
decay —~e+v+y, which would give 


(Or 


ues a NG ee pe LGC ia Victaae NOE 
n> eV Kouty 


This would be in contradiction with the experiments 
of Cassels,° which gave for py the upper limit py 
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< 107°. Actually it can be shown that both the A 
and V types of interaction give Py ~ 10° Oe Por 
the A interaction this has been shown in.a paper 
by Treiman and Wyld" (cf. also Ref. 8); the corre- 
sponding calculations for the V interaction have 
been carried out by V. G. Vaks (private communi- 
cation). 


The existence of the universal A—V interaction 
also explains in a natural way the large asymmetry 


in the hyperon decays Y— N+. If we describe 
such decays by the simplest diagrams of perturba- 
tion theory (Fig. 3), we get for the matrix element 


F ~fGM (byk (1 +45) by), 
where k is the momentum of the 7 meson. 


oA 


W N 


y 
BIGS3 


In the approximation in which the nucleon is 
nonrelativistic we get 


F ~ [GM (x (ko + 2k) dy). 


If the decaying hyperon is completely polarized, 
the probability of emergence of the nucleon at an 
angle J with the direction of the hyperon spin is 
proportional to the quantity 1+ a cos ¥, where 


a = 2(k/ ko) / [1 + (2/ &)?]; 


which for the decay of a polarized A hyperon 
gives a ~ 0.9. The latest experimental data on 
the decay of A particles formed in the reaction 
7 +p— A+K lead to the following effective value 
of the constant a: QMeff = 0.77 + 0.16. From this 
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it must be concluded that the A particle produced 
in this reaction is polarized in the plane of its pro- 
duction, with the average polarization lying in the 
range between Sp and 1. 

The considerably smaller value of the asym- 
metry in the decay of 2 particles produced in the 
same reaction 7+p must evidently be ascribed 
to the fact that the polarization of these hyperons q 
at the time of their production is considerably less 
than that of A particles. 

We note that according to the scheme considered 
here, the ratio of the probabilities for the decays 
A—>p+t+m and A> n+7° is mainly determined 
by the relative probability for production of a 
charged or a neutral ma meson by a baryon, i.e., 
is about equal to 2, which is close to the experi- 
mental value. 
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The “ringing” of a nuclear spin system produced by a unit pulse, and by a triangular pulse is 
considered and calculations are made of transient processes caused by jumps in frequency 
which simulate the phenomenon of the “beating of beats”. It is shown that a transient process 
in a spin system is determined only by the properties of the latter and not by the shape of the 
radio frequency pulse. Formulas are obtained which may be used to measure relaxation times. 


lee application of nuclear magnetic resonance 
methods to the study of the nature of the liquid 
state has made it possible to obtain additional in- 
formation about processes occurring in liquids. 

In spite of the fact that recently Bloch! suc- 
ceeded in giving a quantum theory of transient 
phenomena in nuclear magnetic resonance the 
most useful description of these phenomena is 
still the one given within the framework of clas- 
sical theory also by Bloch? who derived on the 
basis of Ehrenfest’s theorem his well known equa- 
tions describing the behavior of the nuclear mag- 
netization vector in external fields. 

Bloch’s equations hold sufficiently accurately 
in the case of liquids*»* even though in deriving 
them no account is taken of the fact that the mag- 
netization of a substance is associated with a de- 
crease in the entropy of the spin system. Taking 
into account the principle of minimum entropy 
leads to the appearance in Bloch’s equations of 
only a small additional term.° 

The solution of Bloch’s equations has been in- 
vestigated by different methods in a number of 
special cases.?**" However, these cases do not 
cover all aspects of the phenomenon since the nu- 
clear induction method has now found a new appli- 
cation. One should first of all refer to the obser- 
vation of the effect of free nuclear induction in the 
earth’s magnetic field,® and also to the use of pulse 
methods for the measurement of relaxation times. 
The general solution of the nuclear induction prob- 
lem has not been given in the literature for the 
above cases. It is also of considerable interest 
to investigate the behavior of a spin system when 
pulsed signals of various shapes are applied to 
the sample. 

In this connection in the present paper we obtain 
by the methods of operational calculus? solutions 
of Bloch’s equations which may be employed for 
the measurement of relaxation times and also for 
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the simulation of transient processes in a nuclear 
spin system by processes taking place in certain 
four terminal networks. 


1. FORMULATION OF THE PROBLEM 


The system of Bloch’s equations is a system 
of linear differential equations with variable co- 
efficients. In order to observe nuclear resonance 
signals by the steady state method, a sinusoidal 
modulation of the magnetic field is used. If the 
modulation amplitude is small then the variable 
part of the magnetic field H(t) is small in com- 
parison with the constant component Hp: 


H(t) =H, + Am sin@m t, (1) 


where Wy, is the modulation frequency. 

When the weak radiofrequency field which gives 
rise to the precession of the macroscopic nuclear 
magnetization vector M is directed at right angles 
to the strong magnetic field, Bloch’s system of 
equations may be put in the form 


du/dt + Aws +u/T, =0, 
dv [dt —Awu + yH,M, + 0/T,=0, 
dM, | dt —yHyo + Mz/T,=M)/T1, 
H, = H,cosot, Hy == A, sinot, (2) 


where u is the dispersion mode signal, v is the 
absorption mode signal, T, is the transverse re- 
laxation time, T, is the longitudinal relaxation 
time, My is the static value of nuclear polariza- 
tion, Aw is the detuning and y is the gyromag- 
netic ratio. If sinusoidal modulation of the mag- 
netic field is employed, the detuning will have the 
form 


Aw (t) = yHm Sin Omt. (3) 


Since the amplitude of the modulation of the mag- 
netic field is small, it may be assumed to a suffi- 
cient degree of accuracy that My) =const. In the 
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cases of linear detuning YHp%mt, and sinusoidal 
detuning YH, sinwmt, the operational method 
yields respectively integrals of the form 


yH m®m \ tu (t)e”" dt =— YH m®m oe) 


pumas 


0 
vH m \ sin wmtv (t) e-¢ dt 
0 
YH, v0(p—ie,) (p + i@,) — 0 (p + i@,) (P — 1@m) 


Below we discuss the solution of Bloch’s equations 
for certain special cases of practical importance. 


2. THE CASE OF ADIABATIC PASSAGE THROUGH 
THE RESONANCE REGION 


We consider the case when Aw is a slowly vary- 
ing function, while the relaxation times T,; and Ty, 
are sufficiently large that the criterion for rapid 
passage in Bloch’s sense remains satisfied. The 
condition on the slowness of variation of Aw is 


dAw/ dt <?H}. (9) 


This condition is satisfied more and more accu- 
rately as the level of the radio frequency field is 
raised. The slowness of variation of Aw does not 
determine the conditions for the slowness of pas- 
sage through the resonance region since these con- 
ditions also presuppose short relaxation times.” 

It is well known that the Laplace transformation 
is applicable to all functions bounded in the interval 
from zero to infinity or increasing as t®, or even 
as e4t, where a is some positive number. Any 
arbitrary physical function satisfies these condi- 
tions, and therefore by multiplying Bloch’s equa- 
tions from the left and from the right by e-Pt and 
integrating from zero to infinity we obtain the 
transformed equations 


(p + 1/T2)u(p) + Awo (p) = u(0), 


(p + 1/T.2)v(p) — Awu (p) + yH1M,z (p) = 0 (0), 
(p + 1/71) Mp) — yHyv (p) = M,/Tip + Mz (0), 


(6) 


where u(0) is the initial value of the dispersion 
mode signal, v(0) is the initial value of the ab- 
sorption mode signal and M,(0) is the initial 
value of nuclear polarization along the z axis. 

In order to solve this system of equations, we 
must evaluate its determinant 


A (p) = (ep +1/T2)?(p +1/7,) 
+ (Aw)? (p + 1/71) + (yAy)? (p + 1/T2). 
We limit ourselves to a discussion of the ab- 
sorption mode signal v(p) and use the inverse 


Laplace transformation for the determination of 
v(t). The Riemann-Mellin integral is evaluated 


(7) 
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by means of residues, and for this we have to find 
the roots of the characteristic equation 


(8) 


This is a cubic equation with real coefficients and 
therefore it has at least one real root; it may be 
easily shown that the other two roots are imagi- 
nary in the present case. 

We denote the real root of (8) by @ and write 
the determinant of the system in the form 


A(p) = (p + *) (op + B)? +47], (9) 


where 6 and 7 are certain arbitrary constants. 
By decomposing the rational fraction v(p) = 
A,(p)/A(p) into the simplest fractions and uti- 
lizing the inverse Laplace transformation, we shall 
obtain the expression for the absorption mode sig- 
nal: 


A (p) = 9. 


Lae 


v(t) = Ae—* + Be—* cos yt + (C / 4) e—* sin yt + D, (10) 


where A, B, C, D are arbitrary constants. The 
dispersion mode signal will also have a similar 
form. The arbitrary constant D may be evaluated 
from the condition 


D=v(p)p.as p—0. (11) 


D represents the stationary solution of Bloch’s 
equations and its form coincides with the solution 
obtained by Bloch by a different method.’ 

From a comparison of the coefficients one may 
easily obtain relations also for the other arbitrary 
constants: 


A+B+D=v(0); 
2A8 + BB+C + Ba + 28D + Da 
= v0(0)(1/7, + 1/T2) — yHiMz (0) + u(0) Ao, 

AB? + Ay? + BaB + Ca + Dy? + 28aD + DB? (12) 
= 0(0)/T.T, + u(0) Aw/T, — ~H\M,/T, —yH,Mz(0)/To: 
28 +a=2/T,+1/7,; 

1? + B? + 28a = 1/T3+4+2/7,T, + (Aw)? + (YH); 
a (4? + B) = 1/737, + (Aw)? /T, + (yA)? / To. 


Thus the solution of Bloch’s equations consists of 
terms describing the transient process as well as 
a stationary term. 

Calculations on a molecular basis lead to the 
conclusion that the relaxation times T, and T, 
must be of the same order of magnitude. In prac- 
tice, because of the inhomogeneity of the magnetic 
field, considerable deviations from this rule can 
occur. Since there was no perpendicular polari- 
zation before resonance, u(0)=v(0)=0. Then 
in the case that T, ~ T, we have: 


v(t) = [yH,M, /((Aw)? T, + | /T, 
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+ (ri)? Tle“ cos V'(yHy)? + (Aw)? t + [yA My /((Ae)?T, 


+ 1/T2+ (yAi)PTile!™ sin VW (Ay)? + (Aw)? t 
yHiMo 


(Ao? T, + 1/7 + (hPT * a) 


From this expression it may be seen that the ex- 
ponential e-t/T2 is the envelope of the transient 
processes while their frequency is determined by 
the detuning and increases as the detuning becomes 
greater. 

Similarly in the case of very small detuning we 
obtain 

yi Mo \ 
T/T. + Hat) | 


x exp{—-(1/Ta+ 1/1) t} cos mf +[O(R-z 


T2 } 
yHyMo 1 2 
1) T2 + (Hy)? Ts Ge a z| YM, (0) | 


 [(rFa)® — (1 / Te 1/7 |" 


v(t) = (0 (0) + 


+ 


(14) 


f speqratiey ’ HAM, 
2 cea stat 1/T2+(yMi)?T1 ° 


oe 


Observation of transient processes enables one 
to determine the relaxation times. However, in the 
steady state method their realization in a pure form 
is associated with considerable experimental diffi- 
culties. 


3. PULSE METHODS IN NUCLEAR MAGNETIC 
RESONANCE 


Transient phenomena in nuclear magnetic res- 
onance may be realized by means of applying the 
radio frequency field in the form of pulses. For 
the case when the signal is observed during pulses 
of radio frequency field lying within the resonance 
band (Aw =0), one can use expression (14). In 
this case the solution is obtained without any sim- 
plifying assumptions since the system of Bloch’s 
equations reduces to a system of equations with 
constant coefficients. When the radio frequency 
field is large and the stationary term becomes 
saturated the nuclear resonance signal during the 
pulses will have the form 

hae 4 
x(t, + 7) ‘| 


— 11M, (0) p{ 
(yy)? — 1/4 (1 / T2 —1/7,)? 

x sin V (yi)? —144(1/T.—1/T1)* t. 
0 (0) =a(0)=0. 


v(t) => 


(15) 


From the above expression it may be seen that 
the envelope of the signal is given by the exponen- 
tial e-t/T) with 1/T)=4(1/T,+1/T;), while 
the oscillation frequency is always given by the 
nuclear Larmor precession frequency. Since the 
signal is observed after appropriate detection, the 
above fact enables one to determine the overall re- 


laxation time T». 

In the case when the frequency of the r.f. field 
is not exactly equal to the nuclear Larmor preces- 
sion frequency expression (13) may be used to de- 
scribe the absorption mode signal. 

Expressions (13), (14) and (15) represent the 
response of a spin system to an r.f. pulse which 
may be considered to be a unit pulse. The absorp- 
tion mode signal will then represent the envelope 
of the process whose frequency is the nuclear Lar- 
mor precession frequency. 

Thus the use of the phenomenological Bloch 
equations as the starting point enables us to cal- 
culate the response of a spin system to a unit r.f. 
pulse, and consequently also to a signal of arbi- 
trary form, since the spin system possesses res- 
onance properties. 

In order to investigate the question of the effect 
of a pulse of triangular shape, we shall use the 


formula 
t 


DG E(0)0(t) +\ 06) E’ (t —+) dr, 


0 


(16) 


where D(t) is the envelope of the output signal, 

E(t) is the envelope of the input signal and v(t) 
is'the response of the system to a unit r.f. pulse. 

In the present case, it is sufficient to investigate 

a linearly increasing input voltage E=at. We 


then obtain : 


IBY) = a\o(z)de 
(17) 
= A’ [e- (— bsin yt — ycos yt) + 4)/(02+7?). 

It may be seen from this expression that the enve- 
lope of the transient processes remains of the form 
e-t/Ty also in the case of a triangular pulse, i.e., 
the “damping” of the transient process is independ- 
ent of the shape of the r.f. pulse and is determined 
only by the properties of the spin system. 

If the nuclear magnetic resonance signal is ob- 
served in the interval between pulses of the r.f. 
field then the following conditions hold 


Aa = Ho, Hy = 0. (18) 


In this case we can obtain for the absorption mode 
signal 


v(t) = e-t!T: (v (0) cosyHot + u(0)sinyHet). (19) 


Similarly, the dispersion mode signal is described 
by the expression 


u(t) = eT (u (0) cosyH ot —v(0)sin yHot). (29) 


Thus observation of nuclear resonance signals 
both during the pulses and in the interval between 
the pulses of the r.f. field enables us to determine 
both the longitudinal and the transverse relaxation 
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times. 

The expressions obtained for the dispersion and 
absorption mode signals in the interval between 
pulses may be used for the description of signals 
of free nuclear induction observed in weak magnetic 
fields. In order to obtain transverse polarization 
in this method a sufficiently strong magnetic field 
perpendicular to the weak one is used. For the 
perpendicular component of nuclear polarization 
we obtain 


My = + e!?:[v (0) cosyH,t + u(0)sin yHot]. (21) 


Then the following nuclear induction signal will ap- 
pear across the terminals of the receiver coil 


v(t) = = NSyH,o (0) e-7 cosyH of, (22) 


where N is the number of turns in the receiver 
coil and S is its cross-section area. 

Consequently the observation of free nuclear 
induction signals in the earth’s field permits one 
to determine the transverse relaxation time very 
-accurately since the earth’s field has a high degree 
of natural homogeneity. 

In order to carry out calculations for transient 
processes in a spin system in the case of sudden 
jumps of frequency we shall assume that initially 
an r.f. field characterized by the detuning -— Aw 
was switched on, that it was switched off at the 
time T=0, and another r.f. field detuned by an 
amount +Aw was switched on. Then for large T 
we can obtain 


D (t) efe¢ = u(t + T, — Aq) ef(ov—Aeyt 


23 
— v(t, — Aw) efer—A0¥% + y(t, + Aa) efortAort, ee 


From this we obtain for the nuclear resonance 
signal 


D (t) = — [yAyM, / ((Ae)*T, + 1/72 + (rH)? Ty) 
x [1 — 2ie~'! (cos yt +(1 / T27) sin yt) sin Awt]. (24) 


It may be seen from this that transient processes 
in the case of frequency jumps are of a more com- 
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plicated nature, i.e. additional oscillations of the 
envelope of the nuclear magnetic resonance sig- 
nals are now observed. Transient processes asso- 
ciated with jumps of frequency remind one by their 
shape of the phenomenon of “beating of beats” due 
to the presence in the sample of groups of resonat- 
ing nuclei with different precession frequencies. 
This fact makes it much more difficult to observe 
the “beating of beats”. It should be noted that in 
stationary nuclear resonance methods associated 
with a deviation of frequency the transient phenom- 
ena are always somewhat distorted. Small drifts 
of the generator frequency sometimes make it pos- 
sible to observe the pseudo-phenomenon of “beating 
of beats” even in pure water. 

The cases considered above show that transient 
phenomena in a spin system are similar to tran- 
sient processes in coupled resonant electrical cir- 
cuits. The expressions obtained above are simple 
and may be used for the experimental determina- 
tion of relaxation times. 
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The concentration of negative ions in a positive column is considered. The effect of recombina- 
tion of positive ions and negative ions on the concentration of negative ions close to the axis of 


the discharge is investigated. 


‘lore negative component of the plasma of a posi- 
tive column in electro-negative gases consists of 
electrons and negative ions. Although the nature 

of the discharge depends, to a great extent, on the 
concentration of negative ions, in the work reported 
in Refs. 1 —4 this concentration was not considered 
and no attempt was made to investigate the effects 
associated with charged-particle kinetics in the 
column. It is the purpose of the present paper to 
consider these questions. 

1. In the case of quasi-neutral ambipolar dif- 
fusion, when there is surface recombination of 
electrons and ions at the walls, the relative con- 
centration of negative ions is obtained from the 
following charged-particle balance equations: 


fe) ON, i 
ate De NE }} See Ns, 
F) ON, 
TOF \ ! Dn Or — OnNnEr || = BNe, sie 
1 @ ON 
| if |— Dp 52 + b,NpE-|| = ZN. 


where N, D and b are the concentration, diffu- 
sion coefficient, and mobility of the electrons 
(subscript “e”), negative ions (subscript “n” ) 
and positive ions (subscript “p”), Z is the ioni- 
zation coefficient, SNe is the number of negative 
ions produced in unit volume per unit time and Ey, 
is the transverse field. 
Taking 
Nei e, (2) 


where x is aconstant, after some simple trans- 
formations* we obtain 


x— 2x(1+x)D,/D, Z—8 ! —s 3 
Toe er ceca a A i. 


*In carrying out the above simplification the following ob- 
vious relations have been used: Dgbp > Dpbe, Debn > Dabe, 
bp ~ by and D, = Dp. 
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Assuming that 
(Z—8)B(Z +8)" Dp/De <1 


the solution of Eq. (3) is of the form* 
x = (De /2Dp) (Z + 8) / (Z — 8). (4) 


According to Eq. (4), under the conditions which 
usually apply in a positive column (non-isothermal ) 
the concentration of negative ions is two orders of 
magnitude larger than the concentration of elec- 
trons. This sharp difference in concentrations is 
a result of the assumption that surface recombina- 
tion is the only mechanism for the removal of neg- 
ative ions. Actually, to have a net transport of 
negative ions to the walls, it is necessary that the 
diffusion flow to the walls kDy)(9Ne/ar) be larger 
than the flux toward the axis which exists by virtue 
of the radial electric field 


xD,b ON 


en é 


b, +6, + 2xb, Or ” 


*V. L. Granovskii has called our attention to the fact that 
the quantity x as given in Eg. (4) does not approach 0 as 
8B 0. In this limiting process the solution x = 0 should re- 
sult instead of x = D./2D, as follows from Eq. (4). It might 
seem that we are dealing with ambiguous solutions of Eq. (1). 
However, such is not the case. The only solution of the sys- 
tem for 8 + 0 is x =De/2D, which corresponds to the sta- 
tionary state in which the diffusion of negative ions is com- 
pensated by motion to the axis by virtue of the existing radial 
electric field. The absence of the explicit solution » =0 is 
due to the approximate nature of Eq. (1), in which no account 
is taken of volume recombination, the disappearance of nega- 
tive ions by virtue of decay, and ion transfer to the anode 
region. As long as # is large, this approximation remains 
valid; however, when 8 becomes small, the equations must be 
supplemented by appropriate additional terms. Taking account 
of the latter leads to the appearance of the single stationary 
solution x =0. From this point of view the limiting transition 
indicated above is not really valid. 
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and this situation is possible only when k > De/2Dp. 


2. The existence of high concentrations of nega- 
tive ions implies small transverse and longitudinal 
gradients, a situation which is not very probable. 
Since this is a result of the fact that removal of 
negative ions has been attributed only to surface 
recombination at the walls, to obtain the next ap- 
proximations it is necessary to take account of 
volume recombination.* 

In this case the system of charged-particle 
balance equations (1) becomes 


= De — b,N aE, | =BNe—oN aN p 


l (1a) 


where a _ is the volume recombination coefficient. 


The electron balance, however, remains unchanged. 


It is difficult to find a solution for this system 
of non-linear equation over the entire cross sec- 
tion of the column. Hence we shall limit ourselves 
to a calculation of the negative-ion concentration 
only in the region of the discharge axis, where it 
can be assumed that x is constant.{ If further- 
more, ambipolar quasi-neutral diffusion is as- 
sumed, after a series of simple transformations, 
we obtain a system of equations which determines 
the concentration of negative ions and the distribu- 
tion of electrons close to the discharge axis: 


(te )(D 05st 02) = x(D 6) =D 02) 1 @ ON, 
(r ar ) 


b, +b, + (1+ %)6, (Or 
+ (Z—8) Ne = 0, (5) 
LAUD = ID ly ra GS xD pon + DnOy) 4 a ON, \ 
b, + xb, + (1 +x) 6, oF | or ) 


= [B — ax (14%) N93] Me. 


Eliminating Ne from Eq. (5), we obtain an equa- 
tion for determining the relative concentration of 
negative ions at the axis 
x (D,b, — Db.) —x (1 +x)(D,b, + D 
(1 + x)(D,6, + Db.) +%(D,b 


np) 
pe Db, ) 


(Z — 8) 


+8=aNex(1 +x), (6) 


*The small cross section for recombination of electrons 
and positive ions as compared with the cross section for ion 
recombination means that the former can be neglected. 

‘tIf the entire cross section of the column is considered, 

% = x(r). However, over a small region close to the discharge 
axis it may be assumed that » is constant. This assumption 
is strictly justified in the absence of either volume recombina- 
tion or surface recombination. Moreover, the assumption con- 
cerning the proportionality of the charged components used 
Refs. 3, 4, 6, leads to reasonable results. 
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which, since Deby > Dpbe, Debp > Dpbe, Dp ¥ bp, 


and Dy © Dn, results in the expression 


x—2x(1+%x)D,/D, Z—8 
4+ 2x 8B 


0 
Lojes “3 x(1+). (6a) 


Rather than carry out a general investigation of 
Eq. (6a) we consider two particular cases: 

(a) @ =0 and there is no volume recombination. 
Eq. (6a) becomes Eq. (3) which has already been 
studied in the first section. 

(b) Z= 8 and each electron which appears be- 
comes a negative ion. Equation (6a) assumes the 
form 


(aNe) B)x(1 + x)—1=0. (7) 


Here we are considering the case in which all nega- 
tive ions are removed by volume recombination. 
The negative-ion concentration, which is constant 
over the entire space, is determined by the expres- 
sion* 


x= — y+ ¥feV 1+ 48/aNe, (8) 
which, when 4/ aNd <1, becomes 
x B/aN? . (8a) 


A general investigation of Eq. (6a) is best car- 
ried out by eevee methods.t Assuming that 


Dp |De = (2 —B)/B= 


(the second condition means that half of all the 
electrons which are produced lead to the formation 
of negative ions), we obtain the following table of 
values of the concentration as a function of the pa- 
rameter aNQ/p: 


LO:; 


aN8= 0 0.004 


34 


0.04 
10.9 


OeeRORS il 


ao) 3 OME OmmmO OR 


Thus, when volume recombination is taken into 
account the relative concentration of negative ions 
at the axis is reduced.+ 

3. A direct measurement of the concentration 
of negative ions is difficult; hence it is easier to 
examine the variation in the transverse electric 


*When 6 > 0, the concentration given by Eq. (8) becomes 0. 
tThe solutions of Eq. (6) lie between two limiting values: 
% = (De/2D,)(Z + B)/(Z — B)] corresponding to the case in 
which only surface recombination is considered and x= B/ aN? 
which applies when only volume recombination is considered. 
tThe reduction in the concentration of negative ions is due 
to the possibility of removal even when the resultant negative- 
ion flux is toward the discharge axis. 


$| 


CONCENTRATION OF NEGATIVE IONS IN PLASMA 631 


field due to these ions.* Let E, be the transverse 
field in the column when there are no negative ions 
and EY. the transverse field in the case in which 
only surface recombination is assumed for the neg- 
ative ions. Using the Schottky boundary condition 
and computing this ratio we find 


Er) Er= (1+ Qxby/b.) 1. (9) 


A measurement of the transverse fields makes it 
possible to estimate the concentration of charged 
particles and thus to obtain information on the rel- 
ative importance of surface recombination and vol- 
ume recombination. 

The destruction of negative ions in collisions 
should also play a decisive role in negative-ion 
column kinetics. We propose to examine this 
question in the future. 


*A. A. Zaitsev has indicated a possible method of estimat- 
ing the transverse field. Since the curvature of the stratum is 
determined by the magnitude of the transverse gradient, by 
studying its behavior when electro-negative gases are added it 
is possible to estimate the relative change in the transverse 
gradient. 
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A statistical-probability method, based on random trials, is given for using a model to calculate 
the effects in an electron-photon cascade initiated in a layer of lead by a y-ray quantum. This 
is a modification of the Monte Carlo method. Some typical curves calculated in this way are 
presented. Two methods are indicated for carrying out this sort of calculations by the use of 


high-speed electronic calculating machines. 


W: have used a method of random trials, which 
is a modification of the well known Monte Carlo 


method,!~° for the calculation of the electron-photon 


cascade shower produced in a lead plate of thick- 
ness 0.5 cm by a y-ray quantum of energy 500 


Mev. The problem reduces to a stepwise reproduc- 
tion of the picture of the natural process of the pro- 


duction of a cascade shower by a single primary 


particle. The “feeding in” of a large number of 
primary particles gives the distributions in energy 
and angle of the electrons, positrons, and y-ray 
quanta emerging from the plate. 

We have followed essentially the method of 
“drawing” given in the papers of Chavchanidze.*» 
In the drawing we used tables of random numbers, 
which make it unnecessary to use machines to ob- 


5 
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tain such data. 

Omitting the details,* we shall outline the meth- 
od for calculating the cascade. 

The distance traversed in the lead by the y -ray 
quantum before its first interaction is determined 
by drawing. The drawing is based on the curve of 
the relation of total cross-section to quantum en- 
ergy. 

Then a drawing is made to determine the “fate” 
of the quantum. In the case of pair production, the 
energy of the positron is found by drawing, and this 
also fixes the energy of the electron. Drawings 
are made for the distances they traverse before 
interaction, as in the case of the y-ray quantum. 
Then the amount of ionization loss is determined, 
and thus the energies of the particles at their sub- 
sequent collisions. A separate drawing gives the 
correction for multiple scattering. If the electron 
and positron have not traveled outside the plate 
their further fate is traced out. 

To find by drawing the energies of Bremsstrahl- 
ung quanta, we used a method based on the con- 
struction of unnormalized integral curves with non- 
uniform scales for the arguments. 

The drawing of the scattering angles was car- 
ried out without including correlation between the 
scattering angles of quantum and electron. 

In the case of annihilation the angle of emission 
of one of the photons in the center-of-mass system 
is found by drawing, and this fixes that of the sec- 
ond photon. (The formulas for the angles and ener- 
gies can be found in the book by Heitler.’) 
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The results of the calculation are presented in 
the form of energy distribution (Fig. 1) and angle 
distribution (Fig. 2) curves for electrons, posi- 
trons, and photons, and also the so-called proba- 
bility for “zero electrons” as a function of the 
aperture angle of the cone of observation (Fig. 3). 
The probability of “zero electrons” is defined as 
the probability that the developing cascade initiated 
by a single y-ray quantum does not give any par- 
ticle e* inside a prescribed cone with aperture 
angle #. Here it is assumed that an electron or 
positron having energy less than 10 Mev either 
does not emerge from the lead plate of thickness 
0.5 cm or else is not registered by the apparatus. 

The data obtained also make it possible to find 
these distributions for the intermediate thicknesses 
0.1, 0.2, 0.3, and 0.4 cm. 
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FIG. 2. Integrated angle-of-emergence distributions of elec- 
trons 1, positrons 2, and photons 3 
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FIG. 1. Integrated energy distributions of electrons 
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1, positrons 2, and photons 3. 
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*This research will be published in full in Volume 5 of 
Trudy Instituta Fiziki Akademii Nauk Gruzinskoi S.S.R. 
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The amount of work for the calculation of the 
electron-photon cascade is extraordinarily large. 
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The largest amount of time is taken by the passage 
from one set of data obtained by drawing to the in- 
put data for the next drawing. The practical car- 
rying out of such calculations requires the use of 
discrete-action high-speed electronic computing 
machines. For this purpose it has been found that 
it is quite unnecessary to remodel the existing 
machines. All that is required is appropriate pro- 
gramming. We shall state two methods of program- 
ming. 
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FIG. 3. Probability P(@) that a cascade initiated by a 


' single y-ray quantum does not give any electron or positron 


inside a prescribed cone with aperture angle 4. 


The distinguishing feature of the first method is 
that the arguments of the previously prescribed 
probability functions are stored in the permanent 
memory in a special order. Let us suppose that 
we have a diagram of the curve P=F(x). This 
function can be.represented by means of a set of 
pairs of numbers of the form xj, Pj = F (xj), where 
i ranges from 1 to N. Sufficient accuracy for 
practical purposes can be obtained with N ~ 300 — 
- 500. The statement of one member of a pair 
uniquely determines the other member. There- 
fore we need store in a definite section of the per- 
manent memory device (MD) of our electronic com- 
puter only the arguments of the function. Suppose 
that for the storage of the numbers xjeM(x) (the 
set of arguments) we have set aside the counters 
with addresses beginning with a and ending with 
a+1000. In the present case the entering of the 
numbers in the MD is carried out after a prelim- 
inary setting up of a certain sequence of values 
from among the x;. A random number from the 
table of random numbers’ is set equal to F (xp) 
and thus we have fixed a value of xp, the other 
member of the pair xp, F(xXp). This number is 
entered in the MD under the address a+1. The 
next random number supplies us with a value X¢, 
which is entered under the address a+ 2, and so 
on. In this way 1000 numbers are put into the MD. 
The command for the use of the next of the random 
values xj¢M(x) is taken care of by the use of 
these addresses in order, i.e., first a+1, then 
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a+2, andsoon. After the addresses are used 
up, the command can call for a displacement of 
the first-address. 

The second method of programming allows us 
to enter the function F(x) inthe MD in the usual 
way. But now the random numbers are stored ina 
special way in the counters under the various ad- 
dresses of the MD: each number x; is stored in 
the counter of the MD with the address F (Xj). 
This type of storage is analogous to the storage 
of previously specified functions. The program- 
ming calls for choosing an address by taking a 
random number out of the table of random num- 
bers. If the addresses take values from a to 
a@ +1000, then the program will call for the ad- 
dresses @+pj, where the pj are three-figure 
random numbers obtained by the programmer by 
reading the table of random numbers in a certain 
way. Thus a line of the program with a three- 
address code will have the following form: 


CRC a+ p, 8 a 


Here CRC means “command for a random choice”. 
The CRC takes the number from the address @ + 
pj (q@ being a previously fixed number), adds it 

to the number at address £8 (this can also be zero) 
and sends the result to address y. 

It appears to us that the effectiveness of calcu- 
lations by the method of random trials is fully man- 
ifested only when use is made of electronic com- 
puting machines, with a special procedure for pro- 
gramming and for entering the data in the memory 
device. 
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Isotopic relations have been obtained between the cross sections of transformation of a pion and 
a y-quantum into three pions during collisions between the pion or y-quantum and nucleons or 
deuterons. It is shown that near the threshold of the reaction, and also for production of pions 
with identical momenta, some auxiliary relations hold. 


le Relations have been obtained previously by the 
author between the cross sections of transformation 
of a single pion into two during collisions of pions 
with nuclei and deuterons.' Close to the reaction 
threshold, and also in the production of two pions 
with identical momenta, some auxiliary relations 
hold. In the present note it is shown that some 
auxiliary relations also hold between the cross 
sections of the various reactions of production of 
three pions during collisions of pions with nucleons 
and deuterons close to the threshold, or in the for- 
mation of pions with identical momenta. 

Let us consider the collision of pions with nu- 
cleons (n) as the result of which the pion is 
transformed into three pions, i.e., the reaction 


R+non ++ nt x”, 


(1) 

The initial state is the superposition of states 
with isotopic spin T equal to y, and ves The 
wave function of the system of three pions is a 
superposition of states with isotopic spin t, equal 
to 0, 1, 2, 3. The wave function of the final state 
with total isotopic spin T= Ve and % can be con- 
structed from the wave function of the nucleon 
(isotopic spin UE and from the wave function of 
the system of three pions with isotopic spin t = 0, 
1, 2. The state with isotopic spin t= 3 is forbid- 
den. 


We denote by. Ag ; Be ; a ; ge and he the 
amplitudes of transitions into states with total iso- 
topic spin T and isotopic spin of the system of 
three pions t and with a definite (see below) 
type of symmetry of the coordinate wave function 
of the pions. 

Since the pions obey Bose statistics, then the 
type of symmetry of the coordinate part of the 
wave function and isotopic spin for the system of 
pions is determined by one and the same Young 
scheme.” The symmetry of the amplitude At is 
determined by a Young scheme consisting entirely 
of one row. The symmetric state of the system of 
three pions relative to an arbitrary pair of permu- 
tations of the charge variables is a state with total 
isotopic spin t equal to unity. Therefore, we have 
in all two different amplitudes, Ay? and Ay a4 

The symmetry of the amplitude Be is deter- 
mined by a Young scheme consisting of a single 
column. Since the antisymmetric state of the sys- 
tem of three pions relative to an arbitrary pair of 
permutations of the charge variables is the state 
with t=0, then we have just the single amplitude 
BY? 

The type of symmetry of the amplitudes tf . 
gf and hf is determined by a Young scheme 
consisting of two rows. In his case t can take on 
the values 1 and 2. 
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For the differential cross sections o of the dif- 
ferent processes, we have 


1(a* + ppt a9 tat) =| Alt ft fl 
a(xt+pop+a tutta) =| 2A — fi ett a 
og(n* + pontat + nt + 7°) — & oe 

o(m + poptr 474+ 7) = Rain 


? 


= 4 Of +i) + eit? 


og(e + p—>ptetatte sal 2 cant +4 


ton +# 
a9(R + pn + mo n° + n°) =| V2 (Aj — Ay) 2 
on(m fpon+x pat pe j= (oe (— teh) 


Ve ee.) 


Gg (n° + p—> p+ 7° + x9 + 79) = Ae + 2A,"?, 
cola + pop tat ta) |S (Ait + 2AM 


7. 


220s Vo ee 3), 
et es) 


(2) 


1s 3}, 4 “Oy 3, 3), 2 
— aks (nt 4 2nhy ty Sh anh) 


? 


cio (at pont at + 0+ 20) =| 4? (Aj — As) 
fn S| en ee Ya 


BR Alt + alt 


\- V eh 


From these we obtain two relations between the 
cross sections ot which are not difficult to obtain 
by the method laid down in Refs. 3, 4: 


t t t t t t 3 
Gimengon rade SOT eC Glau etcoe 
— ta) t t t \. 
=2(of + of + of, + af,); (3) 


? 


oy (9+ pont att xt we) = 


SAS GS 0 ies tiara es ihe a 


Close to the reaction threshold of (1), the pions 
are formed in an S state. Since the coordinate 
part of the wave function of the system of three 
pions in the final state must be symmetric relative 
to permutations of the pions, then, eee to the re- 
action threshold, only the amplitudes Ad are dif- 
ferent from zero. 

Substituting BY = ff = gf = hf =0 in (2), we 
obtain the Pipette politend between the differen- 
tial cross sections close to the reaction threshold: 


635 
4c, =, 4og=o,, Yay = az, (6) 
1 1 
Ope 6171 C111 91001, “91 + Sy 205-0) 


while for the total cross sections, 


Act = of, 4cl = of, 36 


to % 
9 2c,, 


DAL 10’ 


3of = 208 = Gf 60% 201 + 2c = 26) of. (6) 

As is seen from (2), the T+ [Same AE Ge re+ntto 
is forbidden close to the threshold. 

The same relations hold away from the reaction 
threshold if the three pions in reaction (1) are 
formed with identical momenta (k, = k, = ks), 
since in this case also the wave function is symmet- 
ric relative to the coordinates of the pions. 

Now let us consider the transformation of a pion 
into three pions during collisions of pions with deu- 
terons, i.e., the reaction 


rtd sn'+n"4+trtrn tr”. (7) 


The isotopic spin of the entire system T in the 
initial and final states of the system is unity. We 
denote by At,t,, Btit,, ftyt., Styt.» bt,t, the am- 
plitudes of the transition to a state with isotopic 
spins of the system of the two nucleons t; and the 
system of three pions t,, and with a definite type 
of symmetry of the coordinate part of the wave 
function of the pions. 

For the differential cross sections o of the 
different processes, we have 


o (a de> pp ern 7 t-90) = |= Au | , 
on(n*td>ptptrmt+nettnc)= ae Au 


as eae ose ya “s (fie + 2612) | 


Std hi 
4 oe 2 
fo 4 ee in| ? 


Ai —V 2A 


og (nt + d—>ptn+nt+n0+ 70) = 


75 An 


o(n*t+d—op+ntx+ 4 6)= 


? 


fo 2 
—FhutgolatV sof 


2 


? 


os(at tdontntet tata) =| Shy 


S6(m9 + d>p+ptxr + xo+ 7%) = eae (8) 


*! eal 10 fie 
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eal = { 
o,(m +d>p+p+rnrt° +r) = V24u — Fehu 


> ; 
Fo fie , 
3 2 
og(m° + d>p+n+n4 794 70) = yz 4a , 
| te) es 4 4 
Og (7° ++ d>p+n+n4+ n+ x) vein Vx fo 
ee 
V2 Vitesse te 


We then obtain two relations between the total 
cross sections which are also easily obtained with 
the method outlined in Refs. 3, 4: 


Lee (9) 
Lot, (10) 


GE ey? SI oy al 
ee aie ae eat 


oh + of = Dot + 9 


Close to the threshold of the reaction (7), and 
also in the formation in this reaction of pions with 
identical momenta, we have 


By. lit, 84.4, Ay, 0. 


In these cases the following relations are valid 
between the differential cross sections: 


1 a 
4c. = G4, Io, — Sg, i) Oy = or) = ern =— Th Ga, (11) 
and between the total cross sections: 
4ot = ol ge est Qo! = of + of 
Cy al Jkt On see 382 Sa? 9? 
1 4 (12) 
73 =— 5% o= 5% 
The reaction m#>+d—~ntntawtant+ is 


forbidden in the cases under consideration. 

For processes of transformation of a single pion 
into three, for which splitting of the deuteron does 
not occur, we have 


d—>d+n*+ 79+ x°) 

= 3, (n° d+ d-- n+ at 4 x) = lA + foil’, 

og(n*-+d—od+nxt+nt+a) = | 2An + gol’, 
og (no + d—>d +794 xo +4 2°) = | 3Aq,/. 


(13) 


Close to the threshold of the reaction under con- 
sideration, and also for k; =k, = k3, we obtain the 
following relations between the differential cross 
sections: 


4 4 
os) = Cn = 4 toy == 9 94, (14) 
and between the total cross sections: 
4 4 4 
ot x of ai oF 3 of. (15) 


2. We consider the reaction of photoproduction 
of three pions in hydrogen and deuterium. The 
operator of interaction of the electromagnetic field 


with the meson-nucleon system consists of two 
parts H=S+t ‘ane where S is ascalar and V3 
the three components of a vector in isotopic space. 

The isotopic spin of the initial state in the reac- 
tion y Hp ha tt ais Nes VAs and in 
the final state, T= Ye and VE 

The operator S gives the transitions to a state 
of the meson-nucleon system with isotopic spin 
T='%, the operator V3, those to the state with 
Te ty te T T iF T 

We denote by Aigyyy Bigyvy tise) Stscv) 
and by) the amplitudes of transition (the oper- 
ator S or V3 is acting) to a state with total iso- 
topic spin T and isotopic spin of the system of 
three pions t and with a definite type of symmetry 
of the coordinate wave function of the pions. 

We have for the differential cross sections o 
of the different processes: 


3(y t+ pap+ ro + no + 7°) 
: 1 I, 1 Ie i] V2 3] : 
= 9 z Ays 3 Ai ] 3 Aiy ’ 


O2(y+ p>p+r+ni+r) 
= 5 |—V3(as + fs) + (Ab + fib) 


—V2(AP-E Ay 3B + V3BY + (et = HY) , 


(16) ~ 


cay + pont xt + a+ a8) = 3] V6 (AIS + fis) 


2 
? 


—V 2 (AW + A) — (Ale +) EV 3 he 


srt ponte ee te) = FYB 0a Ny 


2 


—\2 QA fe) — (2A fi) 2 VOhy 


We then obtain the following inequality between 
the total cross sections ot: 


3of > 20) . (17) 
Substituting in (16) 
Bist) = fisiv) = Biv) = hisiv) = 0, 
we get the following relation between the differen- 


tial cross sections o close to the threshold of the 
reaction: 


oy == oon oe (18) 
and between the total cross sections: 
Sof = 201, Aat = of (19) 
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We now determine the cross section of photo- 
production of three pions in deuterium. The iso- 
topic spin of the initial state in the reaction y +d 
—~ ntngt 7m +7” +7” is equal to zero. The 
isotopic spin of the final state T=0 or 1. The 
corresponding operators of six transition are S 
and V3. 

Be aor by Aikeyys Bibcy): febcy gibi) 
and hes(y the amplitudes of transition to a state 
with isotopic spin of the system of two nucleons 
t, and of the system of three pions t, and witha 
definite type of symmetry of the coordinate wave 
function of the pions. 

For the differential cross sections o of the 
various processes, we have: 


a(ytdsp+n +4204 n= 5 


> 


7 | Ais — Atv | 


sa(y+d—>ptn+ a? pat 4 2)= iS SES) 
= (Aiv i fiv) ae Bo oV Si V 3Bis tr 2 (gay — hoy) | 


’ 


a3 (y-+d—>ntn-+ n*+ x0 4 


79) =| 7 (Ais + fis) 


eA aie t| (20) 


} 


aay td—>n-+n-+nt+ xtta)= | —— (2Als — fis) 


Vi 


2 


EA ano Styl: 


We then obtain the following inequality: 


Bot > et. (21) 
Close to the reaction threshold under considera- 
tion, 
Biv) = fis) = gibi) = his) ==), 
Therefore, close to the threshold of the reaction, 
the following relations hold between the differen- 


tial cross sections o and between the total cross 
sections of: 


Qo, = 9, 4o3 = Ou, (22) 
Bat = 201, “do! =". (23) 


For reactions which take place without splitting 
of the deuteron, t=0 or 1; therefore, c(y+d— 
d+ 7° + m+ m9) = AIA, 


o(y+d->d4txt4+x 47) 


= (Aw + fiv) 4 7 petite (24) 


It then follows that 


3e! (y + d—-d+nx°+a 47°) 


> 2a! (y + dd + 09 + x9 + 2), (2s) 


Close to the threshold of the reaction under con- 
sideration, Bjg = ffy = 0. therefore, the following 
equations hold between the differential cross sec- 
tions o and between the total cross sections ot: 


93 (y+dod+at+x +7) 


(26) 
=e youl eee eee eh 
30! (y+d+d4+xt 1 + 70) 
(27) 
= 20 (y +d >d4+nro+ x + 7), 


The relations obtained between the differential 
cross sections (18), (22) and (26) also hold away 
from the threshold of the reaction if the three 
pions in the reactions are formed with identical 
momenta k, = k, = ks. 
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of the results and advice on completing the present 
research. 
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Polarization phenomena in the photoproduction and radiative capture of pions as well as in the 
Compton effect are treated. Consequences of invariance under time reversal are studied. 
Wolfenstein’s theorems are generalized to the case of reactions involving Y-quanta. 


1. INTRODUCTION 


Apvances in experimental technique lead one 
to hope that in the near future polarization experi- 
ments will become possible in such elementary re- 
actions as the Compton effect on nucleons, photo- 
production of pions and photodisintegration of the 
deuteron. In this connection we meet the problem 
of treating polarization phenomena in reactions in- 
volving y-rays, delineating independent experi- 
ments and setting up a complete set of experiments 
which would be needed for reconstructing the reac- 
tion amplitude. In determining the number of inde- 
pendent experiments, in addition to invariance under 
rotations and space inversions, the consideration 
of symmetry under time reversal and the unitarity 
condition are important. 

The present paper treats polarization phenom - 
ena in the photoproduction of pions and the Compton 
effect on nucleons. Invariance of the interaction 
with respect to time reversal leads to relations 
not only between unpolarized (spin-averaged) 
cross sections, but also between the polarization 
phenomena in inverse reactions. Although it has 
been asserted! that Wolfenstein’s theorems are 
valid for elastic scattering and nuclear reactions 
they require a separate consideration in the phe- 
nomenological analysis of reactions involving y- 
rays. Wolfenstein’s theorems are generalized to 
such reactions in the present paper. 

The condition of unitarity of the S-matrix, which 
encompasses elastic scattering of pions by nucleons 


> 


— p—>—p, 0n—-0n; +n—>-+n, Op — Op; 
exchange scattering 


=p <= Only at <= Ups 
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+n=zZyp, —p=yn, Oneyn, Op =p 
and the Compton effect 


YP YP, yn— yn, 

enables us to introduce three real phases and three 
transformation parameters for each state. This 
enables us to determine the necessary number of 
experiments, and this number decreases if we take 
isotopic invariance into account. The unitarity 
conditions are treated in the Appendix. 


2. PHOTOPRODUCTION OF PIONS AND RADIA- 
TIVE CAPTURE 


To find the photoproduction amplitude, we first 
represent it as 


M=a-+tboe. (1) 


Since the amplitude M must be a pseudoscalar, 
the quantities a and b must be a pseudoscalar 
and a vector, constructed from the polarization 
vector e, and the vectors n’ = [qX k], 7’ =q +k, 
A’ =q-k, where q and k are the momenta of 
the pion and photon, respectively. The construc- 
tion of the photoproduction amplitude and the in- 
vestigation of the consequences of invariance under 
time reversal for the case of photoproduction of 
pions on nucleons has been done in many papers >~? 
By using gauge invariance, the expression for M 
can be represented as 


Mry= A (se) + B (0q) (eq) + C (en’) + D(ok) (qe). (2) 


For the inverse reaction — radiative capture, we 
find from the same considerations 


M, = A’ (se) + B’ (eq) (eq) + C’ (en’) + D’ (ck) (qe). (2°) 


If wo and w, are functions describing one nu- 
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_ Cleon, and nucleon plus meson, respectively, then, 
for example, 


A= (a, Dey), A’ = (Wp, De), 


where the effect of the time reversal operator K 


on the functions wy and w, reduces to 
Ko =, Keo, = —o, 


and the requirement of invariance under time re- 
versal gives 


KOK Lee 


Repeating the arguments of Watson,° one can show 
that A’ =—A. Similarly B’ = -B, C’ =+C, 
D’ =-D. Thus 


May = A(e) -+ B(2q) (eq) + C (en’) + D (sk) (qe) = M, 
— Mz = A (se) + B (2q) (eq) — C (en’) + D (ck) (qe) = M’: 
(3) 


From the transversality of y-quanta, (ek) = 0 
and 


B (aq) (eq) + D (sk) (eq) = 8 (on’) (ex’) + / (0A) (€A’). 
If we go over to the orthonormal vectors 7m, A 
and n and use the relation 
(ce) == (on) (en) + (ox) (ex) + (cA) (eA), 
we obtain finally 


M = «(en) +B (en) (en) + y(eA) (eA) + 8 (on) (em); (4) 
M’ = — «(en) + 8 (on) (me) + y (cA) (eA) + 6 (on) (ex). (4’) 


For the cross section for production of mesons 
by unpolarized y -quanta on unpolarized protons, 
we get (omitting the statistical factor, as we shall 
do throughout the paper ) 


21, (8) =|aP+IBi+]y[costs+[aesing 5. (5) 


In view of the relation (“semidetailed” balan- 
cing) between the cross sections 


Iq (yn —> — p) =1o(— Pp yn) 


it may turn out that it is not entirely hopeless to 
attempt experimental investigation of photoproduc- 
tion by studying the inverse process — radiative 
capture of the ma -meson by a proton. Although 
such experiments are very difficult, their accom- 
plishment will make it possible to get information 
concerning photoproduction on the free neutron by 
monochromatic y-rays. 


The relation between the nucleon polarization 
<o>, in photoproduction, when the y -quanta 
and target are unpolarized, and the additional 


photoproduction cross section Ip 


I= Ip +Ip =z Sp MM + 4Sp M*Mo,-N, N= Coys 


when the target is polarized, i.e., a Wolfenstein 
theorem of the form 


Ip =I <o,>¢N 


follows from representing the amplitude as in (1) 
and using arguments concerning time reversal.” 
The expression for the polarization of the nucleon 
can be put in the form 


21 (0) ayy =n (a'B + Bt + + (y8* —y*8) sin 6}. (6) 


Let us continue our consideration of photopro- 
duction of mesons by polarized y-quanta on an 
unpolarized target. 

We know that the state of polarization of a par- 
ticle of spin 1 can be prescribed by giving the av- 
erage values of the operators T1413, T1,9, T2,41, 
Tz,9 and Tz 42, which are constructed from the 
spin operator.’ Because of the transversality of 
y -quanta, in a completely polarized beam, <T, 4;> 
Bo ae 0,? so that the expression for the 
cross section for photoproduction of mesons by a 
partially polarized beam of quanta can be written 
as 


1 (8, 9) = Ip (8) + CT 2972 | SP MT 29M* 
4 Ge 
+ (T22>i = Sp MT22M* + (To, 292 z SP MT,, .M*. (7) 


We note first that, after averaging over the nu- 
cleon spin, 


Sp MSM* = 0 (8) 


(where S is the spin of the photon). This result 
is immediately obvious if we use the formula 


(fSg) = — i [fg]. 


for functions of the type f=(fe) and g =(ge). 

The same result is obtained if we calculate the 
average value of the spin vector of the photon which 
is produced in the radiative capture of mesons by 
unpolarized protons. This result is very general. 
This is the reason why there is no term propor- 
tional to cos g in the expression for the cross 
section of a reaction induced by a polarized beam 
of y -quanta. 
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In calculating the remaining terms in (7) and 
the average values of the tensors T), 42) T2,9 after 
radiative capture, we use the formula! 

(SiSp == SpSi) M= 2MBin — (Men a M;éi). (9) 


For the tensors which are different from zero, 
we have 


4 : as 
ZSP MT», 42M* = {(ja? + | BP) (8 — m+ QinlyNy) 
s+ | y |? (AS — Az =F QA, Ay) + [8 |? (a, — ae Qixsry)}; 


6)/ V2; 


2T 2, 2 Vs: ie S}) =e (SxSy = SySx)}; 


= Sp MT 29 M* = To ( 


Voie (10) 


If we choose the z axis to be along the momen- 
tum of the y-ray, 


1 
= Sp MT», +2M* 


V3 | pened ’ 
= {2 +182 —jyl?cos? 2 — | sin’ Oh esi 


and the cross section for meson production py 
polarized quanta finally becomes 


eee = flap +18 [ly cost > 
(11) 


We now turn to the polarization of y -quanta 
from radiative capture of m -mesons by unpolar- 
ized protons. For the non-zero average values of 
tensors 

Io (8) CIGD a= “ Sp M'T», iv 
we obtain expressions which coincide with (10) if 
we take the z axis along the direction of the 


emergent y-rays from the radiative capture. If 
we write (11) in the form 


I (8, 9) =I) (8) + <T 20> 150 == <T 2,2> Io,05 
the result obtained can be written as 
I Gyre = Io (8) QT >. mys (12) 


which is the statement of Wolfenstein’s theorem for 
this reaction. 


Ol | 
—|3/? sin? Z| cos 20. 
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This means that the study of polarization of y - 
quanta in the —p— yn reaction gives the same 
information as the study of photoproduction of me- 
sons by polarized y-rays. We should add to this 
the result already mentioned concerning the polar- 
ization of the nucleon. Study of the nucleon polari- 


zation in radiative capture gives the same informa- | 


are 


tion as the investigation of photoproduction on 


polarized target protons, while the proton polariza- | 


tion in photoproduction is related to the cross sec- 
tion for radiative capture by polarized protons. 


«| 


To conclude the treatment of polarization phenom-_ 


ena in yN= aN reactions, let us compare the ex- 
pression for the polarization correlation in radia- 
tive capture 


14 (8) <(ea) (Tinbicr)> = 4 Sp M'* (ea) (Tinbicr) M’ 
with the additional photoproduction cross section 
Typ when the y -rays and the target are polarized: 


Ipp = Sp M (ea) (Tinbicr) M*. 
For the correlation I) < (oa)(Sb)>, we have 
— 21, (8) <(sa) (Sb)> 
= — i {(a*y — ay") (ad) (mb) — (a8 — a8*) (am) (Ab)} 
+ {(B*y + Br*) (am) (bx) 
+ (88 + 3") (ad) (DA) + (7*3 + 78*) (an) (b)}, (13) 
from which we see, in particular, that 
<(on) (Sx)> = <(on) (SA)> = <(on) (Sn)> = ¢(cA) (Sn)> = 0 


21, (8) <(on) (Sn)> = — (y*6 + y3"), ete. (14) 


For the additional photoproduction cross section ’* 


we find 
— = Sp M (ea) (Sb) M* 


= 4 {(ay* — a*y) (ad) (mb) — (a* 


— «*8) (am) (Ab)} 
+ 5 (Br + By*) (an) (bx) 


+ (BS + 3") (aA) (bA) + (ye* + y*8) (an) (bn)}. (15) 
From a comparison of (15) and (13) we see that, 
knowing the results of investigation of the polariza- 


tion correlation in radiative capture, i.e., knowing 


| 
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the combinations (ay? — ay) (a0" = at5) etc., 
we can predict the results of experiments using 
polarized beams and target. Consequently, these 
experiments are not independent. 

We also see from (18) and (15) that relations 
like (12) hold whenever one of the vectors a or b 
is along the normal n. Similar conclusions follow 
when § is replaced by T2,.m in (13) and (15). 

We note in conclusion that, in the expression 
for the polarization of the recoil nucleon in photo- 
production by polarized y -quanta on an unpolar- 


ized nucleon, 
4I (8, ©) <o>¢ = Sp M*oM + £719): Sp T;,.M*oM 
—- <T 9,01 Sp To .M*cM + CTo} Ey Sp IP _»M*oM (16) 


the first term is the same as (6), while the second 
term is proportional to 


— i [(ay* — a*y) Am — (ad* — a*d) x, A] 


+ (By* + Bry) a7 + (B76 + Bot) ALA. 


From the last expression we see the corre- 
spondence with (13) and (15). A similar corre- 
spondence exists for the other terms in (16). 


3. COMPTON EFFECT 


The Compton effect amplitude can be repre- 
‘sented in the form of (1), but for elastic scattering 


M must be a scalar. Using the standard arguments, 


including symmetry under time reversal, we find 
that the most general expression for M is 


M = A(ee’) + B (n [ee’)) 


+ C (on) (ee’) + D (on) (n+ exe’) + F ([ee’]) 


+ E {(me’) (o [A x e]) + (we) (ofA x e’})}, (17) 


where e and e’ are the polarization vectors be- 
fore and after scattering, n, A and 7 are con- 
structed, as before, from the (unit) vectors k 
and k’ along the direction of the y-ray momen- 
tum before and after scattering. Expression (17) 
contains six terms, as it should. The expression 
for M can be given another form* 


M = R, (ee’) + Re (ss’) + Rs (6 [e’e]) + Rg (¢[s’s]) 
+ Rs {(ok) (s’e) — (ok’) (se’)} + Rg {(k’) (s’e) — (ok) (e’s)}, 
(17’) 
* Addition in proof (March 18, 1958). The author recently 
learned that formula (17') was found earlier by V. I. Ritus, 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1264 (1957); Soviet 
Physics JETP (in press). 


if we introduce the vectors s = [k xe] and gs’ = 
[k’ x e’]. Under time reversal, e =-e’, s’ +s. 

The amplitude for the Compton effect, up to 
terms linear in the frequency, has been found in 
various papers: !0~!2 


M = See’) — © (2u— “Jae le! xe) — 
— HET (@ [sxs']) — i £ ((ek’) (os’) —(e'k)(08)], (18) 


Here wp is the magnetic moment of the nucleon. 

From (17) we find for the cross section for scat- 
tering of an unpolarized y-ray beam by an unpolar- 
ized target: 


21g) {| RiP | Re? 
+ 4Re [Rs (Rs + Rs) + ReRs]} (1 + cos? 9) 
+ (|Rz |? +| Ral?) (3 —cos? 6) + 2 (| Rs |? + | Re |?) (3 + cos? 6) 


+ 4Re {(Ri Rs) + Rj (R3 — Re) + RRs (2 + cos? 6)} cos 6. 
(19) 


The condition of unitarity of the S-matrix leads to 
the optical theorem” 


ko; = 47 Im [Ry (0°) = R, (0°)], (20) 


where o; is the total interaction cross section, 
including both elastic scattering and inelastic proc- 
esses. From (20) we get for the forward elastic 


scattering cross section dg ( 0°) the inequality* 


3s (0°) > (Roz / 4x)’, (21) 


as a consequence of which the elastic scattering at 
high energies is pushed forward and compressed 
into the small solid angle 


Aw = nO? < (4x / Roz)? a5. (22) 


The inequalities (21) and (22) show the basic fea- 
tures of elastic scattering at high energies without 
appealing to an optical model. 

The expression for the polarization of the recoil 
nucleon, when target and beam are unpolarized, 


21, (8) <e>,=nsin 6 2Re {(R; Ri) 


+ [(R2Rs) — (RiRs3)| cos 6 — RzRs cos 26}, (23) 


*The existence of the inequality (21) for elastic scattering 
‘of particles was shown in Ref. 14 and, in less general form, by 


Rarita!5 as well as by Karplus and Ruderman (cf. Ref. 15). 
This inequality was first published in a brief note by Wick, 16 
which went unnoticed. 
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coincides with the expression for the azimuthal 
asymmetry in the cross section for the Compton 
effect on a polarized nucleon. We note that the 
quantities Rs and Rg do not appear in (23). 

When the target and beam are unpolarized, the 
average value of the photon spin (and the corre- 
sponding addition to the cross section) become 
zero, as in the case of photoproduction. This re- 
sult is obvious from dimensional considerations. 
In these circumstances the average value of the 
spin can be directed only along the one pseudo- 
vector — the normal n. Since <Sx> = <Sy> 
= 0 for photons propagating along the z axis, 
we need only consider <S,>, but <S,> ~ nz 
= 0. 

For the non-zero average values of the T, m, 
we find, using (9), 


219 (9) {T 2, +2) 
= V3{|R,?? + Re [Ri (Rs + Re cos 6)]} e+29; 
V2 I, (8) <T2o> = Io (9). (24) 


For the additional Compton effect cross section 
when the incident quanta are polarized, we get ex- 
pressions coinciding with (24). 


CONCLUSION 


The main content of the present paper is the 
extension of the consequences of invariance under 
time reversal to reactions involving y -quanta. 

We have treated the examples of the Compton ef- 
fect, photoproduction, and radiative capture of 
pions. The generalization to the case of any binary 
reaction (with two particles in the initial and in 
the final state), is done similarly. 

Aside from its theoretical interest, this result 
is of interest to experiment, for the same reason 
that in photodisintegration of the deuteron, the 
study of the polarization of the nucleons gives the 
same information as the radiative capture by a 
polarized nucleon, or the study of polarization of 
y -quanta from radiative capture of neutrons by 
protons is equivalent to studying the cross section 
for photodisintegration of the deuteron by polarized 
gamma rays. 

The relations between polarization phenomena 
in inverse reactions, as well as the relation be- 
tween averaged values, are based on invariance 
of the interaction under time reversal. However, 
in contrast to detailed balancing, for the Wolfen- 
stein relation it is essential whether or not spatial 
parity is conserved. For illustration, let us con- 
sider the elastic scattering of a neutrino by a spin- 
less particle. If we do not demand invariance un- 
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der space and time inversion, the most general 
form for the scattering amplitude is 


| 


4 ) 


M =a-+5b(on) +c (on) + d (oA). (25) | 
The last two terms, which are pseudoscalar for 
space inversions, transform differently under time 
reversal. If there is no conservation of spatial ~ 
parity, but we keep the invariance under time re- 
versal (combined parity), the last term in (25) is 
absent. Though in this case detailed balancing re- 
mains valid (trivially), there is no Wolfenstein 
relation. With d=0, the polarization resulting 
from the scattering of an unpolarized beam is 


Ip (6) <0), = (a°b + ab") n 


+ (act + atc)n +i (b'c— cb) A, (26) 
while the additional cross section Ip is 
(atb + ab*)n 4+: (ac* + a*c)x—i(b*c—c*b) A. (27) 


Although, as before, polarization and azimuthal 
asymmetry give the same information (since (26) 
and (27) differ only in the sign of the last term), 
there is no Wolfenstein relation. 


APPENDIX 
Unitarity Conditions 


The unitarity conditions together with require- 
ments of invariance determine the number of inde- 
pendent parameters necessary for the phenomeno- 
logical analysis of the experimental data. If we 
consider the range of y-ray energies near 300 
Mev where, in the interaction of photons with nu- 
cleons, only photoproduction of single pions occurs 
in addition to the elastic scattering, we introduce a 
3-by-3 S-matrix to describe the Compton effect, 
photoproduction and radiative capture, scattering 
and charge exchange of mesons. To be specific, 
let us consider the Compton effect on a proton. In 
this case we can introduce a unitary S-matrix to 
describe the processes 
= San) 


Op > +7 (Sy); yp—>+n (Sis) 


+n->0p (S21); Op Op (Sex); yp—>Op (S23) (A.1) 


+n—>yp (Ss); Op—yp (Ss); yp—yp (Sss) 
(the elements of the S-matrix are given in paren- 
theses, and S,; = Sj). 

If to start with we do not consider isotopic in- 


variance, we must introduce another S-matrix for 
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the processes which include the Compton effect on 
the neutron, 

—p—>—ip(Su); On—>—p(Si); yn>—p (Sis) 
—p—->0n (Sy); On+0n (Soo); yn—>On (Sos) (A.2) 
—p->yn (Su); On—>yn (Six); yn—>yn (Sis). 
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The unitarity conditions enable us to express 
(separately for (A.1) and (A.2)) the six independ- 
ent complex quantities Sj, in terms of six real 
quantities by introducing, for example, three scat- 
tering phases 6,, 65, 63 and three transformation 
parameters g, y and @: 


S11 = €/5 (cos o cos p — cosé sin ¢ sin b)? + e2/* (sin ¢ cos + cos sin cos ¢)?'+ e?/ sin? 6 sin? b; 


Si2 = e¥* (cos o cos } — cos 6 sin g sin ¥) (sin pcos g + cos 4 sin @ cos ) 


+ e* (sin pcos ¥ + cos 6 sin b cos g) (sin ¢ sin ¥ — cos 8 cos 9 cos ») — e%& sin? 6 sin ¥ cos y; 


Sis = e*: sin 6 sin » (cos ¢ cos § — cos # sin 9 sin p) — e%* sin 8 cos » (sin » cos v» + cos 6 sin }cos 9) + e?/5 sin 8 cos 6 sin v; 


Sop = e** (sin } cos ¢ + cos 6 sin ¢ cos b)? + e%(sin @ sin b — cos 6 cos » cos )? + e%% sin? 6 cos? ¥; 


(A.3) 


Sos = e%* sin 6 sin 9 (sin cos + cos 8 sin» cos p) + e%8 sin 8 cos o (cos 8 cos » cos » — sing sin }) — e%® sin 6 cos 6 cos ¥; 


33 = €7% sin? 6 sin? o + e2/5 sin? 6 cos? » -+ e28:cos? 6. 


If we omit reactions with y -quanta, i.e., set 63 = 
6=0, only Siz, Sig and Sg. are different from 
zero, and we get from (A.3) the familiar expres- 
sions for the elements of the 2-by-2 S-matrix, in 
which the transformation parameter is ~+ q@. The 
quantity @ characterizes the effect of radiative 
processes. 

Instead of introducing real scattering phases 
and transformation coefficients, one can proceed 
differently and, to determine a complete set of 
_experiments, make use of the unitarity conditions 
in the form of a generalization of the optical theo- 
rem!*>18 analogous to that for the case of elastic 
scattering alone, as was done in Ref. 19. The uni- 
tarity relations then enable one to reduce the num- 
ber of necessary experiments (from the point of 
view of completeness of the phenomenological anal- 
ysis) to the total number of independent terms in 
the amplitudes of all the reactions included in the 
unitary S-matrix. If we include radiative proc- 
esses, additional terms which are not isotopically 
invariant appear in the amplitudes for meson-nu- 
cleon scattering, and in the general case the total 
number of terms reaches 20. If we take the matrix 
elements for photoproduction and Compton effect 
proportional to e and e?, respectively, and ex- 
pand (A.3), we find that in processes of the type 
of meson scattering the inclusion of radiative 
processes gives rise to small corrections (of 
order e”). We shall therefore take the phases 
6, and 6, to be the same as the phases for —N 
scattering in the states with isotopic spin T= vp 
and T= ve respectively (cf. the Appendix to Ref- 


erence 20). On the other hand, the influence of 
m™—N scattering on the Compton effect is large 
and determines its magnitude. 

Various considerations related to the reduction 
of the number of parameters in the S-matrix have 
been presented in Refs. 21, 22. We shall therefore 
not discuss them here. 

Expression (18) for the amplitude of the Compton 
effect is only approximately unitary since, for ex- 
ample, the right side of (20) becomes zero. How- 
ever, the restriction 


Im [R, (0°) + Re (0°)] < Re [R; (0°) + Re (0°)], 


which is necessary for the validity of (18) is satis- 
fied with plenty to spare. 

We note in conclusion that when we include con- 
siderations related to isotopic invariance, the same 
am—N scattering phases appear in the S-matrix for 
the Compton effect on a neutron, and this results in 
various common features of the Compton effect on 
protons and neutrons. 
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Results obtained previously! are extended to K and L capture of any order of forbiddenness, 
taking parity nonconservation into account. It is shown that observation of the correlation of 
the polarization of x-rays emitted after K or L capture with nuclear spin directions or with 
the polarization of subsequent gamma rays may provide important information concerning £B 
interactions. The angular distribution of x-rays is anisotropic when capture occurs from the 
Lyy sSubshell. 

Formulas are presented which permit determination of the spins and parities of nuclear 
levels from the observation of x-ray polarization following conversion transitions. 


1. POLARIZATION AND ANGULAR DISTRIBUTION shell vacancies following allowed K capture and 
OF X-RAYS EMITTED FOLLOWING ELECTRON _ the orientation of nuclear spins or the polarization 


CAPTURE of subsequent gamma radiation. It was shown that 
I information might thus be obtained regarding the 
N an earlier paper! the author proposed observa- relative signs of the scalar and tensor B -interac- 
tion of the correlation between the angular polari- tion constants. A number of recent experiments? 


zation of x-rays emitted in the filling of atomic have confirmed Lee and Yang’s? hypothesis of par - 
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ity nonconservation in B decay. We have extended 
the results of Ref. 1 to take the nonconservation of 
parity into account. 

Allowed K and L captures are of greatest in- 
terest in connection with the unambiguous interpre- 
tation of experimental results. Correlation calcu- 
lations for these allowed transitions as well as for 
forbidden transitions are given in Appendix I. At 
this point we shll present and discuss the final for- 
mulas. 

We shall first consider the case in which a nu- 
cleus before an allowed K capture is located in 
an external field and we do not study the direction 
and polarization of the gamma ray which may be 
emitted after K capture. When an x-ray is emit- 


ted in an electronic transition to a vacated K level 
from a level with a momentum I = ip (such as Ly7) 


the correlation between the circular polarization of 
this x-ray and the nuclear spin orientation is given 
by 


W jx (0) = atb+oxp O/s fio (ot!) 


— fr (ji t1)+2]0-+«V jo (io = 1} cos 6; (1) 


a= (\¢s|’ +[es)) |Ks [> + (ev? + ley?) [AvP 
— 2Re (Cs¢y — cne't) Gee 
b= (ep? + er f) [Kr ) + (leat + [eal | Kal? 


Shetty 0.0 in Ks (2) 


1 = Re [(c50 + csc) KgK — (Cee — yee) Ky Kt 


c50'9) Kak + (Cy + eye) Ky Ki] 


aes (CoC = 


6 = Dy How (Ho) / fo (io + 1)- (3) 
Bo 

@ denotes the angle between the direction of the 
x-ray and the principal nuclear spin orientation; 
jo is the nuclear spin in the initial state, py is its 
projection on the z axis, and w(p)) is the prob- 
ability of a given value of fy; p gives the degree 
of polarization of the nuclear spins; ox, =1 or —1, 
respectively, for right or left circular polarization 
of the x-rays; cg, cy, ep and cag are the scalar, 
vector, tensor’and axial-vector (pseudovector) f- 
interaction constants; cg, cl, cp and cy are 
analogous constants in terms which are allowed 
only when parity is not conserved (containing in 
addition Ys = Y1Y2v3V4, Where Yq = —B3 Yj» Y5 and 
B are Dirac matrices). 

In calculating (1) we have used the general form 
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of the 8 interaction which was proposed by Lee 
and Yang. Kg and Ky are nuclear matrix ele- 
ments for the scalar and tensor £ interactions, 
with Ky and Ka for the vector and pseudovector 
B interactions. In the nonrelativistic approxima- 
tion for nucleons Kg = —Ky and Kp=-—Ka. The 
expression for the correlation-does not depend on 
the magnitudes of Kg and Ky but only on their 
ratio Kg/Kry: 


Ks ee 1 hn PP ine dr, 
Cisjw. Ar = ( te \ PipBO—AY joie dr; (4) 


Pjolto and %j My, are the nuclear wave functions be- 
fore and after electron capture; oy = Oz, O14 = 
tV¥% (ox 2 idy ); Ox, Oy, Oz are Pauli matrices; 

JoHo 
C1Aj hy 
fy are the nuclear spin and its projection after K 
capture. The matrix elements Kg and K7p are 
independent of the magnetic quantum numbers pp, 
My and A. 

If a gamma ray is emitted after K capture, 
for the determination of a, b and xk it is possi- 
ble to study the correlation between the circular 
polarizations of the x-ray and gamma ray. It is 
then not necessary to use oriented nuclei. If the 
x-ray is emitted in an electronic transition to the 
K shell from a level of mechanical moment I= ¥, 
and the gamma ray is of multipole order 2U the 
correlation is given by 


is a Clebsch-Gordan coefficient; j, and 


Wx (8) =a + 6 — 949, [fi (is +1) —fe (fe + I) +L(L+1)) 
x (4h. + DL (CL + DP i a + 1) — fp Go + 1) + 276 
+ 2x V ii (i + 1)} cos 6. (5) 


Here @ is the angle between the directions of the 
x-ray and gamma ray, and o,=1 or —1 for right 
or left circular polarization of the gamma ray. 

For mixed 2L magnetic and 24+! electric 
multipole transitions [j,(j, +1) —jog(jg+1) + 
L(L+1)] must be replaced by 


A PAC LV fafa eel) ea (Ee) 
+f? (QL 4+3)—" © [iy (iy + 1)—is (ig + 1) 
+(L + 1)(L + 2)] 


gol el Exe 2) octets Lt 2) oer oe) 


Ky —— Jo ae!) 


Ut ea Lee ty (bei "Chae yan 
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f? is the ratio of the electric and magnetic radia- 
tion intensities, with f = +|f|. 

If the emission of the observed gamma ray does 
not directly follow K capture, but is separated 
from the latter by cascade emission of one or more 
photons which are not observed the curly bracket 
in (5) must be preceded by the factor* 


TL In (Sat 1) + Seti Vasa tt) — La (En + 1) 
sa 2 Ein (Gat) iror Grp t ty)" 


where Ly is the multipole order of the intermedi- 
ate photons: 


Jo(K) ji (Li) Ja (Le) is +++ - in (L) intir 


\, (6) 


while L is the multipole order of the observed 
photon. If one of the intermediate gamma transi- 
tions is mixed, the expressions for magnetic and 
electric transitions must be added with weights 
proportional to their intensities. Interference 
terms drop out upon integration over the angles 
of gamma emission. 

When an electron fills a vacancy ina K shell 
by a transition from a level with I= 7 (such as 
Ly), then in (1) and (5) ox must be preceded 
by the factor —¥,. Since the transition probability 
from an I= % level is almost twice as large as 
from I= % the total correlation is very small. 
It is therefore necessary to determine the polari- 
zation of x-rays coming from I= % and I= VE. 
separating them according to their energies. It 
is most convenient to study the Kq, and Kq, 
lines. It must be kept in mind that an external 
magnetic field can change the separations and 
order of atomic levels. The character of this 
change for different specific cases is easily es- 
tabilished either experimentally or theoretically. 

We note that for atoms where the P, A shell 
has not been completely built up the polarization 
of photons coming from the P, /2 level is not en- 
tirely compensated by the opposite polarization 
of photons coming from the P32 level, and it is 
not necessary to distinguish them energetically. 
In this case it is best to use the lightest nuclei, 
where the L shell is not filled. Light nuclei in 
which K capture occurs possess short lifetimes 
as a rule and are not easily used in experiments 
requiring the orientation of nuclear spins. It is 
then easier to investigate the polarization corre- 

,lation of x-rays and gamma rays. 

For allowed Ly or Ly capture, the correla- 
tion is of the same character as for K capture. 
However, in this case there is incomplete com- 
pensation of right and left circular polarization 
for the combined Le, Ly, etc. radiation. A theo- 
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retical calculation of the remaining degree of po- 
larization is difficult and would require good know- 
ledge of the electronic wave functions. 

For K, Ly, and Ly capture the correlations 
(1) and (5) exist only if the nuclei possess dipolar 
polarization; these correlations do not exist for 
aligned nuclei, which can be used only to study 
Lyyy capture. In this case there will be an aniso-— 
tropic angular distribution of x-rays relative to 
the orientation of the aligned nuclei. For unori- 
ented nuclei with Lyyy capture followed by gamma- 
ray emission there exists an angular correlation 
between x-rays and gamma rays. Only the tensor 
and pseudovector interactions contribute to allowed 
Lyyy capture. The x-ray angular distribution is 
given by 


W (6) = 1+ V3(2jo + 1)/10. AW (jr1jo2; fol) 
X (3 cos? 6 — 1) Po; 


Ay, = Mes As), = = og ae As), = 1/10. (7) 


The quantities A; depend only on the total angular 
momentum I of the electron which fills the vacancy ~ 
in the Lyyy subshell. W(abcd;ef) is the Racah 
function. For aligned nuclei without investigation 
of the possible gamma rays we have 


Pho = 5 >) [3u2 — fo (io + 1)] 
Bo 


xt! (Gs)! (Sj 8) To en Lio e Olle satan 


When the angular correlation of x-rays and gamma 
rays is investigated for unoriented nuclei we have 


Ph=5V Gh + DCLFD[1— rey] 


x W (jeLir2s iL) Citeo. (9) 


Equation (7) does not contain nuclear matrix 
elements of L capture nor the constants c and 
ec’, which are included within a general factor that 
goes not influence the angular correlation (7) and 
is therefore omitted here. 

A study of the correlation expressed by (7) does 
not provide information concerning £ interactions, 
but it can serve for determination of the angular 
momenta of nuclear levels. 

The existing experimental information concern- 
ing the constants c and c’ is incomplete and con- 
tradictory according to the present theory. There 
is therefore considerable interest in the determina- 
tion of combinations of c and c’ which have not 
yet been investigated. a, b, and « in (1) and (5) 
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are among such combinations, and a study of these 
equations may throw light on the nature of £ inter- 
actions. We note that the expression for the polari- 
zation of B particles emitted by polarized nuclei® 
also contains c and c’ in combinations similar 

to a, b and kx; but the same expression contains 
c¢ and c’ in other combinations. Therefore (1) 
and (5) can be interpreted more simply and unam- 
biguously. 

For forbidden K and L capture, the polariza- 
tion and angular correlations of x-rays can be de- 
termined from (25). For first forbiddenness N = 1; 
randy’ /=0,1,.2;i=.% and.¥,...For, 4,-= jp 2 
in capture from the Ly; subshell the correlation 
formula agrees with (7) if V3 W (44102: jol) is re- 
placed by V7 W (4425023 jo2). For forbidden K, Lj 
and Lyy captures the correlation formulas are 
more complicated than (1) and (5) as they contain 
some unknown ratios of nuclear matrix elements 
which must be determined experimentally. 


2. POLARIZATION AND ANGULAR DISTRIBUTION 
OF X-RAYS FOLLOWING CONVERSION TRAN- 
SITIONS 


In Ref. 1 it was shown that observation of the 
circular polarization of x-rays emitted when va- 
cancies in atomic shells are filled following con- 
version transitions of oriented nuclei can provide 
the same information regarding nuclear levels that 
comes from experiments on the angular correla- 
tion of conversion electrons and subsequent (or 
preceding) gamma rays. When gamma rays are 
emitted following conversion transitions, instead 
of using oriented nuclei we can study the correla- 
tion between the circular polarizations of x-rays 
and gamma rays. 

Appendix II contains the derivation of the gen- 
eral formula for the conversion transition proba- 
bility of an oriented nucleus with subsequent emis- 
sion of x-rays and gamma rays of given polariza- 
tion. We shall here give the final formulas for the 
most important cases. We first consider a con- 
version transition by an oriented nucleus when sub- 
sequent gamma rays do not interest us. For K- 
shell conversion, when the vacancy is filled by an 
electron with I= i (let us say p, 2) the circu- 
lar polarization of the x-rays, according to (25), 
(41) and (42) is given by 


W j,x (8) = 1 + 240 Eo (fo + 1) 


—ji(jp +1) + L(L + 1)] Q1 cos 8; (10) 


ni (L41)| Br P-L [BrP 


= | ald) 
aL (LF 1) (L +1) [BrP +L |B; | 


Qr 
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For an EL electric transition 
Br =V1/L(E#1) [Rs + Rat 2Relrnr44,Mt; (12) 
Br =V 1/L(L+1)[L (Rs + Ry) 
(2h +1) Re Reljera Mh (13) 
For an ML magnetic transition 
Br =—(L/L+1)(Ri +Rol-ry,MT®; (14) 
Br = [Ri + RoJy-1—),Mr*. (15) 


The quantities R,, Ro,...Rg are radial integrals 
which depend on the multipole order of the L con- 
version transition, on the total and orbital angular 
momenta of the converted electron in the shell Jy 
and Ly = Jo + Aq; Ay» =+%, and on the correspond- 
ing angular momenta of the electron after conver- 
sion J and 1=J+A. The explicit form of Rj; is 
given in the book by M. E. Rose.® In the deduction 
it was assumed that a part is played by a conversion 
transition of a single definite multipole order. 
There are possible instances in which contributions 
from E2 and M1 transitions are of comparable 
magnitude. When the nuclear spin is not changed 
in conversion (j, =j 9), comparable contributions 
can come from E0, M1, and E2 transitions. For- 
mulas (10) and (16) cannot be applied to these cases. 

The quantities mol and M78 in (12) — (15) 
are reduced matrix elements of the nuclear transi- 
tion and depend on the structure of the nucleus. In 
the cases represented by (10) and (16) they drop 
out and do not affect the correlation. 

The correlation between the circular polariza- 
tions of an x-ray Ka, quantum (electron transi- 
tion from I=) and a gamma ray after K con- 
version of an unoriented nucleus is given by 


W jx Ole 1 — i a el) = ae D) 
+ Ly (Ly + VY) Chi Gi + 1) — fo (io + 1) 
+L(L + I) (2Ly (Ly + 1) fa lh + 


6 is the angle between the photon directions 
Ox =Nlore 1 andeoy = 1 one =A, depending upon 
whether the respective photons possess right or 
left circular polarization. 

When an x-ray quantum is emitted through the 
filling of a K-vacancy by an electron with I= Te 
in (10) and (16) o, must be preceded by the fac- 
tor —¥. Therefore all statements made in section 
1 concerning the need for distinguishing the ener - 
gies of the Kg, and Kg, lines remain valid. 


1)}"* Qrex0,,cos 8; (16) 
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When the nuclear spin is not changed through 
conversion a study of Wj ox (6) and Wyx(@) en- 
ables us to determine the contribution and relative 
phase of the matrix elements of EO and M1 tran- 
sitions. According to (25), (41) and (42) the polari- 
zation of Kg, photons emitted in the K -conver- 
sion transition of a polarized nucleus (j,;=jo) is 
given by 


W jx (9) = 1 —V jo (io + 1)ty 0Qr0 cos 9; (17) 


pep + BE Rr 


Fi =. (18 
V3 SOL +14 ([L| 8, P+ +1) BF |] 
L 


Qro = 


In (18) the summation can be taken over 0 <= L 
< 2jo, but it is usually sufficient to limit this to 
L=0,1, and 2, i.e., to EO, M1, and E2 transi- 
tions. Bj and Bj, in (18) must be taken for EO 
and M1 transitions. 

The Kq, —y polarization correlation is given 


by 
Wyx(8) = 1+ linia + 1) —jalje + 1) + Ly(Ly + 1) 


x [2Ly(Ly + IV folio + 1] Quoexsy cos 8. (19) 
The determination of M&!/M™8, which is pos- 
sible with the aid of (17) and (19), furnishes infor - 
mation concerning the structure of the nucleus. 
When conversion occurs in shells with J) > %, 
such as Ly, the x-ray angular distribution is 
anisotropic with respect to the nuclear spin orien- 
tation or direction of subsequent gamma rays. For 
Ly -conversion the angular distribution is given by 


W jx(8) = 1 + A;Rj,;,(3 cos? 6 — 1) Pleo, 
aaa Se 3 
Ri = [3 Ql +) V Gio FD W (5 J2L',L 5) 
Xx WYrLjo2; fol’) BLBT) 


x [Dies + 1)(2L + 1) 4B] (20) 


Here BL means BAP (see Appendix II) for “inl - 
conversion (Jy = %, Ay=—%). The sum Rj,j), 18 
taken over the possible values: J=L+%, L+%,. 
When for the conversion transition it is sufficient 
to consider only a single multipole order Ly, so 
that L=L’ = Ly, the summation over L and L’ 
in Rj,j) vanishes and My, drops out of the for- 
mula. 

When an EO transition is possible, the angular 
distribution is determined by the interference of 
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EO. .and ML. Rj j contains terms for L=L’ = 0, 
1,2; L=0 and L/ =1;, b= andelja0) sinis 
case furnishes the same information that can be 
obtained by investigating Eq. (17) or (19). 


APPENDIX I 


We shall derive a general formula for the polar - 
ization and angular distribution of x-rays emitted — 
after electron capture, for both allowed and for- 
bidden transitions. 

Let us consider a nucleus that is oriented in an 
external field. As heretofore, jy) and j, will de- 
note the spin of the initial and final nucleus, re- 
spectively; Jy and l=J)+A 9 are the moments 
of the orbital electron that is absorbed by the 
nucleus and I and /;=1+ Ay are the moments of 
the electron which jumps into the vacancy. The 
wave function of the captured electron is 


ST FEY (er) esis (9,0) 


: (21) 
2 do GY (r) Vary (8,9)), 


(n) 


(n) (r) is the small and GIAg (x) Ais 


where FJ, : 
the large radial component, and Yjy(v,¢) isa 
spherical spinor’ with components equal to the 

components of the (h—J ) -vector you for h= 


Je as follows: 


[vai (3, °)|, = Gaim «OTe M+Y,h—y Y J+7,M+Y (9,9). (22) 


The orientation of the initial nucleus is given by the 
polarization tensor 


; 280 + 1 +7 

To —— Jobo 4 

Boo 2jo-- 1 >» CSR P (Ho 'o)s 
Bobo 


(23) 


where p(oly) is the density matrix of the initial 
state. If the axis of quantization is chosen to be 
the physically distinguished axis of principal nu- 
clear spin orientation, then 


e (Lo 20) =e (0) Onan 


where w(po) is the probability of finding the nu- 
cleus in a state with the projection My onthe z 


axis, and >) w(jl))=1. After electron capture 


the ane leuenaey remain in an excited state and 
emit several gamma rays successively. The po- 
larization tensor of this nucleus can be expressed 
in terms of observed quantities which characterize 
the subsequent radiative transition: 


| 
4 
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pe eee 


Ji Per *, 
81M 21 + ax APG8sM1 one ia 
Peper 


(24) 


where Hj iM, 38 the matrix element of the nuclear 
gamma transition. 

The spin state of the atomic shell after capture 
is given by the tensor p3e , which we shall express 
in terms of quantities that characterize the x-ray 
that accompanies the filling of the vacated level. 
Equation (24) remains valid for Pod, with replace- 
ment of ji, 44, 81, ™ by Jo, Mo, g, 7 and re- 
placement of Hj i by the x-ray transition matrix 
element HJ uo: 

Thus the state of the atom before the conversion 
transition is determined by the character of the po- 
larization of the nucleus (the tensor PJ) ) and of 
the atomic shell. The polarization of the atomic 
shells which do not participate in the transition is 
of no interest here. The cases of practical inter- 
est are K and L conversion. Since the total an- 
gular momentum of a filled K or L shell is zero 
these shells are not oriented in an external field 
and the electronic polarization tensor for the initial 
state can be taken as unity. In the final state the 
orientation of the nucleus will be given by Pu i 
and the orientation of the shell by P2%. 

Using the method of calculation described in 
Refs. 1 and 5, we obtain the following expression* 
for the probability of a conversion transition in an 
atom: 


W ivy = Dy(— 18" (2io + 1) 


ToVX 


x (26+ 1) V (io + 1) (2h + 1) (2s0 + 1)/(2g + 1) 


xW (Joiglh’, LJo) X (hi Jologo, LL’g) 


Hae Tors Jo JoXo JoXo* 
Cer gene gm ew. Pen Dot Baw’ (25) 


Here W(abcd;ef) are Racah functions, which are 
tabulated in Ref. 8, X(abc,def,ghi) are Fano 
functions, which are tabulated in Refs. 9 and 10, 
and Caubs are Clebsch-Gordan coefficients, which 
are tabulated in Ref. 11. The total angular momen- 
tum carried away by the neutrino is denoted by i 
and 1,=itv, v=+ Y, denotes its orbital angular 
momentum. The summation in (25) is taken over 
the permissible values of all indices. The values 
of jo, j1, Jo, Ao and the order of forbiddenness of 
the transition, denoted by N, are given. Fora 
transition of definite order of forbiddenness (25) 
retains only a few terms of the sum, because the 


*Without making specific mention of the fact, we shall 
always omit general factors which do not affect the correlation. 
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quantities in (25) differ from zero only for definite 
values of the indices: 


4 h 
Jove — Bio 
Crim Bat = Dd 


h= ees: 


Vein SEY baad c 
Ske ={[B (cg Ri + icgRz) + (cy, RY + ict Re) ] 3,5 
+ [Bo(c, Rr + ich, RE) +e(c, RE+ ic, Re 8,4} x4, 
—{Iys@e, Ry + ¢, Rf).— Brsliep Ry + cp Ry 1 Sto 
+a (icy Ry + ¢,Ri) 
— Ba(ic.Rz -+-c’-Ri )] 6,,} % +2, N—1- (26) 


Here jou and Pj, ave the nuclear wave 
functions before and after capture. The entire de- 
pendence of theright-hand side of (26) on the mag- 
netic quantum numbers pp, wy and A is contained 
in the Clebsch-Gordan coefficient while Bie is 
independent of them. 


Vig 
Rr ma | [Oa—a, Cari (r) 
OX 


=e ANovBunn, Bx GFR, (7)] Nixso3 (27) 
jE bie women Cla 
Ox 
SE 2y OG Oxy Fy (r r)] Noyes (28) 
Nee = [(gry?/(2h + 1) 1] 
<2ChSey ba: 1) Cpe Cae) 
xX VOQIo+I Cio X (Alf, ol, ++h), (29) 


l=J)+ a, L=0--3, flees, 


where x =+1,2; the parity of (L+T) is equal 
to the parity of (Jj +it+w+x); q is the energy 
of the neutrino. 

The angular distribution and area ees of 
X-rays are given in (25) by the tensor PIO. Since 
in this case it is sufficient to consider eG electric 
dipole radiation, following Ref. 1 eeu in (24) be- 

comes 


Pp (2g 1 \(— 1)8+7 V3 (Qo + 1) W (Joel; Lo) 


Cie 


16). Deng (bs 9, 0)- (80) 


x » is-Vexp [i (s— 9’) a] 


oo! 
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The angles @ and @ give the direction of the x-ray 
momentum k(k, 6, ¢). Its linear polarization is 
given by the vector €, whose components ina 
right-handed coordinate system with k along the 

zZ axis are 


eo &2 = 0, en4 St (ey iey) (VF =et*/VE. (31) 


The angle @ is computed from the x axis in the 
plane perpendicular to k. De (?, 8,0) is the 
familiar matrix of the irreducible representation 
of the rotation group.’* It is defined here so that 


din (66) = SY Diwr ($, 9, 0) bjn- (0,0) (32) 
. 


and, in particular, Yjm(9, ¢) = V(2l+1)/40D4,, 
(?, 8,0). The spherical harmonic Yj], agrees 
with Ref. 13 and differs by the factor (—1)™ from 
Ref. 11. The possible values of g in (30) are 0, 
iS Buatel ye 

According to (30), pio =1 and 


V3rJo (Jot 1)—1U +1) +2 


P= — ee 
* 2 VIgGo= 1) 


oxYin (6, >), 


(33) 


where ox =1 or —1 for right or left circularly 
polarized light quanta, respectively. If the detector 
does not ietine ise quanta of different circular po- 
larizations, Pin is equal to the sum of the right- 
hand side of (33) for ox=1 and -1, so that P}) 


= 0. Ps gives the linear polarization of the x-rays: 


Po = 2Y 6n (QSo+ 1) W (Sod 21; Wo) {Yan (9, 9) 
— V 15/8x (—1)"[e%*D? 2 (¢, 8, 0) 


+ e-%#sP? , 5 (p, 9, 0)]}. (34) 


If triple correlation is not observed between the 
X-rays, gamma rays and nuclear spin orientation, 
and ifthe Z axis is a physically distinguished di- 
rection, then (25) contains no terms for which 7, 
™, and % are not zero: 


Pop = 2 V6r (Qo+ 1) W (Jol 21; 1d) {Yoo (9, $) 
== VGne0s 22). 40, O)}. (35) 


Pen , which characterizes the radiative transi- 
tion of the nucleus, can be represented in a form 
similar to (30). Fora 2k -multipole transition 


Po me (221 ++ 1) 


SY On Cb SI Orn Pex Way oe 
oy oy 


ROE 


L yFy iP Gr 


W (LyjeSihis Ly) Bhs (Py, Oy,0) . (36) 
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dy and >. are the directional angles of the gamma 
ray. The angle a, for gamma rays is analogous 
to qa for x-rays and is defined in accordance with 
(31). The term with o, =o) =1 gives Poa for ™ 
light quanta with right circular polarization; the 
term with o,, = o0%,=—1 does the same for light 
quanta with left circular polarization; and the sum 
of the terms with oy = 1, Ty) ik and Oy = -1,- 
oy =1 gives PH an for linearly polarized light 
quanta. é=1 or -—1, respectively, for magnetic 
or electric transitions. 

If only the gamma-ray angular distribution is 
observed, by summing (36) with respect to the po- 
larizations we obtain 


P#,, = V (261 + 1) (2h + 1) (2Ly + 1) 


£1 (81 + 1) ie hoe ao 
S f x Tee W (jolyfir2a3 fly) 


x Cr e0 Yan (By by). (37) 
The above formulas can be used to study elec- 
tron capture of any order of forbiddenness. How- 
ever, an unambiguous interpretation of experimen- 
tal findings is obtained most simply and conveni- 
ently for allowed transitions, which we shall now 
consider in detail. For allowed transitions N = 0 
and the second curly bracket in st gives no con- 
tribution since L+tTz= 0. In K capture we have 
Jyo=%, M=—-—% and thus ¢=0 or 1. Foran 
allowed transition i= Vee XY=- Wes therefore L 
and L’=0 or 1, and, correspondingly, tT = 0 
or -—1. In BeoA0 we may leave only two indices 
and write simply B,,,. For By,, we obtain 


Boy = (Cs%y — 4, + iCgdy),) Kg 


— (cydy —a), — icydy,,) Ky; (38) 
By =V8 |(crd,_», + terd,y,) Kr 
— (Cady — 1, — i¢4d,),) Ka ; (39) 
Ks =$ $)n,BGN) 1, (7) Pins 
(40) 


joo ; 1 i ( 
Crna Kr — ( 1) ae J Pins Gi), (r) 8s_ A Pio dr Y 


Ky and Ka differ from Kg and Ky, respectively, 
by the absence of the matrix 8B. In nonrelativistic ap- 
proximation for nucleons Kg = — Ky, Kp= —Kag. 
In (40) o9 =oz, C4, = (Ox + igy)/ V2 . The ex- 
pression for correlation does not depend directly 
on Kg and Ky but only on their ratio Kg/Kr. 
Since the electronic wavelength is larger than nu- 
clear dimensions, the function a a/2 (r) can be 
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taken outside of the integral sign and combined in 
the expression for Kg /Kr. This corresponds to 
neglecting quantities smaller than (@Z)? com- 
pared with unity. For L capture or forbidden 

K capture, the correlation expression contains 
integrals such as (40) with G *e (r) and F $y, (r). 
These quantities can be taken outside of the inte- 
gral sign at a point r on the nuclear boundary. As 
previously, the error is <(a@Z)*. Since for an al- 
lowed K capture g=0 or 1, then, according to 
(30), the x-rays are not linearly polarized and the 
angular distribution is isotropic, but circular po- 
larization exists. When the initial nucleus is ori- 
ented in an external field and the direction and 
polarization of gamma rays is not being considered, 
then we must set in (25) g;=0 and thus g)=g= 
0.1. In this case correlation between the circular 
polarization of the x-rays and the nuclear spin ori- 
entations can be expected only when the nucleus 
possesses dipolar polarization (by the Gorter-Rose 


method, 4 for example). When the nuclei are aligned 


(as by the method of Bleaney” or Pound!*), there 
is no correlation. When triple correlation is ob- 
served g, = 0, g)~g and aligned nuclei can be 
used. 


APPENDIX II 


We shall give a general formula for the conver- 
sion-transition probability of an oriented nucleus 
with subsequent emission of x-rays and gamma 
rays of definite polarization. The only difference 
from the problem in Appendix I is the fact that an 
electron jumps from a discrete level to the con- 
tinuous spectrum and is not captured by the nu- 
cleus. As in Appendix I, we are not interested in 
the direction of emission of the particle (in this’ 
case the electron, previously the neutrino). The 
correlation formula is (25) with the following 
changes: (1) The neutrino total and orbital angular 
momenta i and /y=i+vp are replaced by the 
total and orbital angular momenta J and l=J+A 
of the ejected electron; (2) L and L’ are under- 
stood to mean the multipole order of the conver- 
sion transition; (3) Eq. (41) or Eq. (42) is used 
for BIO, The remaining notation is the same, 
with the same meaning, as in Eq. (25). For elec- 
tric conversion transitions we have 


Bie QI, FID QLLDIL(L+1) {V 24o—2%o+ 1 


X W(LIJo—ho-zs Jol —2) 


X CIM oro [LRa + (L + (2d0 + 1) ho — (24 + 1)4) Rel 


+ VW2Io + Wo + Wises 3 Sod +A) 
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x CF orb [LRy —(L—(2J9 +1) do 
+ (2d +1) 4) Rl} ME (41) 
For magnetic conversion transitions we have 
By VY iS D OLS) LEE 1) 
x [A (2 + lee ho (209 + 1) ] 
a OTOL ET om 
XLV 2o-+2o-+1 W (LI Jo + do 5 3 Jol —2) 
X CHRoro Ri +V 2 — QW +1 
KW (LI — Kore aol VCH OCR) Mee anaes 


The radial integrals Ry, Re, ..., Rg, used in 
Rose’s book,® are taken over all space. A consid- 
erable correction is required if it is taken into 
account that the electronic wave function differs 
from a Coulomb function inside the nucleus. For 
K conversion, Sliv and Band!" calculated the inte- 
grals subject to this correction and used them to 
obtain internal conversion coefficients. 

For a conversion transition of a single definite 
multipole order, say Ly, we must put L=L’ = Ly 
in (25). For a mixture of ML, and E(L)+1), in 
addition to the terms for which L=L’ = Lp and 
L=L’=L,)+1 Eq. (25) contains terms with L= 
Lg: Li = by tl and b= Lele Lene, 

mel and M™8 jin (41) and (42), which are the 
matrix elements of the nuclear transition, depend 
on the structure of the nucleus. The correlation 
formulas do not contain the My, but only their 
ratio M;,/M,,. When only one value L= L’ 
plays a part the My, drop out of the formulas. 
The corrections!"»'8 associated with the interior 
of the nucleus must depend on its structure, but 
with the exception of EO transitions and, in part, 
M1 transitions this dependence has very little 
effect on the results.'” 
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The surface impedance of metals in the infra-red region at low temperatures has been calcu- 


lated, taking into account the effect of interelectron collisions. 


The electrons are considered 


as a Fermi liquid with an arbitrary dispersion law for the quasi-particles. 


Ves purpose of this paper is to calculate the ef- 
fect of interelectron collisions on the optical prop- 
erties of metals in the infra-red region of the spec- 
trum. To this end we shall assume that the fre- 
quency of the incident light satisfies the conditions 


(1) 


(v is the speed of the electrons and / is the free 
path length) and 


OL fy Seat 


wd /u sl, 


(2) 


where 6 is the depth to which the field penetrates 
in the metal. The physical significance of the first 
condition is obvious, and the second implies that 
the field in which the electrons are moving may be 
considered to be uniform. It is also assumed that 
the metal has a large negative dielectric constant 
and a small absorption, which can be treated as a 
perturbation. This condition limits the validity of 
the formulas to the high-frequency region. The 


calculations will be carried out for the case of very 
low temperatures, where kT K fiw. 

We have made no assumptions at all about the 
law of dispersion for the electrons, the type of 
scattering probability which enters into the theory, 
nor the magnitude of the interactions between elec- 
trons. In particular it must be emphasized that we 
are not assuming either that the electron dispersion 
is approximately quadratic, or that the electron in- 
teraction is weak. 

First of all we must consider the current due 
to a single moving electron (or, strictly speaking, 
a single Fermi particle) assuming that the elec- 
trons form a Fermi liquid. In the same way that 
the energy €(p) of each individual particle is 
given by the formula 


VE i= \2 (p) dn (p) dt 


[E is the total energy, n the distribution function 
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of the pe ee in p-space, and dt = 


(27h)?], the current j(p) due to a single elec- 
tron is given by the formula 


= \i (p) 6 (p) dz, 


where 
de 
Ja e\S nde = el vn dt. (3) 
Assuming that for some definite function f 
06 == \i (pp’) 6n'de' 


and that dn/de = —5(e€ — €y), we find 


i(p) =e(v(p) + \F@ Pv) ) (4) 
(Since kT < hw, we can put T = 0 in all formulas). 


CALCULATION OF THE DIELECTRIC CONSTANT 


From the dispersion relation €(w) it follows 
that in. the region of weak absorption in which we 
are interested the real part of the dielectric con- 
stant must be of the form 


e’ (wo) =a—b/o?. (5) 


(See Landau and Lifshitz i page 338). a and b 
are to be found in the usual way by calculating the 
polarization P of the electrons in the external 
field. In this case P = J, so that 


B= —o'Pp= \ jnde=el i EVE. (6) 
Hence for the case of cubic symmetry we find 


Ge o2m 


P 4re? dt 4re? at 4re 
Poy | gor \ WV oe = ma \W N 


’ 


(7) 


where we have introduced the notation j(p) = 
eV(p). It can be seen that the so-called “number 
of free electrons” N depends fundamentally on 
their interaction. 


ABSORPTION 


The electrons in the metal can absorb light by 
colliding with impurity atoms (or with lattice de- 
fects), with each other, or with the surface of the 
metal; and also by simultaneously absorbing or 
emitting a phonon. In our case, the total absorption 
is the simple sum of terms corresponding to each 


2dpxdpydpz/ of the above processes. 


653 


The formulas describing 
absorption by collision can be greatly simplified 
by making use of the fact that in the infra-red 
region 


ot coll << I, (8) 


where tego] is the duration of a collision (e.g., the 
time during which the electron is directly interact- 
ing with an impurity atom). In this case the Four- 
ier components of d (where d is the dipole mo- 
ment) which determine the absorption do not depend 
on the frequency, and can be expressed easily in 
terms of the current change due to the collision 
(See Landau and Lifshitz,® page 207): 


( deft dt ~ \ ddi= 5 (j 


CO) —oo 


ee 4 
eee 


j and j’ being the current before and after the 
collision. From this we calculate the expression 


Aj, Aj, EE, 9 
TKO 4n ( ) 


Gf = he 


for the energy absorbed in a collision. The deriva- 
tion of formula (9) is analogous to the derivation of 
formula (68.10) in Landau and Lifshitz, from which 
it can readily be obtained by using the principle of 
detailed balance. In the case of cubic symmetry 
we obtain 


ar (A 
aq = 2. GN ay, (10) 


for the energy absorbed per unit time, where dv 
is the number of collisions per unit time in which 
the quasi-momentum changes by the indicated 
amount. 


COLLISION WITH IMPURITIES 


When electrons collide with impurity atoms the 
number of collisions per second per cubic centi- 
meter is of the form 


dv = Nj, n(p)(1—n(p'))o(p-n')V 


where odo is the scattering cross-section, n’ is 
a unit vector in the direction of the scattered elec- 
trons, and Nj; is the number of scattering centers 
per unit volume. Since 


c (p’) =< (p) + ho, 


(p) dz do’, (11) 


kT < ho, 


the expression n(p)(1 —n(p’)) differs from zero 
only when 


&y — hoe (P) << & 
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(€ 9 is the limiting Fermi energy ). 

By substituting (11) into (10) and integrating with 
respect to de, we obtain the energy dissipation per 
unit volume per unit time 


Qn Ni , as hs ee 
Qup = + ee ( (Aj)? V 7 om 


(12) 

It now becomes easy to find the real part of the 
impedance. Comparing (12) with the general ex- 
pression for energy dissipation in a medium with 
dielectric constant € = e’ + ie”: 


Q = we"E? / 4x, (13) 


we find the imaginary part of the dielectric con- 
stant «”, after which we can find an expression 
for ¢, the surface impedance,* to the correspond- 
ing degree of accuracy (since e€” «eé’): 


CHO + it’ = —if/Ve’ + 27/2Q\e' fle. (14) 
Therefore 
On \ (Aj)? oV do’ dt / de 
aes (15) 


3 2 |e (le ae 


As might be expected, equation (15) differs from the 
well-known light-absorption formulas only in the 
substitution of v = de/dp for V. 


COLLISIONS BETWEEN ELECTRONS 


This effect is not usually taken into account in 
calculating the absorption. This is because in the 
case of an isotropic or quadratic dispersion law, 
the change of current during the collision process 
is zero by virtue of the conservation of momentum, 
since in the first case the current (if we consider 
the electrons to be non-interacting) is proportional 
to their momentum, and in the second case the cur- 
rent is a linear function of the momenta which is 
not altered by the collision. 

During the collision of two electrons, 

AY e1 = Wei (Pi, Po; Pi) Ayn (1 — ny) (lies ny) dud.dt,. (16) 
Here We) is the probability of the indicated scat- 
tering process, p; and p, are the momenta of 
the colliding particles, and p’ is the momentum 


*The definition of surface impedance which is used here is 
different from the usual one. Ordinarily the surface impedance 
is determined from the equation 


Z (w) = R + iX = (4/0) (Ey! Hy Joueg. 


In this paper, instead of Z we have used the more convenient 
quantity ¢= Zc/4m (See Landau and Lifshitz2). 
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of one of the scattered electrons (the momentum 
of the other electron is determined by the conser - 
vation of momentum). From the law of conserva- 
tion of energy, 


fio + € (Py) + © (Pa) = € (Pi) + € (P2)- 


Substituting (16) into (10) and then integrating with — 
respect to 


(1) de; between the limits 2, + 2, + ha — eq > > ea, 
(2) de, between the limits ¢) > ¢_ > 2e, — ¢, — ho, 
(3) de, between the limits ¢) > ¢ > ¢o — ho, 


we obtain 


dt,dt2 dt, "Ee 


ean” Ta ie eee ena | 
Vet = 3. 3 Jai el de,de» dey an Gy) | 


where 


Aj = j (Px) + j (Pe) — i (P2) —j (Pi + P2 — Pv). 


It must be kept in mind that because of the en- 
ergy conservation law we] will contain a factor 
5 [€y9 — € (Py +P, — pi) ], and so the integral in (17) 
will really be five-dimensional instead of six-di- 
mensional. 4) can be found from [17] by the meth- 
od already described. 


COLLISION WITH THE SURFACE 


Let Wourf (Pp, 0’) do’ be the probability that an 
electron with momentum p is scattered into the 
solid angle do’. Then the number of impacts on a 
unit area of surface per unit time is equal to 


dV sep = Ven Weypgtt (1 — 11’) do’de (18) 


n is the unit vector normal to the surface of the 
metal. 
From this we can obtain the energy dissipated in 
1 cm? of area in 1 second: 
, dt (eae 


2 ee 
Ore s \ AjiAjn Vin Weyrp do” —— 


de ax yee 


(It must be borne in mind that the component of ¢’ 
which we have calculated here is in general a ten- 
sor quantity, even in the case of cubic symmetry ). 
Comparing this with the formula for energy dissi- 
pation 


C= Cone Bars / An, 
we can find fap Mee 
If we put w = const = 1/2m into Eq. (19) we get 
the usual formula for absorption during diffuse re- 
flection of electrons from a surface.’ In actual 
fact, however, there is no particular reason to sup- 
pose that w is constant. In this paper we do not 
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consider the case of “specular” reflection, i.e., 
where the integral in (19) becomes identically zero, 
since this has no physical significance. In this case 
one would have to consider higher terms in the ex- 
pansion of Guys in v/w6. 

It is interesting to compare the magnitudes of 
fsurf and 4). It stands to reason that they can 
be estimated only roughly; in any case, no more 
accurately than the nearest order of magnitude, 
since at the present time the functions which enter 
into the formulas are not known. This is particu- 
larly true of f@], for which the expression is of 
an extremely complicated type. The estimates give 


rt 


Csurp ~ U/C ~ 10%; Cy ~ mow? / Ren’: ~ 1073e?, 


It can be seen that even up to a frequency of w ~ 
10, ¢4) is, generally speaking, less than Ssurt- 
As for the absorption of light accompanied by 

the emission of phonons, Holstein® has shown, in 
the case hw > k® (@ being the Debye tempera- 
ture) that the corresponding component of ¢’, like 
surf» is independent of w and is of the same 
order of magnitude as Ssurf: and is correspond- 
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ingly smaller at lower frequencies. It would be 
very difficult to obtain an exact formula for this, 
since it depends chiefly on the short wavelength 
phonons with hw ~ k@, i.e., with wavelengths of 
the order of the lattice spacing. 

In conclusion I would like to thank Academician 
L. D. Landau for advice and discussions. 
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We study the geometrical consequences for elastic scattering of the fact that nuclear particles 
possess a spin. The scattering matrix for particles of arbitrary spinis constructed, and those 
quantities which are experimentally measurable (cross section, polarization, and polarization 
correlation) are expressed in terms of its matrix elements. We consider the question of the 
completeness of a polarization experiment. We show that to reconstruct the scattering matrix 
it is necessary to measure either the cross section for scattering of a polarized beam by a 
polarized target, or the polarization correlation after scattering (with an initially unpolarized 
state), or finally measure the change of polarization of the incident particles after scattering 
(repeated scattering). The last experiments will be sufficient only if the spin of the particles 


in the beam is not less than the target spin. 


The analysis of angular distributions and polari- 
zation in nuclear reactions is done by two methods. 
The first method, that of phase analysis, has been 
investigated in detail and generalized to the case 
of arbitrary spins.! The second method, that of 


Dalitz, Wolfenstein and Ashkin,” which constructs 
the scattering amplitude as a function of the initial 
and final wave vectors and spin operators, has been 
investigated for reactions involving particles of 
spin 0, % and 1.°-* The present paper gives the 
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extension of this method to the elastic scattering 
of particles of arbitrary spin. 


1. CONSTRUCTION OF THE SCATTERING 
MATRIX 


The general method for constructing the scat- 
tering matrix is to form all possible scalars from 
the spin operators and the initial and final wave 
vectors kj; and kgs. As spin operators, we shall 
use the irreducible tensor operators TA, normal- 
ized by the condition 


SpaTg(Le) on) eee 


If the spin of the incident particles is s,; and 
the target spin S», (S;, S)~ 0) we can use the 
irreducible combinations of products of tensor 
operators: 


¢ 
TEXTS. 


T3(G1» 42) = 2 (4rgo%r%e | 4%) (1) 


The following functions, which transform accord- 
ing to an irreducible representation of the rotation 
group, can be formed from the two unit vectors kj 
and kg 

Pitts (Ke, ky) = SY) (Lalotmyme | qe) YT" (ki) YT (ky). 


The spherical harmonics are normalized by the 
condition >) bale =1. Since the scattering ma- 


trix must be even under space POO it can 
contain only those functions yX Els for which /,+ 
l, is even. If 1,+1,>q+1, the function Vol; LG 
can be written as a linear combination with scalar 
coefficients of the same functions, but with 1,+ 1, 
=q if q is even, or with 1,+1l,=q+1 if q is 
odd. Thus in constructing the scattering matrix 
we can restrict ourselves to functions of kj; and 
k, of the form 


Py (Ga }. r ig d MMs | qx) Y 72x(K;) ae (ky), 


myMs 


Fin (key ky) = 


(2) 
where r=q/2 if q is even, and r=(q+1)/2 
if q is odd. The scattering matrix can thus be 
written as 


M (ki, ky) 


a (ek (Jus Je ie y aA(G g Jz) 


GNF. A=-r 


Vo (ki, kp). (3) 


If the spin of one of the particles is zero, the 
matrix becomes 
M(k:, kp) = )(T%)* y a (ke ky 


qn A=—r 


(3a) 
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The number of independent scalar functions of 
angle and energy, at (qi, q.), is reduced if we 
impose the condition of time reversibility of the 
scattering process. If the time reversal operator 
is written as UK, where K is the complex con- 
jugation (cf. Ref. 7), the reversibility condition is 
expressed as: 


UM" (k;, kp) Ut = 


where * denotes complex conjugation and + means 
Hermitian conjugation. We then get 


a (915 42) =(— ])ntataag (G1 2); (5) 
the operator U has the property 
UTS (qr 92) U* = (—1)9**T2y (Gu G2). 


If one of the particles has spin zero, the reversi- 
bility condition gives 


a = ide (5a) 


If the particles are identical, a symmetry con- 
dition is imposed on the scattering matrix, giving 
the relation 


ay (qi> Jz) = ay (J2> 41). (6) 


2. DENSITY MATRIX. CROSS SECTION. 
POLARIZATION. 


The density matrix for the spin state of the two 
particles, (the incident and target particles) is 
also conveniently expressed in terms of the tensor 
operators TH (a4, de): 


a 6 Poxing,l 


D92qX 
The expansion coefficients are identical with the 
statistical tensors introduced by Fano, and have 
the physical significance of being polarization ten- 
sors. The final density matrix p is related to the 
initial density matrix p(%) by 


2 (91 q2). 


p= MpOM*/o, so =Sp{MpM*}. (7) 


If we go over to the polarization tensors, we get 


Recut == =) Ka bog k,, ky) ot eeg (8) 
where 
Kivwdndss (Ki, ky) 
=Sp{M (ki, ky) Th (qa, ga) Mt (kes ky) (TS (qu 9o)}*}. 


Taking the trace gives the following expression: 


Kept (Key Ky) = (~ 1) 1 (qngara — x2) | 2) 


z 
-) Onna ep ten 


k+) Sax Pia» Piz) [a®? (poy, Poo))* 


pik 


M* (ky, kz), (4), 
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, S181 4ur\ [/S2 Se Si2\ (Pir Piz Pr\ (Fur G12 41 
x Fp Si S1 ar Ji Sz Sz Gaz J} Por Poe Pe | Gor Jez Qe |, 
Wii [a ay) Ni Onoy JO Way NAL ay 21 2g 2 


where (10) 


rrp. (Ki, ke) = 


Mla ty Te + Ae |[L) (41 — Dy fr, — hg || 2’) 


ll 


‘Ty thy 1 Py 
x [rts To — hg Po Sr: (k;, ky), 
l [EO es 


(Ale || L) = (41, 00| L 0). (11) 


If one of the spins, for example the target spin So, 
is zero, the expression simplifies somewhat: 


Koa (Ke, ky) = (— 1) SY (qagaxs — x2 | 26) 


Zz 


«Dei Sie ht 
a waz (Kz, ky) ak? [a Si St 
Wek : Set ee) 5) 


Py Po @ 


The meaning of all the quantities is clear from the 
way they were introduced. The three-by-three 
tableaus in parentheses are the coefficients of the 
unitary transformation between different schemes 
for coupling of four vectors. 

The following important equality follows from 
time reversibility: 


Goestuaies (Kz, Kp) = (— 1)trbatarbaK i seine (Ky, kz). (12) 
This is not the only condition which the coefficients 
K::: satisfy. From the conservation of parity, these 
coefficients are even functions with respect to simul- 
taneous change of the signs of the vectors kj and 
ks. Therefore, for example, in the coordinate sys- 
tem in which the z axis is along [k;ke], the sum 
K, + Kg can take on only even values. 

It is not difficult to express all measurable quan- 
tities — cross section, polarization, and polarization 
correlation, in terms of the coefficients K:‘:. We 
now give these expressions. 

A. The cross section for scattering of an unpo- 
larized beam by an unpolarized target is 


coop (Kz, ky). 2 


B. The polarization of the scattered beam under 
these same initial conditions is 


Pox (Ki, ky) = Kongo (ki, ky) / V 251 + 1 op. 


As a consequence of the parity condition mentioned 
above, in the coordinate system in which the z 
axis is parallel to [kjkg], « takes on only even 
values. In particular, this means that the polari- 
zation is always along [k;ks]. In the system in 
which the z axis is along kj or kg andthe y 
axis is along [kjk], the same condition is ex- 


55 = 


(14) 
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pressed differently: 


Pg— (ke, ky) = (— 1)9**poy (ki, ky). 


Thus single scattering gives rise to a state of 
polarization of a special type. In order to obtain 
a general state of polarization, double scattering 
is necessary (if we disregard other means of po- 
larization of particles, such as the use of a mag- 
netic field). 

C. The cross section for scattering of a polar- 
ized beam by an unpolarized target is 


o(ki, kp) = V 25, + 1 >) Ko000 ( 
If follows immediately from (12) that measurement 
of the polarization gives the same information as 
measurement of the scattering cross section of a 
polarized beam. Considerations analogous to those 
of case B show that the angular distribution is af- 
fected by only those pi?) for which xk is even (in 
the system with the z axis along [kjke]). In or- 
der to determine the remaining part of the polari- 
zation tensor, one must use double scattering (once 
again assuming that we disregard other methods for 
analyzing the polarization). If we make use of (12) 
and (14), the expression (15) can be rewritten as 


(251 + 1) 59 (= 1)4* pq (Ky, ) op 
qx 
It is also not difficult to obtain the cross section 
for double scattering of an initially unpolarized 
beam by an unpolarized target. From (15a) we get 
immediately 


(1/28) SLA a 


(14a) 


(0) 
(k;, kf) One (15) 


o(k:, kj) = -(15a) 


2) Koo” (ko, Ks), 


: (16) 
or 
oq = (28, + 1) 09” S(— 
qu 


Ine ah (ky, ky os % (ks, k, 2)(16a) 


(k, is the direction of incidence of the beam, k, 
its direction after the first scattering, and k, its 
direction after the second scattering). 

In a coordinate system with the z axis along 
k,, the double scattering cross section is given by 


2S; 


as 
pa Ay, COS x9; 


x=0 


= (2s; + 1) Ne 


2S, 


=) dye (81) ae (Se) (a2 0); 
g=x 


2s, 


A= es ( 


q=0 


Vor (Dy). (16b) 


Here pli) ( (3,) and pl?) (32) es the values 


of the tensors ol! ) (ky, k,) and pe) ) (ks, k,) in the 


qk 
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coordinate systems with the y axis perpendicular 
to the plane of the first and second scattering, re- 
spectively (in both cases the z axis is along k,); 
gy is the angle between the planes of scattering. 

D. The polarization of the scattered beam when 
a polarized beam is scattered by an unpolarized 
target is 


1 xq! (0) 
Pax (ke, Kf) 7. 3 (k;, ky) » Kgxgo (kz, ky) Py’x’ - 


q'x! 


(17) 


E. The cross section for scattering of a polar- 
ized beam by a polarized target is 


o= Vs, +1) s+ 1) Dy Koos (ki, ky) pleas - (18) 
G192GX 
F. The polarization correlation in scattering of 
an unpolarized beam by an unpolarized target is 


0000 


qxqgs (Ki, Ky) / 90 V (281 + 1) (2s2 + 1). 

(19) 
From (12) it follows immediately that experiments 
E and F are equivalent from the point of view of 
the information which they give. 


Pqxqr ge (k., k;) a 


3. COMPLETENESS OF POLARIZATION 
EXPERIMENTS 


The number of independent scalar functions of 
energy and angle, ay (41,42), Which appear in the 
scattering matrix (3), is equal (if we disregard 
time reversibility ) to 


No (Si, $2) = 4/2 [(2s, + 1)? (2s, + 1)? + 1], (20) 
if both spins are integral, and to 
No (Si, $2) = /(251 + 1)? (252 + 1)?. (20a) 


if one or both of the spins are half-integral. If we 
impose condition (5) on the functions ay (41, M2); 
their number decrease and becomes 


N (83, S2) = ¥/g No (S11 S2) + 2/2 (251 + 1) (252 4+ 1). (21) 


For identical particles the number of independent 
functions a{(q1,q,) appearing in M(kj, kg) is 
decreased still further and becomes (s; = Ss, = 8S) 


N (Ss) = */2N (s, 8) + 1/3 (2s + 1) (2s* + 2s 4-3/2). (22) 


The functions ay ( d1,42) are complex, so that all 
the numbers we have given should be doubled. How- 
ever, the scattering matrix satisfies the unitarity 
condition® 
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M (ki, kp) — M* (k,, kz) = 7\ M+ (k,n) M(kz,n)dn(23) 


which imposes as many relations on the complex 
functions ay ( d1,42) as the number of such func- 
tions appearing in the scattering matrix. 

In experiments E and F we find the quantities 
Khon 22 (ki, ke) (or Kei qo (Ki, Kp) which is the 
same thing). Their number is No(s, 82). Thus — 
each of the groups of experiments E and F gives 
a sufficient number of equations for reconstructing 
the scattering matrix. 

The experiments B and the equivalent experi- 
ments C enable us to study only the quantities 

Gao» whose number is in general less than the 
number of elements in the scattering matrix 
(though this is not the case for scattering by a spin 
zero target). Double scattering may thus be insuf- 
ficient for determining M (kj, Kg), which is the 
situation we meet when we study nucleon-nucleon 
scattering. 

The number of coefficients Kg gto which appear 
in the quantities of group D is N(s,, s;), and 
consequently repeated scattering in principle en- 
ables us to reconstruct the scattering matrix, but 
only when s; 2 Sp. 

In conclusion I should like to express my sincere 


thanks to Ia. A. Smorodinskii and A.I. Baz’ for con- 


tinued interest in the work and much valuable advice. 
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The results of Einstein and Rosen! are generalized to the case of two interacting gravitational 


Waves. 


OTRoNG gravitational waves were first consid- 
ered by Einstein and Rosen,! who showed that the 
equations for the propagation of the strong waves, 
corresponding in the limit to weak transverse- 
transverse waves of the go. —g33 type, reduce to 
a linear equation of propagation in the case of a 
cylindrical wave. It can be shown that even in the 
more general case, strong gravitational waves cor 
responding in the limit to incident waves of the 
types 2o.—233 and go3 show a very similar sim- 
plification. 

We shall start with integrals of the form 


— ds? = Adx{ + Cdx; + 2Bdx.dx3 + Ddx3— Adxj. (1) 


where A, B, C, and D depend only on x, and 
X,4; in the limit this corresponds to a plane wave. 
Here the coordinates x, and x, are so chosen 


that 21;=—244, 214= 0 (see Einstein and Rosen’). 


This leads to the following expressions for the 
Christoffel symbols of the second kind (writing 
CD — B? = a, and denoting by lower suffixes on 
the quantities A, B, C, and D their derivatives 
with respect to the corresponding coordinates ) 


r, =Tu =u = (24) 14,3 
Ton = (2A) 1C,; 
14, = (2A) 2D,; 
14, = (2A) By; 
12, = (2a) (DC, — BB,); 
Ts (2a)! 


54 
Tia = 


,=Th= 
eee (2A) 10,3 
Des = — (24), 1D,; 
Pes = — (2A) 4B;; 
T?, = (2«)1(DC, — BB,); 
13, = (2«)4(CD, — BB,); 
Tip = (2a) + (CB, — BC)); 
12, = (2u)"1 (DB, — BD,); 


(2A) 1A); 


Except for the lig = Mk formed from the 
above symbols by interchanging their lower in- 
dices, the other Thy are equal to zero. 

The only components of the curvature tensor 
Ry, = Roy which do not vanish identically are . 
Riz, Rig, Ras, Rog, Rg, and Ry3. This gives six 
equations for the four quantities Avepr Cc, and 
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D. It must therefore be proved that there is no 
contradiction in the equations. This will be done 
for a particular choice of coordinate system. Here 
we shall only note that two conditions have already 
been imposed on the choice of coordinate system: 
2144 = —2Z4, and gy,=0. Two other conditions are 
contained in the two extra equations over and above 
the four which would be sufficient. 

We shall first write down the equations Rj, = 0 
for the components 2 and 3. After some simpli- 
fication they take the following form: 

Cyg — Cy, + (20)7* [Cpa — Cyrrg (2) 
+ 2C (Bi = Cre Ba +C,D,4)) = 0; 
Dag — Dy + (24) [Dy — Dag, 
3 
42D (B2— CD, — B3 +C,D,)] = 0; so 


Bag — By + (2a) [Bya, — Bary 


SOB (Bee Ca B.C... i 


Now multiply equation (2) by D/2, multiply (3) 
by C/2, and (4) by —B, andadd. This gives a 
linear wave equation for va: 

(Va) re (Vo)a4 = 0. (5) 

But, as Einstein and Rosen showed, ! the form 
of the linear element of distance (1) remains in- 
variant under all coordinate transformations x, = 
X4(X1,X4) and x, = xX4(X,,xX,) which satisfy the 
equation 


(%1)11— (X1)ae = 0. 


(6) 


Therefore it is possible, without any loss of 
generality, to assume 


Vig ree (7) 
This can also be demonstrated in a different 
way, as follows. The general solution of (5) is 


Va = f(x, + x,) + g(x, — X,). Let us choose a 
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coordinate system such that 
f (X14 + Xa) = (%1 + %4)/2, g (%1 — Xa) = (%1 — %4)/2- 


This choice is compatible with the integral form 
(1) because of condition (6). 

We shall now show that there is no contradiction 
in the entire system of gravitational equations for 
the special case Va = X;. (The bars above x, 
and x, will be omitted, and we write In VA = L): 


2Ry = - Lag — (4%) Ly) — (%1)? (By — C,D,) = 0; 


(8) 
2Rag= 2 [Lar — Lag + (%) 1 Ly) — (%1) 2B; — C,D,) = 0; (9) 


Ro Oy) la — (24;) 7 (2B Bs— GD; — CD) = 0. (10) 


2{Li 


Half the sum of (8) and (9) gives 
(x1) 4Ly — (2x1)? (Bi + Bg — CyD,; —CyDs) = 0. (11) 


Differentiating (10) with respect to x, and (11) 
with respect to x4, it is easy to show, with the aid 
of (2), (3), and (4), that equations (10) and (11) are 
compatible, so that the difference in the expres- 
sions for Ly, and Ly, are proportional to 


CD, + DC, — 2BB, = (CD — B®), = (2), =0. 


Finding the second derivatives Ly, and Ly, from 
(10) and (11), we readily see, with the aid of (2), 
(3), and (4), that equations (8) and (9) are also sat- 
isfied. This proves the compatibility of the whole 
system of equations. 

Let us now return to the equations for B, C, 
and D. Eliminating B by means of a =x? and 


introducing the new variables 


pe OOD i ie i DGD) (12) 


we have 
[xy ed Dial Sea Ue = 1) “eal = 0, (13) 
[x1 (66 — 1) 6]; — x, [(98— 1)” *S4], = 0, 


corresponding to two non-linear interacting cylin- 
drical waves. In the case studied by Einstein and 
Rosen! a linear cylindrical wave was obtained. A 


strong plane wave is impossible, because the me- 
tric curvature which it produces is incompatible 
with flat space (see Bergmann’). 

Nevertheless it is a fact that, in spite of the 
non-linearity of the system of hyperbolic equations 
(13), their characteristics are the straight lines 
X,=+x,. This shows that the strong gravitational 
waves propagate with a fundamental velocity equal 
to the speed of light, just as the weak ones do.* | 
This is much more difficult to deduce from the 
general gravitational equations Rj, = 0. Notice 
further that the characteristics of each family 
obviously do not intersect. This means that the 
non-linear hyperbolic equations for gravity in free 
space do not necessarily lead to the formation of 
shock waves. In this they differ from the equations | 
of gas dynamics, for example, which belong to the 
same class. 

The space is Riemannian if it admits a continu- 
ous group of coordinate transformations. The oc- 
currence of shock waves would contradict the basic 
hypothesis of continuous transformations; i.e., the 
Riemannian character of the metric. Thus our in- 
vestigation has again shown the internal consistency 
of the Einstein equations for the gravitational field. 

In conclusion I should like to thank V. L. Gins- 
berg for showing me the basic literature sources. 


1A. Einstein and N. Rosen, J. Franklin Inst. 223, 
43 (1937). 

eee Bergmann, Introduction to the Theory of 
Relativity (New York, 1942). Russian translation, 
1947, p 253. 


Translated by D. C. West 
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*It would nevertheless be interesting to study the general cas 
ds? = gixdx'dx* where giz = gix(X:» Xq)- 
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The relative role of various factors affecting the lateral divergence of charged particles in 


extensive air showers is considered. 


It is shown that the lateral distribution of electrons is 


completely determined by Coulomb scattering. The lateral distribution of ss mesons is to a 
large degree determined by Coulomb scattering and deflection in the magnetic field of the 
earth. The transverse momentum transferred to 7 and K mesons in an elementary nuclear 
cascade act is respectively <1.5 x108ev/c and <5 x 108 ev/c. 


Nae a number of experiments!~® were car- 
ried out to study in detail the lateral density distri- 
butions of electrons, sp mesons, and nuclear-active 
particles in extensive atmospheric cosmic ray 
showers in the lower layers of the atmosphere. In 
addition, the lateral distribution of electrons and 
mesons was investigaged for distances up to sev- 
eral hundred meters from the shower axis. 

In connection with these experiments, it is expe- 
dient to consider the question of the relative effect 
of various factors determining the lateral diverg- 
ence of shower particles. 

Shower particles may deviate from the flight 
direction of the primary particle which produced 
the entire shower because of the following reasons: 

I. The angular divergence of secondary parti- 
cles: (a) in the elementary nuclear cascade act and 
(b) in spontaneous decay acts. 

II. Coulomb scattering (of charged particles ) 
by air nuclei. 

III. Lorentz forces determined by the earth’s 
magnetic field (acting on the charged particles). 

After the discovery of the so-called “anomalous” 
shower width® it was hypothesized’ that the basic 
cause of the wide lateral divergence of shower par- 
ticles is reason I(a). However, a more detailed 
analysis of the effects of the second and third rea- 
sons shows that this notion must be reconsidered. 

Let us first consider the lateral distribution 
of electrons. Electrons in an extensive atmo- 
spheric shower originate in electron-photon 
cascade showers generated by y-quanta from the 
decay of n° mesons. The latter are formed in 
the elementary nuclear-cascade acts. AS was 
shown in Ref. 7, from the point of view of the laws 
of conservation of energy and momentum, the max- 
imum possible n’-meson emission angles in these 
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acts are sufficiently large, so that the cores of the 
individual cascade showers could deviate from the 
axis of the entire shower by a distance on the order 
of several hundred meters, creating at these dis- 
tances electron densities which agree with experi- 
mental data. 

According to the calculations of Moliere® and 
Eyges,’ available until recently, the electrons in 
electron-photon cascade showers could not occur 
in considerable quantities at such large distances. 
However, during the past few years Nishimura and 
Kamata,!? and also Greisen,'° gave a more accurate 
solution of the problem on the lateral distribution 
of electrons in electron-photon cascade showers, 
which leads to a different qualitative conclusion. 

Let us compare the experimental lateral elec- 
tron distribution!~> with theoretical distributions 
according to Nishimura and Kamata, for the vari- 
ous degrees of s -development of an electron- 
photon cascade shower. In spite of the fact that the 
development of the electron-photon component in a 
real shower is different on the whole than in an 
electron-photon cascade shower, such a compari- 
son of lateral distributions is justifiable, since the 
latter are determined primarily by the energy 
spectrum of electrons and depends quite weakly 
on the “previous history” of the electron-photon 
cascade shower. 

The lateral distribution of electrons from Refs. 
1—5 is shown in Fig. 1. The unit of lengthis r, = 
EgX)/B (Eg =19 Mev, B= 72 Mev, and X) = 270 
m above sea level). The theoretical curves are 
shown for the parameter s = 1, 1.25, and 1.4. All 
the curves are normalized for areas under them. 
The experimental points fit well the theoretical 
curve for s=1.25 up to distances r=3 (Ref. 5) 
and do not depart appreciably from the curve with 
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FIG. 1. Comparison of experimental lateral electron distri- 
bution in extensive atmospheric showers!*5 with the theoreti- 
cal electron distribution in a photon-electron shower according 
to Nishimura and Kamata. © A — experimental data of Ref. 1; 
O, ® — data of Ref. 5. 


= 1.25 for larger distances up to r=7 (Ref. 4). 
The agreement of the experimental and theoret- 

ical curves for one definite value of s in sucha 
wide range of distances is, of course, not accidental 
and it is natural to suppose that this takes place be- 
cause the energy spectrum of shower electrons co- 
incides with the energy spectrum of the electron- 
photon cascade shower of age s, whereas the lat- 
eral divergence of electrons is determined entirely 
by Coulomb scattering. Unfortunately, the electron 
energy spectrum has not been measured to date, 
but it is worth noting that the electron absorption 
coefficient, obtained by investigating the baromet- 
ric effect and altitude behavior of the shower, 
agrees with the value s = 1.2.51! Thus, if the 
energy spectrum of the electrons in the shower 
coincides with the energy spectrum of electrons 
in an electron-photon cascade shower of age s = 
1.2, then the experimentally observed extensive 
lateral divergence of the electrons can be explained 
only by the Coulomb scattering of the electrons in 
the individual electron-photon cascade showers, 
without assuming that the cores of these showers 
leave the basic core of the extensive atmospheric 
shower.* 


*As was shown by Cocconi, !? the earth’s magnetic field 
does not exert any substantial effect on the lateral distribu- 
tion of electrons for showers observed in the lower layers of 
the atmosphere. 
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Let us consider now the lateral distribution of 
f. mesons. pw mesons originate from the decay of 
a* and K* mesons in the upper layers of the at- 
mosphere. According to experimental data? p 


mesons originate in extensive atmospheric showers _ 


at altitudes of 5 to 20 km above sea level. yw _me- 
sons cover large distances from the place of origin 
to the observation level, experiencing practically 
no interactions involving considerable energy los- 
ses, and losing energy slowly by ionizing air atoms. 
The lateral distribution of low-energy mesons 
was investigated by a number of workers.>° Ac- 


cording to the experimental data, the meson density _ 


falls off considerably slower than the electron cur- 


rent density even over large distances, on the order — 


of hundreds of meters from the shower axis. 

The presence of a large free path brings us to 
the important role played in the lateral divergence 
of p» mesons both by the Coulomb scattering from 
air nuclei and by deflections in the earth’s mag- 
netic field, even if the muons have a relatively high 
energy. Inasmuch as p,,(r), even for the maxi- 
mum distances from the axis investigated in the 
above references, does not drop off faster than 
1; rr, we shall not consider quantitatively the Cou- 
lomb scattering effect and deflections in the earth’s 
magnetic field. Let us limit ourselves to the eval- 
uation of the mean square deflection vrz of pu 
mesons with energy E by multiple scattering, and 
to their deflection in a magnetic field ry. It is ob- 


vious that: 
vee 


Si) (* 
r= \ 
0 


Where, H is the altitude above the observation 
level at which the y mesons are produced, ty the 
depth of observation level in shower units, Eg the 
parameter of multiple-scattering theory, 8 the 
ionization losses calculated for one shower unit in 
air (Eg = 21 Mev, B=72 Mev), a@ the coefficient 
in the barometric formula: @ = (1/7000) m™!. For 


ry, We have the following expression: 


ag oe, 
[E + Bto (1 — e~*")] 


sb gten Man. (1) 


E + Bt) (1—e-*") /300%, (2) 
where 3% is the component of the earth’s magnetic 
field perpendicular to the axis of the extensive at- 
mospheric shower. Assuming the altitude of p 
meson generation to be H=10km above sea level, 
and considering that the mean energy of the » me- 
sons at large distances from the shower axis is 
close to the minimum energy recorded by the de- 
tector, equal in the above experiments to 3 x 10% ev, 
we obtain the values of Vr and r,, shown be- 
low.* (In doing this we can estimate only the min- 


*The data are for sea level. 


ON] DAES DATERAL 
imum the experimental value of VER): 


Viterpery VT tm 
>400 m 300m 200m. 


Thus, the lateral distribution of low-energy pu 
mesons, ordinarily investigated in experiments, is 
determined essentially by the Coulomb scattering 
of the mesons and by their deflection in the 
earth’s magnetic field. The angular divergence of 
the »-meson “ancestors” in the elementary nu- 
clear cascade acts is also evidently an essential 
factor in the lateral divergence of the ~ mesons. 
However, the relative role of all these factors can- 
not be definitely determined at the present time 
without additional experimental data on the lateral 
distribution of mesons, their energy spectrum, 
and also the altitude of their production in the 
atmosphere .* 

It is especially interesting to analyze data on 
the lateral distribution of high-energy u mesons, 
since such mesons originate in elementary nuclear- 
cascade acts of higher energies. Such data were 
obtained by George™ and Cocconi.!® However, 
these are qualitative in nature, since the lateral 
distribution of the ~ mesons was investigated by 
the correlation-curve method. Recently Androni- 
kashvili and Bibilashvili,'® using the method of 
correlated hodoscopes, obtained the lateral distri- 
bution of p mesons of energy E =1.5 x 10ey 
in extensive showers at sea level. The experi- 
mental data!® are shown in Fig. 2. As can be seen, 
the lateral distribution is investigated up to dis- 
tances where the drop-off in the function p,, (r) 
becomes ~1/r*. Consequently, the experimental 
data enable one to evaluate the integral f Pu (r) x 
2nmrdr, corresponding to the full number of up me- 
sons in the shower, since the integral does not di- 
verge at the upper limit. Thus, it is meaningful to 
make a more detailed examination of the effect of 
Coulomb scattering and of the magnetic field on 
the lateral divergence of ~ mesons.f 

Let us find the lateral distribution function 
Py ( r) for the case of w-meson divergence due to 
Coulomb scattering and the deflection in the earth’s 
magnetic field, neglecting factor I. The lateral 
distribution of multiply-scattered mesons with 


*It is necessary to consider the sensitivity of the values 
coh and r,, to the altitude H of » meson production. The 

value of r,, is quite sensitive to H. According to (2), without 
taking into account ionization losses, tr, ~ H?. The value of 13, 
is considerably less sensitive to H when «H > Airy ~ (2/*) 
— H?e"*H|, However, rg ~ (@H)’ when oH < 1. 

tIt is impossible to calculate 1’ from experimental data for 
this would require us to investigate py, (r) up to distances cor- 
responding to a 1/r° drop off. 
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FIG. 2. Lateral distribution of 1 mesons in extensive at- 
mospheric showers. I — theoretical curve py (t, > Emin); 
y = 0.7, H = 10 km. II — the same for y = 1.3, H = 10 km; 
III — experimental data of Ref. 16. 


energies E >> Bt)(1—e7%H), has the form of a 
Gaussian distribution 
o, (r, E)dE = C (E) exp {—??/r? (E)} dE, 


where r?(E) is determined by the above-men- 
tioned formula. C is determined from the condition 


\ (r, E) dE 2nrdr = F (E) dE, 


if 
ECEV dE = AESG2dE- 
then 
C = AEST) ar? (E) = AE~°—)/aB (H, to), 
since 


r? = E-*B(H, to). 


The action of the earth’s magnetic field results 
in a lateral sorting out of the 4 mesons according 
to their energy and charge. If the shower axis is 
vertical, the positive mesons are displaced to 
the east, and the negative ones in the opposite di- 
rection. At the same time, all ~ mesons of energy 
E have the same deflection, r,, (E) = (H?/2E) 

x 3008¢€. Thus, the simultaneous action of the 
Coulomb scattering and the deflection in the 
earth’s magnetic field can be taken into account in 
the following expression for Pylr), which gives 
the lateral distribution in the west-east direction.* 


BAZ 4 
A (r — fn) J aE 


TB (H, to) 


Eee ea = 


Oy (11 > Emin) = \ TRB) ae 


E min 


*The experimental setup was oriented in this direction. 
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@ 


Aa’ 
\ BUH, bo) 
E min 


ile ae Tm)"E* | 
B(H,to) | 


=O1) exp dE . 


In Fig. 2 are shown the theoretical curves calcu- 
lated for various assumptions concerning y 

(Ref. 17), for Eyjn =1.5*10"ev, H = 10 km, 
and the latitude of Tbilisi. The comparison of the 
theoretical and experimental curves shows that the 
lateral divergence of high-energy p mesons is 
essentially dependent on factors II and III.* 

Using the cited data we can estimate of the value 
of the transverse momentum acquired by the sec- 
ondary particles, the 7* and K* mesons, in ele- 
mentary nuclear-cascade acts. The transverse 
momentum of s secondary particle of energy E 
is p=(E/c)¥, where ¥ is the emission angle 
of the secondary particle in the laboratory system. 
If the 4 -meson energy spectrum has the 
form F(E)dE=AE-(/*1)dE for E> Ein, then, 
neglecting ionization losses and the p -meson de- 
cay probability (this is true for E > 10/°ev), one 
can obtain the differential spectrum of the decayed 


m* mesons and K* mesons: 
A a 
i ee) 
E = Gale 
AEE || 
for Tenia cb (FF) Bini 
A = jena: 
feck) r= 5 (Fi 27 1] E Garb) 
fay 
for iB = (=) Emin 
+ 


Where M is the mass of m or K* meson, m 
the mass of the » meson, and E,; jin the minimum 
energy of the recorded # mesons (1.5 X 10! ev 
in the experiments of Ref. 16). 

Let us determine now the value of energy E* 
which is possessed by more than half of decayed 
a (or Key mesons. For the case of 1* mesons, 
E* = 2Emin = 3X 10 ev. For the case of K* me- 
sons, E* = 7Emin = 10'"'ev, p* = E*3/c and since 
3 < 50 m/10‘m = 5 x 107%, then p* < 1.5 x 10° ev; 
and PES 5 x 10° ev.t 


*The observed discrepancy between the experimental and 
theoretical curves can be understood if one takes into account 
the specific geometry of the setup used in Ref. 16. The detec- 
tor of high-energy 4 mesons was placed at a depth of 27 me- 
ters underground. The apparatus to locate the shower axis was 
placed on the surface of the earth. The inclination of the 
shower axis from the vertical could cause a systematic error 
in the determination of the distance from the shower axis to 
the detector, on the order of half of the indicated depth. 

tThe transverse momentum acquired by the p meson on ac- 
count of factor Ib, has an order of magnitude of p,,c/2 for the 
m+u+Vv decay; for the K+ y+ v decay, pyc/2 = 27. 


In conclusion it is necessary to note that the 
Coulomb scattering must also be taken into account 
in analyzing data for the lateral distribution of 
charged nuclear-active particles in extensive atmo-) 
spheric showers. 

The author wishes to express his thanks to S. B. 
Vernov and G. T. Zatsepin for discussion of the 
above questions. ce 
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We have evaluated the probability for the production of an electron-hole pair in a semiconduc- 
tor in a strong electrical field, taking into account the electron-phonon interaction. We have 
obtained the temperature dependence of this effect which is very appreciable at low tempera- 
tures. We have considered qualitatively other processes which may influence the probability 
of the diffusion of a valence electron into the conduction band, such as the absorption of sev- 
eral phonons and collisions with a slow (non-ionizing) conduction electron or with an impur- 
ity. It is pointed out that the first of these processes can play a decisive role in relatively 


weak fields. 


In a previous paper! we noted that interactions 
leading to a change in the quasi momentum of an 
electron (in particular, the electron-phonon inter - 
action) can play a very essential role in the elec- 
tron-hole pair production process in a semicon- 
ductor when a strong electrical field is present. 
In the same paper we derived a set of equations 
(1.12) which determined the probability of the cor- 
responding processes (the 1 denotes here and 
henceforth the equations of Ref. 1; we use also 
everywhere, where it is not stated specifically, 
the notation introduced in that paper). Since their 
’ probability is always small, the direct diffusion 
of a valence electron into the conduction band, 
considered in Ref. 1, and the transition involving 
a phonon are to a first approximation independent 
of one another and can be considered separately. 
The present paper is devoted to an evaluation of 
the probability of the latter process. 

The initial condition can now be written in the 
form 


c;({Mx], Pp, 9) = Sve ([Nx))- (1) 


The integration of equations (1.12) gives then the 
following expression for the probability of diffusion 
for one period of oscillation (we assume again for 
the time being that the field E is directed along 
one of the principal axes of the simple cubic lattice) 
2 v 1 


= VN (hE? SMe fo (Med as 1y) 


k/ 


Co (Vil, Po» =) 
nh 
d 
x | Mye(p, ak’) Qie(P. k'. 2) dp [ 
xh 
a 
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+ (Me +1) [e((Ma) + Ie) 
nhid i 2 
x | Mye(p,—ak’) Qre(p ke )dps |}. aay 

—nhijd 
In deriving Eq. (2) we took it into account that, by 
virtue of the presence of fast oscillating factors, 
the terms with different k’ do not interfere with 
one another. The experimentally observed diffu- 
sion probability Dy(p,) can now be obtained by 
summation over [N,], which in the given case 
leads simply to the substitution 


Ny > Ny = [exp {ho,/kT} — 171. (3) 


Here k is Boltzmann’s constant and T the abso- 
lute temperature. Hence 


Do (P1) = Vi GRE 
nlijd 2 
x THe + | | Mve(P. Be) Qhe(p, k, 2h) ap, | 
k —nhijd 
nh |d 2 
+ Mu] | Mve(p, — Ak) Qve(p. ks SE) dou |p. (4) 


—nhJd 

The presence of the fast oscillating factors 
Qi7c (pk, p, /eE) in the expressions under the 
integral sign in Eq. (4) leads to a very fast de- 
crease of the diffusion probablity with increasing 
minimum value which the quantity €,(p) — 
€y(p+hk) attains for given p, and k. The basic 
contribution to (4) is thus made by terms with val- 
ues of k near kp. which is the difference between 
the values of the quasi momentum corresponding 
to the minimum value of the energy in the conduc- 
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tion band and the one corresponding to the maxi- 
mum value in the valence band, divided by h. As 
a rule, as we noted already in Ref. 1, k)y#0. This 
leads to some changes in the evaluation of the inte- 
grals in (4). Indeed, the width A of the forbidden 
band is by definition less than €), the minimum 
value of the function €,(p) —€y(p), and the dif- 
ference €,(P) — ec (Di= hk)) tends therefore to 
zero in the complex p, plane before any of the 
energies occurring in it reach a branching point 
[the latter coincide with the zeroes of the function 
EP) - €y(P)]. As a result, for the values 


Pi = [2m', (Eomin — tymax = A,) |! (5) 


the integrands in (4) have not poles, but saddle 
points. The quantity m* which enters in (5) is 
the reduced effective mass of the electron and 
hole, corresponding to motion in the direction of 
the electrical field. 

Evaluating the integrals in (4) by the saddle- 
point method, and integrating the result obtained 
with respect to p,, we arrive at the following 
expression for the number of electrons per unit 
volume, which get into the conduction band per 
unit time: 


n = QbrbN (2eh)* | T] mictiy] ianwey; - | Mve(Pminr Fo) |? 


i 
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Here Pmin is the value of the quasi momentum 
corresponding to the lowest electron state in the 
conduction band, while mj, and miy are the 
principal values of the effective mass tensors of 
the electrons and holes. Just as was done in Ref. 
1, one can easily show that Eq. (6) is valid for lat- 
tices of all symmetries and for an arbitrary direc- 
tion of the field. 

Equation (6) contains, generally speaking, an 
unknown matrix elements Myc(Pmin; hk)). To 
get a very rough estimate, we can use the fact that 
the free-flight time T of an electron in the conduc- 
tion band is determined by the matrix elements 
Mee (Pmin» HK) which for k ~ ky have the same 


order of magnitude as Myo (Pin, HiKo). 
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S [e, (p)] 


= OE | Mec (P, hk) ? | grade, (p)|’ (7) 
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where S(¢€) is the area of the surface €, (p) =€, 
and the bar indicates averaging over that surface. 
Taking it into account that in a semiconductor the 
motion takes place at the bottom of the conduction 
band and that thus 


S [8c (p)] = 8xmeee (p), | grad ec (P)| ~ (2ee (Pp) / mM2)"*, 
and substituting €,(p) ~ kT we get 


1 | Moe (Pmins hk) |? V 2miar (8) 
7 (h/m;) (rh /d)? tth/d 


If the lowest state of the conduction band is degen- 
erate, which apparently is the case for all cases of 
practical interest, then the transitions with large 
changes in quasi momentum, will make a consider- 
able contribution to t7!, i.e., k ~ kp. We then 
have for the quantity in which we are interested 


| Mve (Pmins hk,) e nes | Mec (Pmin; hk) ie 


and (6) can be rewritten 
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In this equation we have introduced the Debye tem- 
perature iD: since in estimating T we had as- 
sumed Ny, ~ 1. One can easily verify that relation 
(9) holds also in the case where the lowest state is 
non-degenerate. Indeed, the order of magnitude of 
the quantity of interest to us is given by 


| Mye(Pminy Ko) 2 ~| Mec (Pminy BK) 2 RKy | V Qk. 
However, if we substitute in Eq. (8) a tempera- 


ture on the order of the Debye temperature, we 
must still introduce an additional factor 


Ny ~ RT p/hox ~ kT yp /cp 
~kT p[c V IMRT p ~ hk | V IMT py, 


where c is the sound velocity, while the connection 
between |Myo(Pmin, Hky)|? and 1/7 remains the 
same. 

The basic qualitative difference between (6) and 
(1.19) is the explicit temperature dependence which 
occurs in the last factor. At low temperatures 


(10) 


T <T, = ehE/4k V 2m,A ~ (E/10® v/cm) 10°K 


the number n of pairs produced is practically in- 
dependent of the temperature. When the tempera- 
ture is increased, the current begins to increase 
exponentially, and does so right up to T ~ Tp. 


INF LUENCE-OF THE LATTICE 


(We assume ux, ~kTp.) For T> Tp one 
should observe a weak linear dependence of n on 
the temperature. In the interval from Ty to Tp 
the current can change at constant electrical field 
by a factor exp(Tp/T)), i.e., by several orders 
of magnitude. Of the greatest practical interest is 
the dependence of the critical field on the tempera- 
ture. By critical field is customarily meant the 
value of the field for which the current reaches 
some well-defined value. In the region of greatest 
interest, Tossislas Tp; 
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Outside this region there is practically no de- 
pendence. We must note, however, that Eq. (6) 
contains, as is well-known, also an implicit tem- 
perature dependence which is connected with the 
change in character of the crystal parameters 
(A, mj, and so on) during heating. The relative 
change in these quantities for a 1°K change in tem- 
perature can be of the same order as the coeffi- 
cient of linear expansion, i.e., ~ 107°. For ger- 
manium and silicon a direct measurement gives?” 
y = dA/dT = -—4 x 10-*ev/degree. The relative 
shift of the critical field is then expressed by the 
following formula 


pant 
AGATE og 


(11a) 


A direct comparison of (11) and (1la) shows that 
for T ~ Tp the temperature dependence of Eg 
produced by virtue of the thermal expansion is 
several times larger than the one following from 
(11). When the temperature is lowered the re- 
verse situation is produced, since |dE,/dT| in- 
creases sharply according to (11) while the coeffi- 
cient of linear expansion decreases.? At tempera- 
tures T X< 200°K the temperature dependence is 
determined on the whole by Eq. (11). For T2 Tp, 
on the other hand, the thermal expansion is prac- 
tically the only source of a temperature dependence 
in Eq. (6). 

In the case of a complicated lattice there are 
always some kinds of phonons with the same wave 
vector but different frequencies (acoustical and 
optical). In that case the temperature dependence 
of the transmission coefficient must clearly have 
the form of a “staircase” curve, which is a super- 
position of functions of the form (6). As a conse- 
quence, the region where this dependence is appre- 
ciable can be extended appreciably. Thus, for ger- 
manium Tp = 360°K and the frequencies of the 
optical phonons correspond to a temperature* 


Topt = hOopt/k = 500°K 
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A direct comparison shows that the factor in 
front of the exponential in Eq. (9) differs from the 
corresponding factor in Eq. (1.20) by the quantity 


Bee Ae ieee | ea oes: 
<A 8 Am, a | ; 


At the same time, a difference between ¢€,) and A, 
even by a factor two (€9 ~ 2ev), makes the expo- 
nential factor in Eq. (9) some 10 to 15 orders of 
magnitude larger than the one in Eq. (1.20), assum- 
ing that the quantities m, which enter in these two 
equations are approximately the same. [We recall 
that mj in Eq. (9) is the effective mass of an elec- 
tron and a hole, while m, in Eq. (1.20) is some 
formal quantity which is determined by the expan- 
sion (1.18).] If, however, mj > m,, direct diffu- 
sion makes a larger contribution to pair-production 
probability than a process involving the absorption 
of a phonon ky. This would merely mean that ap- 
parently the transitions involving the absorption of 
phonons having some other wave vector kmin play 
the basic role. Indeed, one can see from the gen- 
eral equations (4) and (5) that the probability of 
pair production involving a phonon k is determined 
essentially by the quantity 


F (E, k, py) 
_ aP yk) 

= Rel ar \ [ec (p) — ev (p — kk) — hey] dp | , (12) 

The point q(p,, k) in the complex p, -plane is 
determined by the condition that the expression un- 
der the integral sign tends to zero. For some well- 
determined values k=Kmin and Pp; = Pi min, 
which, generally speaking, depend on the direction 
of the field E, the function F(E, k, p,) reaches 
a minimum. The neighborhood of this point gives 
also the main contribution to the pair-production 
probability. Only in an exceptional case can it be 
shown that k,,;, = 0 and the decisive fact is then 
the direct diffusion of the valence electron into the 
conduction band. For given Pp; =P, min, the func- 
tion €g(p) — €vy(p —hkmin) reaches some mini- 
mum value in the neighborhood of which it can be 
written in the form 

€c (Py mins Py) — ev (Py min — RKy mins Py — KR, min) (13) 
\ (P te | min)” 
2m 
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From this it is already absolutely clear that we 
obtain for the number of electron-hole pairs pro- 
duced an expression which is completely analogous 
to Eq. (6), but instead of ky we have Kymin, and 
instead of A and mj we have A(P, min» Kmin) 


and m,(P, min» kmin): Practically, this differ- 
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ence becomes apparent in the more complicated 
angular dependence which can no longer be evalu- 
ated without giving explicitly the form of the func- 
tions €,(p) and ey(p). Apart from that, as is 
apparent from what has been said above, an appre- 
ciable reduction of the critical field can take place 
if even one of the functions €,(p) and ey(p) has 
sections with anomalously large curvatures. 

Finally we consider still one factor which can 
show an appreciable influence on the form of the 
function n(E, T) for relatively weak fields. As 
can be seen, for instance, from Eq. (6), the proba- 
bility for a process in which a phonon transfers to 
an electron not only the necessary momentum, but 
also an energy ¢€, is essentially determined by the 
factor 

4V 2m* 
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i.e., it increases steeply with increasing e€. Colli- 
sions in which an electron receives an energy 
larger than fiw,, even if they have a small proba- 
bility, can thus influence the number of pairs pro- 
duced. From the point of view of the framework 
used by us, such a process must be one in which 
several phonons are absorbed. It is well-known, 
however,” that the phonon concept itself cannot be 
used to describe transitions in which the lattice 
absorbs or emits an energy much larger than kTp. 
To ascertain even the qualitative aspects of this in- 
fluence, we make the apparently very natural as- 
sumption that the probability of receiving an energy 
€ from the lattice has the form a(e)exp(—€/kT), 
where a(e) is a slowly-varying function compared 
with the exponent. The total number of pairs pro- 
duced will then be 

5 ts 
n= bte)exp{— a — ee 


(ie oy l de, (14) 


Since the exponent contains a very large number, 
we can use the saddle-point method to evaluate the 
integral, whence we get 


1 (ehE)? 
Bin py eT AED) 
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em = A— (ehE / RT)? / 8m). (16) 


Expression (15) is valid provided €,, > 0. For 
strong fields, Eq. (6) remains correct. Thus, right 


up to fields determined by the condition 
eEd [kT ~ VY 2m*Ad/i ~ 1, (17) 


“multiphonon” processes make the main contribu- 
tion to the probability of transmission of a valence 
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electron into the conduction band, which leads toa 
completely new dependence of this probability both 
on the field and the temperature. ‘ 

As can be seen from the criterion (17), the re- 
gion of applicability of (15) reaches already at 
room temperature the experimentally observed 
range of fields (several times 10°v/cm). 

The considerations given here can also be fully 
applied to another mechanism, whereby a valance 
electron receives an energy € not from the lattice, 
but from another electron which is already in the 
conduction band. If the average energy of the con- 
duction electrons is less than the ionization poten- 
tial, only a very small number of them can produce 
impact ionization. However, the principal mass 
also takes part in the ejection of valence electrons, 
thanks to the process pointed out above, which isa _ 
combination of impact ionization and Zener diffu- 
sion. A qualitative equation, which can easily be 
obtained also for this mechanism, will be complete- 
ly analogous to Eq. (15), only instead of T it will 
contain an effective conduction-electron tempera- 
ture Teff which in strong fields is considerably 
larger than the true temperature.® Its region of 
applicability will, however, be limited by the con- 
dition kTo¢p « A, i.e., to rather weak fields. 

Finally, similar discussions show that collisions ~ 
with impurities, during which, in general, no en- 
ergy is transferred, can influence the probability 
for electron-hole pair production only at very low 
temperatures, T S To. 

The most reliable method to distinguish these 
two mechanisms from one another experimentally 
is, clearly, the observation of the temperature de- 
pendence of the critical field. In the case of an 
electron-phonon interaction, dE,/dT < 0 accord- 
ing to Eq. (11), while for an electron-electron in- 
teraction we must clearly have dE,/dT >0. Ex- 
periments performed on germanium™® give us 
reasons to assume that electron-electron collisions 
play the dominant part in not too narrow p—n - 
junctions. There is an indication? that the opposite 
situation holds for narrow silicon p—n-junctions. 

In conclusion, I should like to use the opportunity 
to express by gratitude to Professor V. L. Ginzburg 
for discussing the results of this paper. 
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A quantum theory of conductivity is developed for metals placed in a high frequency electro- 
magnetic field and a constant magnetic field. The dispersion law of the conduction electrons 
and the manner in which they are reflected from the surface are assumed to be arbitrary. It 
is shown that the amplitude of the quantum oscillations in the high frequency case is in gener- 
al considerably larger than in the static case. The quantum oscillations considered here have 


not yet: been observed experimentally. 
1. INTRODUCTION 


As is well known, in developing an electronic 
theory of the conductivity of metals it is possible, 
to a high degree of accuracy, to limit oneself to a 
semi-classical investigation which does not take 
account of the quantization of the energy levels of 
the conduction electrons. This possibility is related 
to the fact that, for all real cases, the level splitting 
Ae is considerably smaller than the limiting Fermi 
energy €, of the electrons. In order to have Ae ~ 
€) it would be necessary to have a magnetic field 
H ~ €)/p ~ 10° oersted, or a metallic sample of 
width d~h/v2m*e, ~10-8cm (m* is the effec- 
tive mass of an electron and p= eh/m*c). 

However a semi-classical investigation does not 
permit one to look into an important effect gener- 
ally absent in the classical case — purely quantum- 
mechanical oscillations of the conductivity. At the 
same time the study of these oscillations is of con- 
siderable interest, particularly because it gives a 
convenient method of reconstructing the form of 
the Fermi surface from experimental data.1~8 

The papers of I. M. Lifshitz and Kosevich?’? ap- 
pear to be the only ones in which diamagnetic os- 


cillations of the static conductivity of bulk metal 
in a constant magnetic field were arrived at ina 
consistent manner. The essential assumption in 
their papers was that the current density in the 
metal was isotropic, which permitted them to re- 
gard the statistical operator as not depending ex- 
plicitly on the coordinates. 

In the present work a theory is developed for 
the general case in which there is spatial aniso- 
tropy due to a non-stationary electric field. It is 
assumed that the anisotropy is substantial, that is, 
that its characteristic dimension — the skin depth 
6 — is small in comparison with the Larmor radius 
r and with the electron mean-free-path l (the 
so-called anomalous skin-effect), so that the re- 
lation between the current density j and the elec- 
tric field intensity E is an integral. At helium 
temperatures, where the quantum oscillations are 
observed, this is valid already for meter waves. 

The study of this case is of special interest be- 
cause the amplitude of the quantum oscillations of 
the resistivity tensor turns out, generally speaking, 
to be considerably greater (by a factor of €)/yH) 
than in the static case. 

At the same time, specific intrinsic difficulties 
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arise in the non-uniform case, connected mostly 
with the fact that it is not clear in what way one 
can correctly set up the quantum-mechanical prob- 
lem of determining the energy spectrum and the 
matrix elements for a finite sample of metal,. for 
which, in the classical case, the reflection of the 
electrons from the walls is diffuse. The problem 
can be solved because it turns out that only those 
electrons which do not collide with the surface 
make an important contribution to the quantum- 
mechanical correction to the classical current 
density. 


2. THE COMPLETE SYSTEM OF EQUATIONS 
FOR THE PROBLEM 


The complete system of equations for determin- 
ing the electrical conductivity of a metal consists 
of Maxwell’s equations 


ion 4x 


eurlE = —---3,; curl H=—-j (2.1) 


and the kinetic equation for the statistical opera- 
tor f 

OL a ee ea Wr 

ap ae Lt a Tf to = 9. (2.2) 
Here E and H are the electric and magnetic field 
intensities; j is the current density; %¢ is the 
Hamiltonian; We/ t) determines the change of the 
statistical operator as a result of collisions; and 
to is the characteristic relaxation time. 

The relation between the current density j and 

the statistical operator f is given in the quasi- 
classical approximation by the equation* 


j(R) =eSpfv-3(R —r). (2.3) 


Here R is the radius vector, considered asa c- 
number in contrast to the operator r= —ih9d/oP; 
Vv is the velocity operator, corresponding to the 
classical quantity v = d¢/@P; ¢€ is the energy; 
P is the generalized quasi-momentum of a conduc- 
tion electron [by “conduction electron” is meant 
the corresponding quasi-particle with the disper- 
sion law ¢€=e€(p)]; and p=P —eA/c is the 
kinematic quasi-momentum. 

Equation (2.3) can be obtained from the defi- 
nition of j with the aid of a variational principle: 

OS iceo ae e \ jaAdV, (2.4) 
a (% 

where 3 is the classical Hamiltonian and 6A is 


*This formula could also be obtained from the quantum- 


mechanical equation j(R) = (Y*pW + Yp* ¥*)/m (WV is the wave 


function), by replacing ¥*(R)'¥(R') by f(R, R’) and p/m by 
v for an arbitrary law of dispersion. 
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the variation of the vector potential A(R); the in- 
tegral is taken over all | space. | 

In the operation, 6K, it is understood that in A 
the quasi-classical approximation, to an accuracy 
of order fi?, any Hermitian operator is uniquely 
determined by its classical analogue, and any meth- 
od of symmetrization leads to a unique result. The 
latter assertion is easily shown from the consider- 
ation that, to an accuracy of order lie 


| 


[a, b} = — 1h [a, bj, 


where [a,b] is the classical Poisson bracket. 

This one-to-one correspondence between Her- 
mitian operators in the quasi-classical case and 
the corresponding classical quantities will be used 
repeatedly in what follows. | 

We now transform Eq. (2.2). In order to do this, 
we first of all linearize it with respect to the high 
frequency field, setting 


f=f(éE)+f, B=s(p)+U=H—eg, (2.5) 


where g is the scalar potential, p the kinematic 
momentum, and U the potential energy (equal to 
zero inside the bulk metal and to infinity outside it, 
if emission phenomena are ignored). In the linear 
approximation in the electric field we obtain 


af’ DAC OB IN es d 

ae a = [E°, one Wf [to = aT e 
Ha BH, 

or, in terms of matrix elements, 


Ofaw | Ot + = (ee — ew) Faw + (WP Onn, / to 


(E), 


= — dfn (E) / dt. (2.6) 
Here E? and ¢; designate the Hamiltonian and 
the energy levels in the absence of a varying field, 
and k stands for the total collection of quantum 
numbers. 

We now transform the right side of equation (2.6), 
supposing that all classical quantities except f°(E) 
have an even dependence on magnetic field, so that 
their matrix elements can be calculated quasi- 
classically, and that the matrix elements of f°( E°) 
are known. 

In the same linear approximation, which is the 
only one considered in the present work (it being 
perfectly clear that non-linear effects are negli- 
gibly small for all real cases), we have in the 
quasi-classical approximation 


dw (E) [dt = 4 (f° (BE) — fo (E°) hay 
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f° (&,) — f° (e,,) 
dt ohn 


Ep — Ep, 


eee, (ev: E)xp . 
(In these calculations, allowance has been made 
for the above-mentioned correspondence in the 
quasi-classical approximation between the opera- 
tors and their classical analogues ). 
Thus the complete system of equations has the 


form 


1 oH 
cure = a 


curlH = 2}; 
Cc > 
Of pps i y Wr 
at a (ee — ew) Fane + WP ne | bo 
O(c, ) — fo 
— wR. ev°E)nw; 


En — Ep, 
j(R) = ef aw [vO (R —P) Jar 


In what follows it will be shown that, under the 
conditions of the anomalous skin effect (6 « r,l), 
the ratio appearing in the right side of this equation 
can be replaced by af°/ae, for the electrons mak- 
ing the principal contribution to the quantum-me- 
chanical correction. If it is only collisions with 
impurities which play an essential role, then for 
these electrons 


(2.7) 


(2.8) 


of 


fre = — ee EVzp’- 


Taking this circumstance into account, we write 
the current formally as fj. in the form 
ae fe (€;) — fe (Epr) 


fare = ae CVn’, (2.9) 


where y satisfies the classical equation 


(dp / dt)giera + Wh / ty = VE, (2.10) 


which was solved in Ref. 4 for classical boundary 
conditions. Finally, in the general case, (2.9) and 
(2.10) will hold with W =1; this case is also con- 
venient for making all necessary estimates. 

As has already been shown,‘ for the anomalous 
skin effect (6 «<r,l) it is always possible, at any 
temperature, to introduce a time of free flight and 
to set W =1, taking t) =ty(p). 

In terms of the variables E°, t, (the period of 
revolution of the electron in its orbit), pz (the 
projection of the quasi-momentum in the direction 
z of the constant magnetic field), and ¢ (the co- 
ordinate in the direction normal to the surface of 
the metal), we obtain, after setting ~ = ~we’” 
and E = E, eit; 


OY NBO oii) Ve 
LOY +0¢ ya + Oh = t 


Ve Re (2211) 
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Hence 


ty 


bo = exp B 


hee emai nelly » (2.12) 
ty 
Pig l/h te. (2.13) 

Here we have chosen that solution of Eq. (2.11) 
which is finite and periodic in t;. In what follows, 
Jw,» Ew, and %, will always be understood and 
the index w will be dropped. The quantity a is 
the solution of the equation 

ty 
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(2.14) 
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which is closest to, but smaller than, the quantity 
F (ens) —P(eR) Pe 
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t,. In case there is no root it rhust be assumed 
eS IK a(t, t,) 
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where it has been assumed that the quasi-classical 
matrix elements depend essentially only on the dif- 
ference of the quantum numbers, and the following 

notation has been introduced: 


DO pp, == OD, py (R). 


Consequently the problem reduces to the calcu- 
lation of the quasi-classical matrix elements. 

If the surface of the metal could be considered 
as a geometrical plane, on one side of which (inside 
the metal) the potential energy were zero, apart 
from emission phenomena, and on the other side in- 
finite, so that there would be a correspondence with 
the classical case of the specular reflection of elec- 
trons from the surface, than finding the quasi-clas- 
sical energy levels and matrix elements would re- 
duce to the solution of the classical problem. This 
case is studied in the following paragraph; it is 
also the only one which has been considered in the 
literature to date.°»® 

In itself, specular reflection is of purely aca- 
demic interest. Actually the reflection of electrons 
from the surface of a metal is diffuse or nearly so 
in the classical case (see for instance, Refs. 7, 8), 
because the potential energy increases from zero 
to infinity over distances of the order of the inter- 
atomic spacing; and, over just such distances, un- 
avoidable distortions of every kind, non-uniformi- 
ties of the surface of the metal, make the law of 
the increase of the potential energy a random func- 
tion. It is thus very difficult simply to formulate 
correctly the quantum-mechanical problem of de- 
termining the electronic energy spectrum even for 
diffuse reflection. Furthermore, even for mirror 
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reflection, the task of actually calculating the en- 
ergy spectrum and the matrix elements is extreme- 
ly involved, since it requires finding the adiabatic 
invariants and the angular variables for the motion 
of electrons in a magnetic field in a potential well. 

In Section 4, however, it will be shown that in 
the case which is of interest to us, that of the 
anomalous skin effect, only those electrons which 
do not have any forward motion, do not collide with 
the surface of the metal, and whose spectrum co- 
incides with the spectrum of electrons in unlimited 
space, make an essential contribution in the quan- 
tum-mechanical correction to the classical current 
density. Thus the character of the reflection seems 
to be unimportant for determining the quantum con- 
tribution to the impedance, so we are able to obtain 
the quantum-mechanical formula for the total sur- 
face impedance of a metal. 


3. SOLUTION OF THE PROBLEM FOR SPECULAR 
REFLECTION OF ELECTRONS FROM A ME- 
TALLIC SURFACE 


For mirror reflection of electrons from a sur- 
face it is convenient to take as quantum numbers 
(k) the quantum numbers ny, ng, n3 correspond- 
ing to the adiabatic invariants I, I,, I; (in this 
section we will for generality treat an arbitrary 
finite sample of metal). The sets of numbers 
(ny, Mo, ng) and (Jy, Iy, 13) will for convenience 
be designated n and I. 

The energy spectrum is obtained from the clas- 
sical function E°(1) by replacing I by (n+y)h 
(where nj; is integral® and yj < 1) and by adding 
a spin component +ehH/myc, where my is the 
mass of a free electron. 

In this paper we will ignore the spin component 
altogether, for the sole purpose of simplifying the 
writing, and, in conformity with this, apart from 
the summation over n in the equation for the cur- 
rent density, will write down spin two: 

j(R) = 2efan [v3 (R 

It is possible to neglect the spin component be- 
cause in general the effect mass which enters into 
H is not the same as the mass my of a free elec- 
tron. 

In terms of these variables, the quasi-classical 
matrix elements ,, represent the Fourier com- 


ponents of the corresponding physical quantity 
@(w,I1) with respect to the angular variables:* 


—T)]vn (6.1) 


Onn = Dyn (n) 


*This formula is a natural extension of the formula devel- 
oped in Ref. 9, considering that w = 0E°/dI. 
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nap | 
= \\ Verena @ (w, (m+) h) dias diy diy. (3.2) 
000 | 


In order to make calculations one naturally has 
to know &(w, 1) for all values of the angular vari- | 
ables. For electrons colliding with the surface in 
the classical case, one has to write down the tra- 
jectories taking account of their reflection from 
the surface. It can be shown that such a descrip-_ 
tion of the trajectories is equivalent to a suitable 
continuation of the function @ in the region out- 
side the metal analogous to that developed in Ref. 
10, to which, as it was found there, the reflection 
conditions of the electrons from the metallic sur- 
face reduce. 

For the choice of quantum numbers which has | 
been made, the final transition to the classical case © 
is particularly graphic. | 

As seen from (3.2) and (2.7), the equations de- 
termining the current density in the quasi-classical 
approximation have the form 


j= 2e >) dfx (n) [v8 (R — 1) a5 


~ — (3.3) 
Of, (n) JOE hes a 
5 L Ori aI, kfx(m) +) Wau (Ins Tn’) fre (10) Alyy 
F (Eni) — f (Eq) : CA 
oa "(evE)x; Al, =Al,, AT, AIp, = h?. 
ntk — ©n 


The classical kinetic equation for the distribu- 
tion function f’ 


oe a 


+ [EP I+ Wf /t = —-4 ev-E 


is written in terms of the canonical variables I, w 
in the form 


of’ OE° Of’ Ge ae afo 
din api. nak eco) Sane Ome 


(Here we make use of the fact that E° depends 
only on I, and consequently dE°/dw = 0). Expand- 
ing all functions of w as Fourier series, we obtain 


F’ (w, 1) = Sh fe (I) e272; 
k 


dfx (I) OE° 
a + ni Se fe (1) 


4 / 
+ 3) We, (1 V) fir (Wd = — FF (eve, 


which differs from (3.4) only in that I is consid- 

ered not as a discrete but as a continuous variable. 
We now write down the current density in terms 

of these same variables. Making use of the fact 

that the Jacobian of the transformation from one 

set of canonical variables (r, P) to another (I, w) 


is equal to unity (see, for example, Ref. 11 ), we 
have 
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5 2 , 
j= 6\ wrap = je \vi'3(R— 1) aPar 


2 a 
= ai 3(R —r)dldw = je \WVPa(R —1eodl 


= \a Dl) 6 (R =F) v1 


which corresponds to (3.3). 

The final transition to the classical equations is 
now quite apparent. Thus the solution of the quan- 
tum mechanical problem for the case of mirror re- 
flection reduces completely to the solution of the 
classical problem. 


4. SOLUTION OF THE PROBLEM FOR AN ARBI- 
TRARY LAW OF REFLECTION OF ELECTRONS 
FROM THE METALLIC SURFACE 


As is well known, for the anomalous skin effect, 
when the smallest characteristic dimension is the 
penetration depth, the classical magnitude of the 
surface impedance depends on the way in which 
electrons are reflected from the surface of the 
metal. It follows that one must take the boundary 
conditions at the surface into account in solving 
the problem. 

As already stated, however, the nature of the 
surface reflection does not show up in the quantum 
mechanical correction in the zeroth approximation 
in the “anomalousness” (that is, in 6/1 or 6/r, 
where 6 is the penetration depth and J and r 
are the average mean-free-path and the radius of 
the Larmor orbit) or in the “quasi-classicalness” 
(that is, in wH/ey, where p is the Bohr magne- 
ton for a conduction electron and € 9 is the limit- 

ing Fermi energy). We will now formulate this 
statement more precisely. We assume that the 
width D of the film is not too small, so that the 
Larmor orbit corresponding to a central cross- 
section pz =0 can be “fitted” into it: 


to ty 
b> sf \ Ur dt,| = (| vz dt, cos ¢ + 2p™* sin $)); 


0 to 
Oe (to) = 0¢ (te) = 0; ve (to) > 0, oe (te) <0, 


where all quantities have their values at p, = 0, 
€=€). The maximum px(é€o, pz, ty) is taken with 
respect to the time t, of an orbital revolution, ¢ 
is the angle between the direction z of the con- 
stant magnetic field and the normal to the surface 
of the metal, and x lies in the plane of the surface. 
Then only those electrons which simultaneously 
satisfy the following conditions make a substantial 
contribution in the quantum correction to the clas- 
sical current density: 


(4.1) 
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1. Their average velocity of motion in the in- 
terior of the metal during the time of one orbital 
revolution is small: |vz| = |v, cos ¢| « |vz| = vo. 

2. The area S of the cross-sections €(p) = €9, 
p, = const corresponding to their orbits is near an 
extremum Sext. 

If the magnetic field is not parallel to the sur- 
face of the metal, @ # 90°, then only electrons to 
which there correspond cross-sections close to a 
central one (where pz =0) satisfy both conditions. 
In a magnetic field parallel to the surface of the 
metal the first requirement for closed cross-sec- 
tions is satisfied automatically, and only the second 
one remains. 

3. In the course of their motion, the electrons d 
do not collide with the surface. The division of the 
electrons into those which do collide with the sur- 
face and those which do not can be carried out be- 
cause of the first condition. 

The proof of these assertions is quite simple 
conceptually, but exceedingly involved even for 
specular reflection from the surface. Thus we 
will limit ourselves to illustrations of the corre- 
sponding reasons for the simplest cases. 

Let us demonstrate the first two assumptions 
for the example of an unbounded volume, where the 
electric field is different from zero only in the half- 
space ¢ = 0 (obviously this case is in itself of 
purely academic interest). The energy spectrum 
of the electrons in unbounded space has been found 
in Ref. 1-7 Ben, pz), Where the function ¢€ is 
determined from the condition 


S(E®, pz) = (n+) ehH [c. 


Since ~ depends on ¢, that is, on both y and 
z, the matrix elements of % in (2.9) will be non- 
diagonal with respect to n andto pz, so that 
from (2.8) and (2.9) we have 


— P(Enp,) 


eT eee) (4.2) 


A: (A, pz); 
€ 1— Enp Ip, 
n+l, pz +pz 2 


where 


ge (n, Pz)~ \ ey (1, Pz) [v6 (Z = Silee oy GPs; (4.3) 
Benp, /On = 1Q =H. 


From (4.2) a se a | 
j=—\ a. \ad & 
ne. SS n=0 1=—©o 


f° (Cyp bln + 0,02) — f° (Eap,) 
hQ +9, p, 


ois (11, Pz)} (4.4) 
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— = n, n)de =\ dt = U2 (Enp., Dz, 
dp, dp, jet Pz,7) : OP, 2 ( npz> Pz 1) 
x ty __ anm*c ol GIS _ 2n 
it me cH MM =a Gi N=. (4.5) 


Transforming the sum over n by Poisson’s for- 
mula (see Ref. 12, for example), and keeping only 
the oscillating quantum-mechanical terms (since 
they are the only ones of interest to us; the classi- 
cal part of the current density has been found in 
Refs. 13, 10, and 4), we have 


Oe == | >) G1; 
S=] l=—a@ 
Gu=—2 \ dps \ dp,\ em (4.6) 
Fo (Eng + [RQ + 0,p,) — f° (Eqn, ) 
——— = Ada) 
1kQ + 0,p;, @; 


Making a shift in n,* 
n—->n—l—0v,p,/hQ, 


and assuming that only € ~ €) and lvVzPzZ| K €o 
play an essential role, we find 


Gg: a) \ dp; \ dn-errishfo(e,,,.) \ Jer dpz, (4.7) 
—oo 0 —oo 
Jj 1 — exp (—2nisv,p,/kQ) 
Se thQ +0,p, Ip, 
(4.8) 
aris 
ee (— Ti OA. /O2np,- 


Integrals of the type (4.7) have been calculated by 

I. Lifshitz and Kosevich,*® who have also shown that 
for €)/HQ > 1 only those electrons which are near 
an extreme cross-section p, = p&*" of the limiting 
Fermi surface ¢€(p) =€) make a significant con- 
tribution; this situation corresponds to the second 
condition for the electrons which are “necessary” 
for us. A region Ap, of order 


| Apes ~ [(hQ/2,) (2m*eo)]" (4.7a) 


near the extremum takes part in this contribution. 
We now look into which 1 pew, and p, makea 

substantial contribution to Ggj, that is, for what 

values of these quantities J sj] is not small. 


*It might appear that a convenient shift would be n>n—J, 
pz? Pe—-Pe- This is not so, however, because of the diver- 
gence with respect to pz of each separate term in (4.6) fot 
1 =0 the divergence occurs for p, = 0). 
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In doing this we first of all note that from (4.2), 
(2.9), and (2.7) 


4\ i 


[A 1~ (VE), ait agen 
4 14>, 
aa ee | (= = ce | 0,041); 
1/t! = I/to + (o + IQ). (4.9) 
Let us designate 
| 02p3| /(hQ) = x. 
Then 
hQ SE 4 
[Isr] ~ i + FH 0+% (atty? + x (VE),,"- (4.10) 


The quantity x is intrinsically different for a cen- 
tral (xc) andanon-central (Xpc) cross-section 
for one and the same pz. For a central section 
(pz =0), Vz =0, for anon-central one, |vz| ~ 
lv,| =vo- This means that near a central cross- 
section, where (4.7a) holds, the quantity vz, is of 
order |Vz| ~ vo (ha/e,)7, while on a non-central 


section, |v,| ~ vo. Thus, since 
[Oe ee heel al Oo 2 epee 
ae Re aan te OR a 
then 
lpz| (#o\! | pz | 
Co iirc (2) » tne ~ Gi, 2 Hee (4.12) 


The coefficient of (v-E)Jp, in Js{ is not small 
if x 2 1/(1+ Qt), that is, if 


ii h U 
r| as 0 
\Pz1< Aaa) Fao? 


Aerie ary (4.13) 


However the matrix elements (v-E) lp’, differ sig- 
nificantly from zero for pj, ~ i/dZ 60, “where OSE 
= def¢/cos ¢ is the effective skin depth in the di- 
rection Z; Oe is the effective skin depth (in the 
direction £¢). Consequently the values which are 
important are 


«| h he , 
| P| min | 5008 #} 
. ry 
x ~ min eS | (4.14) 
For a central section, this gives 
hfe Saeki 
| P, |~ min {7 (3) ; 3g 008 |: (4.15) 
and for a non-central one, 
PEPIN nie RRR 
| Pz) min es ri? ne me COS $h. (4.16) 
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Two cases are possible. If Ooze S > ro (that is 
cos > < def¢/rj), then relative to the quantity a, 
See (eo Nt sar fee \" 
Ce <i (¢2,) =a ro cos ao) 4 (4.17) 
either central sections alone are important (if a 
>> 1), so that 


Sett U ye Oy 


Uc = U2C08o S ae 


or else all extreme sections (if a 21), so that 


Uc ~ Uz COS > S Vy Seit/ Ty K Vo: 


If O&¢¢ K rp (so that cos $ > Sore/ry), then 
only central sections make a substantial contribu- 
tion to Ggj (the contribution of the non-central 
sections being smaller by a factor of [62 fp /To te 
(HQ/e,)7)-! , or 


ey oS ae 
Ur = UzCOSP~ Vy (=) cos $? < Up. 


(It is obvious that the skin effect was taken to be 
anomalous, that is Oop Kr, at every point of the 
demonstration ). 

In this way tne first condition is also proved: 
for all cases |v;¢| « vo. 

We note further that, as follows from (4.10) and 
(4.14), only x <1 is important both for Qt? >1 
and for a> 1, which means 1 =0. Clearly for 
a >>1, central sections (or 1 =0) play the prin- 
cipal role. 

The first condition is easily understood physi- 
cally. It is automatically satisfied in a parallel 
field (¢ = 90°). Let us study an inclined field 
(@ ~ 1), in which, due to the fact that the electric 
field E depends on z, only py ~ f/Sogs is im- 
portant. However, because of the dependence of 
the electron energy on p,, the magnitude of |pz| 
is limited to |fi/v,T|. Thus for the anomalous 
skin effect, when Oeff Kr, py ~ H/r ona non- 
central cross-section, and 

kh [ & \le 
(ia) }: 


on a central one, so that the non-central sections 
make a contribution in the next approximation with 
respect to the anomalousness (deff/r) or to 
(f2/eq) 7. For the normal skin effect (deff > Tr) 
in the bulk metal, however, all extreme cross-sec- 
tions play the same role, as is to be expected. 

We now prove the third assertion in the case 
when the contribution of electrons colliding with 
the surface is maximum, as is easily visualized: 
the constant magnetic field is aligned parallel to 
the surface (o =7/2), and the reflection of elec- 
trons from the surface is specular. The energy 
spectrum E?=e(n, Px, pz) in this case has been 


i 
| P, |~min{s—, 


found earlier;> A is non-diagonal only with respect 
to n; the quasi-classical matrix elements coincide 
with ine Fourier components with respect to the 
time;? the electrons have Vy ~ dpy /dt = 0 so that 
they can be separated into those which do and those 
which do not collide with the surface; and all ex- 
treme cross-sections make a substantial contribu- 
tion to the current density. 

The formula for the current density j(Y) in 
this case is written in the form 


fos) 


i(Y)= — \an5 s (| aP, 


n=0 l=—oo —oo 


P (Enva, ee oe 


fo (np 2P x) 


En+l, Dz, eS i ee D, (n, Pz» Px), (4.18) 
Di = Kbi(v3(¥ — y)]-1 
or, considering that for Aj@" for ¢=7/2, a= 
only 2 = 0 is important, 
Aj? (Y) = S$} Gso; Geo (4.19) 


=—2 dy dpz \ aPs\ Coe 


—o 


— = Ao (1, Pz, Px) dn. 

We now separate out from Gg the contribution of 
electrons which do not collide with the surface 

y =0. For simplicity, we consider the case of a 
half-space. In classical mechanics, y(t) = 

(Px — px (t)/|eHe]. An electron does not collide 
with the surface y =0 if at all times during the 
motion y(t)> 0, that is, if 


Y nin (t) = (P, — p™*) | cleH | > 0; (4.20) 
Po Py Pe Ppa Pyh® Dan EP glean e)s 


(The maximum is taken with respect to t,). The 
corresponding inequality in the quasi-classical 
case is 


Px > Po (Enp,» Pz) (4.21) 


Here we have considered that the electrons which 
do not collide with the surface have the same spec- 
trum as in the bulk metal: 


e=e(N, pz), (4:22) 


that is, the energy is infinitely degenerate with re- 
spect to Px. 

The degeneracy with respect to Px is removed 
for electrons colliding with the surface, or ¢€ = 
€(n, pz, Px). 

A calculation analogous to that carried out by 
Kosevich and Lifshitz® shows that, because of the 
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degeneracy with respect to P, and the resulting 
absence of an integration of of/ d€npz over Px, 
the integral over dPx from Py to » proves, as 
in Ref. 5, to be (€)/n®)'/2> 1 times larger than 
the integral from -— «© to Po. This fact indicates 
that it is sufficient to give attention only to those 
electrons which do not collide with the surface. 

A case which is more convenient for calcula- 
tions is naturally one in which 


a = (Seit/To) (€0/AQ)" / cos 6 > 1, (4.23) 


so that the spectrum of the electrons which give a 
substantial contribution to Aj%4 can be regarded 
as coinciding with the spectrum of the bulk metal, 
and the relation between the periods of the quan- 
tum oscillations and the areas of the extreme 
cross-sections is the same as in Ref. 1; in the cal- 
culation of Aj@" only 7 =0 is important. 

If (4.23) is satisfied, then for the value 1 = 0 
which we require the expression for 7% is consid- 
erably simplified. From (2.7) for 1=0 and ac- 
cording to (4.23), |v,p;ts/n| « 1, 


(5) 


As already pointed out, because of the quasi-classi- 
calness only those electrons are important which 
are near an extreme cross-section €(p)=€ 9, pz 
(and, for 1/2 — ¢ > def¢/r, near the cen- 
tral cross-section, py =0, €(p) =€ 9). 

Because the skin effect is anomalous, only elec- 
trons with |v¢| «vo, v¢(t,) <0 are important 
(this will subsequently be shown to be analogous to 
other results!*»14>4; physically this assertion is re- 
lated to the fact that only those electrons which 
spend a maximum amount of time in the skin layer, 
that is, those having vz ~ 0, play a significant 
role). 

Consequently in the current density in the sym- 
bol for a matrix element, it would be possible 
everywhere to take out v atthe point €(p) = &, 
pz = pe** (or pz=0), vg=0, ve(ty) >0, and 
to sum over all extreme cross-sections (or over 
all non-central ones, in the case of a non-parallel 
field). 


(4.24) 


zs oe 


5. CALCULATION OF THE QUANTUM CORREC- 
TION TO THE CURRENT DENSITY 


In the preceding paragraph it was shown how one 
might determine the quantum correction to the clas- 
sical formula for the current density. 

The simplest case is one in which the magnetic 
field is aligned parallel to the surface. Here the 
physical quantities depend only on y and conse- 
quently are non-diagonal only with respect to one 
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quantum number n; the quantum-mechanical cor- 
rection to the current density is determined by 
(4.19), (4.21), and (4.22), where 


K = 20¢°/h?, (5.1) 


in which it is easy to demonstrate the transition to 
the classical case. 
Evaluating the integrals, we obtain 


—_ 


2 
\ 


dln Soxt \” 0AMS*t 
( de ) OH” 


: we 
Ajit (Y) = Dis Hx, (ey Ps) (5.2) 
where AM&** has been found elsewhere;! the sum 
is taken over all extreme sections, and for the film 
thickness D 


Are? ieee San2 Ue (¢) 
x) = ori (2 OS(V ee) 
p, (t) — pe 
%:8 (DS Sarma 


7 p, (t)—p, (¢’) A 
x 0; (t’) E,(Y ef zoe (5.3) 


D> 


1 0 
S(w) bea ar | (PE — pein, 


~ |0~@w<o) 
P= 9 = 7 \ pdt, 
0 

which corresponds to (4.24). The averages are 
taken over the period t’ (designated by a bar) and 
over t (designated by “av” ). 

Inasmuch as the calculations were actually car- 
ried out in terms of the variables {ehem, H 
(where fchem is the chemical potential), and 
physically it is not ¢ghem but the total number of 
electrons which is conserved, it would be necessary 
to allow for oscillations of {,hem- However, since 
Atom ~ (H@/e,)¥? and Ast ~ iQ/eq)'?,43 the 
oscillations of {chem can be ignored. (As will be 
seen later, this is true for any inclination of the 
magnetic field). Finding the quantum contribution 
to the current density for an inclined magnetic field 
is quite complicated. 

We obtain a closed solution of this problem for 
the case of a strong magnetic field which satisfies 
the conditions 


bY "la bY 
Q So, =, @- Oto; mag (8) =< ab 
tt) 


— ] 
rcos$ \iO mir 


(5.4) 


(the second condition allows us to use the spectrum 
for electrons in the bulk metal). 

It is obvious that we would be able to solve this 
problem without superimpositng this restriction on 
the size of the magnetic field. Since, as proved in 
Section 4, the nature of the reflection of electrons 
from the surface does not influence the result, the 
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solution of the problem for specular reflection 
(Section 3) should parallel the solution for any type 
of reflection. However a similar solution is ex- 
tremely involved. All the results can be understood 
in the most important case (5.4), however, when the 
formula for Aj9" takes a very simple form. 

We note that the condition (5.4) leads to an ad- 
ditional reduction of the relative contribution of the 
electrons corresponding to a central section and 
colliding with the surface, since these electrons 
are only accelerated once during the time that the 
electrons which do not collide with the surface are 
accelerated many times (since 2 >w, 1/ty). It 
is this circumstance which facilitates the solution 
of the problem. 

For simplicity let us investigate the case when 
the Fermi surface is a closed convex surface. 

It follows from Section 4 that the quantum con- 
tribution to the current density from (5.4) in a film 
which is not too thin differs from that in an un- 
bounded sample of metal, with the same electric 
field distribution as in the film, only in that it is 
necessary to consider only the electrons which do 
not collide with the surface. Thus we write Aj7 
for an unbounded volume of metal in such a form 
that we can separate the electrons which do inter- 
sect the surface £=0, D from those which do not. 

In an unbounded metal, j is given by formulas 
(4.4) and (4.3). 

Under the conditions which we have assumed, 
the oscillating quantum-mechanical part will, ac- 
cording to Section 4, be given just as accurately 
by the equation 


r afe 
Sa \ dpz > Oe 


But from equation (4.9) it is clear that, because of 
(5.4), 


\ Moy! Ie: (5.5) 


Mop > Aig (20); Aggs © >; Arg (5.6) 


‘L=—o 


or 


fos) 


Gasen fon Si 


em \ dP, \ dp, > Lhe 8(Z emer 


—co —-o 1=—0o 


= \ dP, [pv8(Z DBO Sove(Zeo: (5.7) 
Thus this integral is proportional to the corre- 
sponding quasi-classical quantity in a state with 
€=e€(n, pz) and pz. This is to be expected, since 
if, in the formula 


foo} 


j=— | ane = ( ap, y Avy 


—ca 


lio 

we replace the summation over n_ by an integra- 
tion and remember that 0(n,p,)/8(€,p,) = 1/hQ, 
we obtain the classical formula for the current 
density. 


Consequently, the transition from the classical 
equation for j, 


, 2\e|°H ¢ ofe 
(aoe ie VE vpdedpe dts, (5.8) 
to the quantum-mechanical one gives 
: 2lehH ¢ Of? 
j= — UE | dpe 3 git 0 
— © n=o “V2 
Ty 
X | Vi(enzes Penta) VG) np $9) de eC) 
0 


Substituting the expression (2.12) here for y%, we 
write jj(¢) in the form 


2\e|8H 


ji (C) a ch 


( dp. oe ( dl, (5.10) 


30.) n=0 — oo 


x {, (i) Gee) 


x | exp {- bo EG +oeatl 


fas 0 av 


ty 
G(h) = J vxdts. 


1 
0 


(5.11) 


We take tj to be the time when 
Ug (Enpgr Per to) = 03 VG (to) >0, £0 = to (Cnpys Pz): (5-12) 


Strictly speaking, there are an infinite number of 
values of t) which are solutions of (5.12). How- 
ever, only the quantum correction Aje" is of in- 
terest to us (the classical part j; has been deter- 
mined already!*»!4*4), and for this only the point 
Vc(€npz, Pz) =9 is important. For electrons in 
these states, the various values of tj differ by 
integral numbers of periods, thereby not affecting 
£,(t,); & is in this case the minimum distance 
of an electron from the surface. 

It is now a simple matter to separate out the 
electrons which do not collide with the surface: 


foe) 6S Q 
- Mag 2\e\|? ofe ° 
in(6) = ch? 4 dpe a np, | de 
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ec t —t , Be , 
Xx \ exp (— 1 ) 04 (ty) By (to = \ vedt») dt; 
=e : t (5.13) 
0 . 
Ue (to) =0; de (to) >> 0; Ox (to) = 0; 
ty to 
ve (ts) <0; D>|\vedes|, _,. =D ean 
f é fe 9514) 
0 0 


f) = Q, since the lowest point of the orbit ¢) + 
“ 
i v¢dt, for electrons which do not collide with 
to 
the surface lie inside the metal, that is, 
to 

f Vv; dt, =< D. It is obvious that this formula 
i 
gives accurately only IN and not the classical 
value jj, for which it is essential to make allow- 
ances also for the electrons which do collide with 
the surface. 

Evaluating (5.13), with vy =0 and taking note 
of (5.4), we obtain 


oo = 


qu 13 oes (ee §\2 0AM, 
de ) 


ie Qa Dn > 


(5.15) 


E=£o, pe=0? 
1 te 
| (4) S(6— ( vedt,)S(D—¢ =i vedts) 
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0) 
to 


th 5 ty 


x \ exp(— aa )o (t) E,(¢— \ vedt,) dt,| | 


avlpz= 0 


s 
ty ty 


= {v2 (41) S (¢ = \ vedt,) S(D —<—\ vedlts) 


t ty 


ty 


x v; (t,) E; (c = vedt.)} (5.16) 


This formula has the same form as (5.3), but it has 
a considerably narrower range of applicability. 
The fact that it appears to be exact in a parallel 
field is connected with the fact that the errors of 
the two approximations were reduced: in Eq. (5.6) 
and through the transformation in (5.16). 

We note that in the general case in Eqs. (5.15), 
(5.16), pz = pext and the sum is carried out over 
all extreme sections, if 1/2 - 6 « de¢¢/l, and 
over central cross-sections (pz =0) if 7/2 — 

p > Sor¢/r. The form of Eq. (5.16) corresponds 
completely to what was said at the end of Section 4. 

Thus Ajf#4 ~ (f@/e,)' always. The case when 
vj = 0 at the point indicated in Section 4 might be 
an exception, also the case of a field aligned per- 
pendicularly for an isotropic dispersion law, when 
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Vlp,=0 = 0 enters into the expression for Aj", | 
since at all times during the motion, vz, =0. This | 
leads to a decrease of Aj#" by a factor of €/hQ, < 
but when Aj" increases essentially in confor- | 
mance with the fact that the electron is at all times 
located in the skin layer and the normal skin effect 
occurs. For all cases, the oscillations of the chem- 
ical potential Agchem ~ (H2/ ey) 2 do not have to~ 
be taken into account in any way. 

Since |Aj@"| « jj, it is a simple matter to ob- 
tain the quantum-mechanical correction to the sur- _ 
face impedance. Its determination and also the 
solution of a series of other questions will be the 
subject of a separate paper. 

I am grateful to L. D. Landau and to I. M. 
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A mathematical technique is developed which permits one to take into account collective inter- 
action of particles in cyclic accelerators. The method is then applied to the problem of elec- 
tron capture in the betatron acceleration regime. The results obtained are compared with 


experiment. 


a has been shown in a number of experimental 
papers! that in the case of certain processes in 
cyclic accelerators, particularly during injection, 
the collective interaction of particles plays a sig- 
nificant and even a dominant role. 

Among the various kinds of interaction the fol- 
lowing are the most essential ones: 

1. Coulomb interaction which in the first approx- 
imation leads to a change in the frequency of beta- 
tron oscillations associated with a decrease in the 
effective restoring force, and also to the appear- 
ance of azimuthal inhomogeneities. As will be 
shown below, Coulomb repulsion plays an essential 
role in the process of the capture of electrons into 
the acceleration regime. 

2. Magnetic interaction which fundamentally re- 
duces to two effects. Firstly, attraction of currents 
which counteracts Coulomb repulsion; this has to 
be taken into account only at relativistic energies. 
Secondly, the effect of beam inductance which was 
pointed out by Kerst.® According tc estimates that 
have been made, such an effect can be significant 
only in the case of a very rapid change of current 
in the chamber which never occurs in practice 
(see, for example, Kerst® and Rusanov’). 

In addition to the above effects one could in prin- 
ciple take into account effects of two-body collisions 
in the beam which, however, produce an appreciable 
effect only at such high densities that in practice 
they can be always neglected. 

A typical problem in which the collective inter- 
action plays an essential role is the calculation of 
the current captured after injection into the beta- 
tron acceleration regime. 

Recently, a number of papers (primarily by 
Soviet authors ), among which one should particu- 
larly note Refs. 1—4, have been devoted to the 
experimental investigation of betatron capture. 


The main experimental fact requiring theoreti- 
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cal explanation is the large value of the captured 
current which does not fit within the framework of 
the original concepts of Kerst and Serber.® Indeed, 
the slow increase of the magnetic field can produce 
a displacement of the instantaneous orbit and a 
change in the amplitude of oscillations only by an 
amount of the order of 107° to 10~? cm/turn, which 
gives a very low value for the captured current 
since the majority of the particles must be lost on 
the back side of the injector. Moreover, it has 
been shown experimentally'~* that the value of the 
captured current within wide limits depends only 
very little on the distance between the filament of 
the injector and its edge (the so-called “gap” ), 
which also does not agree with the Kerst and Ser- 
ber theory. Moreover, recently it has been con- 
firmed experimentally that capture takes place 
into a field constant in time, with the qualitative 
picture of the phenomenon being essentially undis- 
turbed.* 

As a result of the above investigations, it has 
been definitely established that the capture mech- 
anism is unquestionably a collective mechanism, 
and that Coulomb interaction plays a fundamental 
role in it. 

Since we are unable to give here even a brief 
review of the basic experimental facts and hypoth- 
eses relating to betatron capture (as was done, 
for example, by Rusanov?) we must merely note 
that the published papers do not contain any mathe- 
matical theory of the above phenomenon which 
would at all satisfactorily explain the available 
experimental facts. There exists only a series 
of unrelated attempts and hypotheses the majority 
of which is in qualitative disagreement with exper- 
iment. 

One must, however, note that the above situation 
exists only for large injection currents when the 
collective interaction is very pronounced. For 
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small currents, the theory agrees with experiment 
satisfactorily. 

In dealing with such problems it is most natu- 
ral to adopt a purely statistical approach making 
use of the method of the kinetic equation into which 
the self-consistent interaction has been introduced. 
This method is used below for the investigation of 
the injection of non-relativistic electrons into a 
betatron. The generality of the method employed 
allows us to extend it to a number of other problems 
which will be done in subsequent papers. In particu- 
lar, we shall investigate collective interactions in 
accelerators with strong focussing, which is of in- 
terest from the point of view of obtaining high 
intensity beams in them. 


1. FORMULATION OF THE PROBLEM 


We shall describe the state of the system of 
electrons in the betatron chamber by means of a 
distribution function f(p,q,t) defined in coordi- 
nate and momentum space. We shall take for our 
starting point the equation 


CG) Of f 
Fsieh=(s-) —+ (1.1) 


coll 
which differs from the usual form of the kinetic 
equation by the terms -f/t and Fg which take 
into account, respectively, the loss of particles on 
the chamber walls and on the injector, and the ap- 
pearance of new particles due to the operation of 
the injector. In this equation, is the Hamilton- 
ian of the particle taking the self-consistent field 
into account. Generally speaking, in order to take 
the loss of particles into account rigorously one 
should have included in the Hamiltonian the inter- 
action between the particles and the walls and the 
injector, but this encounters considerable difficul- 
ties. Therefore we take the effect of the walls and 
the injector into account purely phenomenologically, 
viz., we characterize the particles by some mean 
lifetime in the chamber T which is a function of 
Pp, q and t and, generally speaking, a function of 
£(p, q, t). In other words, we shall consider that 
the change in the distribution function due to the 
loss of particles is proportional to —f/T. 

In view of the above remarks we can neglect in 
the present problem the term (8f/8t)¢o9]] which 
takes into account two-body collisions. 

In order to demonstrate more explicitly the 
method being employed, we shall discuss in the 
present article somewhat idealized conditions of 
betatron capture which, nevertheless, allow us to 
obtain the basic qualitative characteristics of the 
phenomenon and some quantitative estimates. We 
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shall treat the one-dimensional case, i.e., we shall — 
take into account only the radial motion of the elec-_ 
trons whose energy coincides with the equilibrium 
energy. Then, as is well known, the Hamiltonian 
may be written in the form: 


H = (p* + 08g?) /2m, (1.2) | 


where m is the electron mass, p is the radial — 
component of its momentum, q is the deviation 
from the equilibrium orbit and a? (up to a con- 


stant factor) is the frequency of betatron oscilla- 
tions 


a = (eH /c)* (1 —x)*(1—a)", (1.3) 


where x is the average charge density in the 
chamber which is to be determined expressed in 
units of the limiting density.* The self-consistent 
nature of the problem is already clear from the 
above since the density x is determined by the 
function f(p, q, t) which in turn is a solution of 
Eq. (1.1): 

The equation’ is considerably simplified if we 
go over to new canonical variables P and Q@ by 
means of the generating function 


292 292 
V (q, Q, t) =PtanQ + Se, (1.4) 


where we take the quantity « = ma/a® to be small, 
which means that the adiabatic invariant is appli- 
cable to the betatron oscillations. It may then be 
easily shown that, up to terms of the second order 


in €, the new Hamiltonian has the form 
ZO (i) Et (1.5) 
and Eq. (1.1) takes on the form 
op , a(t) ob _ ev 
Be Sto aw TP Fish alae ama 


where 7~(P, Q,t) is the distribution function in 
terms of the variables P and Q. 

The form of the function T may be chosen on 
the basis of the following considerations. Since it 
is physically obvious that particles, which have an 
oscillation amplitude a greater than the half width 
of the chamber ag, are lost during a time shorter 
than the period of revolution, it is natural to as- 
sume that 


ce Ve fon ide G.. (1.7a) 


On the other hand if the amplitude is smaller than 
the distance ay from the centre of the chamber to 


*The limiting density is that density at which the force of 
Coulomb repulsion becomes equal to the magnetic focussing 
forces so that the effective restoring force becomes equal to 
zero [cf. (1.3)]. 
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the edge of the injector then the particles have an 
infinite lifetime, i.e. 


BSC) lee WG, (1.7b) 


Finally, within the interval (a, a,) for the vari- 
able a the lifetime tT is a function of the ampli- 
tude which for the sake of simplifying the calcula- 
tions we shall assume to be equal to some constant 
T. 

It may be easily seen from formula (1.4) that 
the amplitude a is expressed in terms of the ca- 
nonical momentum P in the following manner: 


a=YV2P/«/(t). (1.8) 
From this it may be easily seen that the quantity 
a(t) and consequently also T(a) are unknown 
functions of the time determined by the distribution 
function 2%. 

After integration of Eq. (1.6) over the cyclic 
variable Q and denoting the average value 
~Y(P, Q,t) simply by w(P,t) we obtain the 
equation 

eee Ei s2 =P (Pit): (1.9) 

In future we shall assume that the injector cath- 
ode has vanishingly small radial dimensions and 
emits electrons with a certain angular spread so 


that the source function may be written in the form: 


Fs (pg =i) SSS BB, 
where i(t) is the emission current. Substituting 
into the above in accordance with (1.4) in place of 
-q and p their values in terms of Q and P, and 
integrating over Q we obtain after neglecting 
small terms: 


(1.10) 


i (Z) 2Po e 2P 2 Te 
Bs (OD) =~ ee af Pla? — a) (ara) (1.11) 
We shall assume the density of the beam to be 
equal to the total number of particles referred to 
a certain effective beam dimension aeff which 


we shall fix later* 


co 


x= (I/aett im )\ @(P, 4? 


0 
where P]im is the limiting density equal to 
Qlim/22 and Qjim is the limiting charge. 
Thus relations (1.8), (1.7a,b), (1.11), (1.12) 
and the initial condition 


(1.12) 


b(P, 0) =0 (1.13) 


*It will be shown below that the results depend only very 
little on the choice of the parameter 4ef¢- 


completely determine the problem of finding the 
current or the total number of particles in the 
chamber at an arbitrary time t. 


2. SINGLE ELECTRON CAPTURE 


Before proceeding to collective capture we shall 
first demonstrate how the fundamental features of 
single electron capture, i.e., capture at low cur- 
rents, follow from the present treatment. 

When the current circulating in the chamber is 
small the collective interaction is weak and we can 
take x <1. Then assuming that the magnetic field 
increases linearly with time, we obtain 


a? (t) = (eH; /c) (1 + yt) — ny’, (2.1) 


where y = Hye dH/ot and H; is the field at injec- 
tion. Since @ and T now do not depend on 7% we 
can employ the Green’s function method for the so- 
lution of Eq. (1.6). As is well known the Green’s 
function G coincides up to a normalization factor 
with the solution of Eq. (1.9) if in expression (1.11) 
we set 


i(t) =8(¢—?’). (2.2) 


Further, we assume for the sake of definiteness 
that the mean exit angle for particles from the in- 
jector is much larger than the chamber aperture, 
i.e., that 


p2 > at (0) [a2 — ail. 


Then after some elementary calculations we obtain 
t 


V2 as 
whet (yD ee | f Ate Sendie Bie 2.3 
G (P, é, t’) Ss a (2 ) exp [ \ « (V 2P/a a ce 
0 for t<l’ 
2q2 (t/) \4le ’ 
xRe(P =) "tor 1H 


We are interested in the captured current, i.e., in 
the solution for t ~ ~. From expressions (1.7a, b) 
and (2.1) it follows that the Green’s function for the 
captured current is given by 


oc 


Goo (t') = er \lim G (P, #, 1) dP 


t+ oo 
2Pc 
wen AY 1)| 
Y \aeH, 


aa? (t’) \ 2 


x Re (P a dP. 


a(t’) azl2 


a (t’) \ exp [’ 


0 


Beale 
re Tpol 


(2.4) 


On carrying out the integration we obtain the 
Green’s function Go(t’) and then we immediately 
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find the captured current Je: 


eH yt \'l3 
=. (==) (1 —nyile 


TC 


Pe 
eee) 


ip ve’) |") dt’, 


+ © 
ios \ i (t’) Geo (¢") dt’ 


t; 


x \ i (t’) a(t”) exp {— 


x o([2=4 
aye 


where @ is Kramp’s function, T is the period of 
revolution at the end of injection. Since usually 
yTK1, 6«K1 (where 6=1 —-a)/a;), formula 
(2.5) can be simplified: 
t; 
Te i a ( i (t’)(1 + yt’Ske-2t’8tdz’, (2.6) 
0 


(2.5) 


j= ( 


Q,T Tt 
where tj is the time when injection ends, and kj 
is the ratio of the chamber aperture to the mean 
angle of spread of the beam leaving the injector: 
ky = (eHjay /epy) (1—n)¥?. 

We have thus obtained an expression for the 
captured current for an arbitrary shape of the in- 
jector current pulse [we note that if the rate of 
increase of the magnetic field H is sufficiently 
great, i.e., yT >1, it is necessary to use the 
more general formula (2.5) ]. 

We have assumed above that the angle of spread 
is sufficiently large, i.e., that the coefficient kj 
is sufficiently small. We shall quote without giving 
its derivation the formula for the captured current 
obtained in the case when the injector gives no an- 
gular spread at all and all the particles are injected 
strictly azimuthally, with the current pulse being of 
rectangular shape: 


Sy hs — 4st ;|3t] —48/3yt 
lo= oF [l—e : le - 


(2.7) 
From formulas (2.6) and (2.7) we obtain the 
following fundamental characteristics of capture 
in the case of low current: (1) a low value of the 
captured current, since the value of the quantity 
T/T varies within the limits* 5 to 8; (2) exponen- 
tial dependence of the captured current on the “gap” 
6, since in practice always yT «1; (3) a linear 
dependence of the captured current on the emission 
current. 


3. COLLECTIVE CAPTURE 


In discussing collective capture, we shall neg- 
lect the explicit dependence of a on the time, i.e., 
the variation of field with time, which makes it 
equivalent to the problem of injection into a con- 
stant field. It can be shown that this assumption is 
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quite justified for sufficiently large injector cur- 
rents. 


The criterion which determines that collec-. 


tive rather than single-electron capture plays the 1 


dominant role will be given below. 

Since for t > tj, Fg =0, i.e., Eq. (1.9) reduces 
to a homogeneous one, the range of variation for 
the variable t in Eq. (1.9) can be conveniently 
broken up into two parts: one where t < tj, and— 
the other where t = fj. 

We discuss the solution in the first region. On 
introducing the new variable 


o= ( yy 


and taking into account (1.7a,b), (1.9) and (1.11), 
we obtain the equations which determine the cir- 
culating current: 


t 
yg be ea — (t—t’)|t a hie 2 , 
Od eateries \e tan a Pe? 
0 
x [ne (t) — 9 (t’) Phat’, t<ty (3.2) 
t 
e—(t—-t) It; tee pls (¢’ 
Of ee it L ie ) tan (t’) 
t(t 
x [We (t)— p(t )Prdt’, t>t, 


(3.3) 


where 7=a;/a1, Jlim =Qlim/T is the limiting 
current, while t, and t(t) are determined by the 
relations 


9 (t;)=4 3, 
9 (2) = 49 (2). 


In the general case, the solution of these equations 
is quite a complicated problem, and therefore we 
shall discuss here the case most important in prac- 
tice when the injector current reaches a stationary 
value i afteratime <7. 

In this case the final value of the circulating 
current will be determined by the equation 


(3.4) 
(3.5) 


tal tat (3.6) 


tan™! a (4? — 1)'hp a0 
n st 

We note that if tj > 7, which always holds in 
practice, then the captured current does not depend 
on the way the current behaves during injection, but 
is determined only by its stationary value 1 — Post 
or more accurately by the value of x at the time 
when the injector stops operating: Xj =x(tj). 

We now proceed to determine the captured cur- 
rent. From Eq. (1.9) we obtain 


* 


co 


Zain exp | \ re 


Z 


(3.7) 


36 eS 


\ U (P,t;) dP; 
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(3.1) 
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where 


2 i —¢, * , 
U(P, te) = he | exp {— 4 18 + 208 01) P 
0 1m 


it bate 2 —}, 
=k (at Relay — at] “at 


(3.8) 
Generally speaking, aeff is some monotonic 
function of the time. 
On taking into account the explicit dependence 
of T on P equation (3.8) can now be brought into 
the form: 


Meee AO tS tyy (3.9) 


aa%(t)/2 


(a(t; 
=p | UPyexpj—-—— 
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\aP 
(3.10) 


i; 
te exp {— “0 t \ U (P)dP, t > te, 


arat(t)/2 


where P, = aja?(t;)/2, t,=t"(Pj) and t"(P) is 
determined by the relation 


a(t”) = V 2P / ap. 


We note that if the function U(P) is known Eq. 
(3.10) allows us to obtain the captured current also 
in the case that the magnetic field H depends ex- 
plicitly on the time. 

As is shown by calculations made in the two lim- 
iting cases aeff =a, and aeff = ay the value of the 
captured current for usual values of the accelerator 
parameters depends very little on the magnitude of 
aeff (Fig. 1). Therefore in order to simplify the 
calculations we shall assume that aeff = const.* 

In this case the solution of Eq. (3.10) is obtained 
from 


Pomme aca) eer | 


(3.11) 


Y (x) = \ U (P) dP, 


ao? (x) ] 2 

0 
while the value of the captured current is obtained 
from the equation 


x 
Cc 


\ dx’ as 


pach emt (3.12) 
F(x’) Te £¢ 


te —ti 
exp{ B=, 
x (te) 


In the general case of arbitrary po in the ex- 
pression for the source function in (4.11), the in- 


*It should be noted that similar but more complicated cal- 
culations can be carried out in the case that aer¢ = eff (t). 
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tegral on the left hand side of (3.11) is not expres- 
sible in terms of elementary functions. Therefore, 
in order to obtain the final expression in analytic 
form we shall consider the case most frequently 
encountered in practice when the mean square exit 
angle from the injector is much greater than the 
chamber aperture. Calculations carried out in 
another limiting case of a sharply focussed beam 
show that the qualitative picture of the phenomenon 
is preserved. 

In the case under discussion, (3.11) is trans- 
formed into 


(Se) = a, 1—(a/ 4) 97 [1 — ex {4 
a1; Gete 2(a1/a)*o Pp 7 , 


(3.18) 


where 


Fi) = —[F@—N'+$@-1)4@4+)E-" 


faa" (3.14) 


+ Bibs tn 8 = (4? — 1)". 


At the beginning of this section we noted that 
the dependence of the magnetic field on the time 
can be neglected if the injector current exceeds 
a certain value equal to igy. In the case under 
discussion 
een eae nT 

(t— 8) 22? = 1) ke 


Jlim. (3.15) 


lor 


Thus the condition i>igy corresponds to the re- 
gion of collective capture, i X igy corresponds to 
the region of mixed capture, and i <igy to the 
region of single-electron capture. For example, 
in the case of the 30 Mev synchroton at the Physics 
Institute of the Academy of Sciences, we have the 
value igy ¥ 10ma. The experimentai value of the 
current at which the mechanism of collective cap- 
ture begins to play a role is approximately equal 
to 3ma. This value is less than igy just as it 
should be. 

In conclusion we indicate the condition of valid- 
ity of the above formulas which follows from the 
possibility of writing the Hamiltonian in the form 
(1.5), i.e., the condition for the existence of an 
adiabatic invariant for betatron oscillations. It 
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FIG. 2. Dependence of the 
captured current on the emis- 
sion current for different in- 
jection energies W; a—single 
electron capture, b—collec- 
tive capture. 
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reduces to the requirement ¢ <1, or taking ex- 
pression (3.9) into account, to 


Jiim. (3.16) 


p< 8rt7V1—ny! nn 
i<( a) aap ae 


4. DISCUSSION OF RESULTS 


1. The collective capture coefficient, i.e., the 
ratio of the captured current to the maximum cur- 
rent circulating in the chamber at first grows 
rapidly as the injector current increases, and then 
shows a tendency towards saturation, reaching a 
value of 0.3—0.5 at the boundary of the region of 
applicability of the adiabatic approximation [see 
(3.20) ]. The characteristic dependence of the cap- 
ture coefficient on the emission current is given in 
Fig. 1 for two values of the parameter aeff. 

2. Since the maximum current circulating in the 
chamber is close to the limiting current and de- 
pends only slightly on the emission current the de- 
pendence of the captured current on the emission 
current also shows saturation. Figure 2 shows 
appropriate curves for single electron and for col- 
lective capture for different values of the injection 
energy. These curves show good qualitative agree- 
ment with experimental data (see, for example, 
Refs. 1—3). The region of mixed capture for 
which the theoretical curve has not been calculated 
is indicated by a dotted line. We note that the 
ranges of variation of the variables in the graphs 
shown above all satisfy the condition for the adia- 
batic approximation (3.16). 

3. Figure 3 gives (in relative units) the de- 
pendence of the captured current on the “gap”, 


FIG. 3. Dependence of the 
capture coefficient K on the 
relative “gap” size: 
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which also agrees well with experiment.’ As was 
shown in section 2 for small emission currents the 
dependence on the “gap” is of exponential nature. 

In conclusion the authors express their grati- 
tude to A. A. Kolomenskii, M. S. Rabinovich and 
P. A. Riasin for fruitful discussions. 


Note added in proof (March 18, 1958). Calcula- 
tions which we have made show that taking into 
account the deviation of the electron energy from 
its equilibrium value somewhat reduces the cap- 
ture coefficient and leads to a lowering of the 
curves of Fig. 2 for large values of i. In all other 
respects the description of the phenomenon is pre- 
served. 


1 Logunov, Ovchinnikov and Rusanov, J. Tech. 
Phys. (U.S.S.R.) 27, 1135 (1957). 

2. D. Rusanov, Thesis, Physics Institute of 
the Academy of Sciences (U.S.S.R.), 1956. 

Stu. N. Lobanov, Thesis, Moscow State Univer- 
sity, 1956. Iu. N. Lobanov and V. A. Petukhov, 
Supplement to Aromuasa sHeprua , (Atomic Energy) 
4, (1957). 

4Tu. S. Korobochko, J. Tech. Phys. (U.S.S.R.) 
27, 745, 1603 (1957). 

° D. W. Kerst, Rev. Sci. Instr. 21, 462 (1950). 

6D. W. Kerst and R. Serber, Phys. Rev. 60, 53 
(1941). 
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DEPOLARIZATION OF MU MESONS IN 
HYDROGEN 


S. S. GERSHTEIN 


Institute for Physical Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor December 10, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 993-994 
(April, 1958) 


W: have shown! that, in the collision of a p- 
mesic hydrogen atom with a free proton, the cross 
section for transition of the p- mesic atom from 
its upper hyperfine structure state (with angular 
momentum F=1) tothe lower (F=0) state is 
sufficiently large to result in complete depolariza- 
tion of mesons in hydrogen. We should note that 
actually in hydrogen this process is determined 
not by the collision of the mesic atom with a free 
proton, but rather by collision with an H, mole- 
cule, since the energy transferred to the proton 

is considerably less than its binding energy in the 
molecule. 

The collision of a uy-mesic atom with an H, 
molecule can be treated by a method analogous to 
that proposed by Fermi for calculating the scatter- 
ing of slow neutrons by molecules. To do this we 
note that the cross section which was calculated! 
for transition of the p-mesic atom from the upper 
to the lower hyperfine structure state: 


0; # 
5 Sea 


ds= Ta 40, =~ ie i ky = V2mhe /h>k 
(Ae is the hyperfine structure splitting in the p- 
mesic atom), can be gotten formally from the 
Born approximation, if the interaction of the p- 
mesic atom with a proton is described by the 
pseudopotential 


A 


0 = (2nh?/ m) ad(r—rtp)R, 


where r,,r are the coordinates of the proton and 
the mesic atom (taken as a point particle); 1/m = 
1/Mp + 1/(Mp+my); R is an operator which takes 
the p-mesic atom from the state with angular mo- 
mentum 1 to the state with angular momentum 0 
(as a result of interaction with the spin of a free 
proton). It is easy to verify that the operator R= 
2(8—j)i/V3 has this property; s, j,i are spin 
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operators of the meson, the proton in the mesic 
atom, and the free proton, respectively. 

The interaction potential of the p-mesic atom 
with an H, molecule is given by: 


5 2 (iy +i) BF =) $3 —1Y)] 


+ (i; — ig) (8(r—11) — 86 =a) J} 


V 


where i,, 1, are the spin operators of the protons 
in the H, molecule. 

The hyperfine structure energy of the p- mesic 
atom (0.183 ev) is not enough to excite vibrational 
levels of H,, but can give excitation of the first 
four rotational levels. The initial and final states 
of the system have the form 


oe 1,My, 2th, Mp ge &, Mp (Se j) 
x exp {ik eth O; m (ry—Pz) 91, My, (i,¢2), 


(f) rod tk’r . 
Py, M, r’, M) oom Mone (s, j) 


x exp {-ik’ GaSe }o, M, (fF) — Te) Pp, M, (41, 42), 


where X1,Mpy and Xo,9 are the spin functions of 
the mesic atom in states with F=1 and F=0; 
@J3,My is the wave function of H, in the J-th ro- 
tational level; 1, My; @re the spin functions of the 
H, molecule (I =1 for ortho, and I=0 for para- 
hydrogen). 

The term in the potential V_ which is symmetric 
in the proton spins gives rise to transitions between 
states of the same I, while the antisymmetric term 
causes transitions between states of different I. 
The cross section for scattering of the -mesic 
atom (accompanied by a transition F=1—> F =0) 
is: 

doy’ = 


(k;;,—k)r 


4a? M \2 Pay \ 
TED OED we) k > re g 
My My Mp My, Mp 


< Dog (0) Bs, ny (0) (dr) PCO, Le Mil (83) (a +) 
p< | Mr, Hs Mry ? dQ, 
Jen 


4a? (ay NI 
9 (27 + 1) (2J + 1)\ m k ? 
M7, M’;, MMM 


\ ee ge KE 
SM Oa. 
F 

40; HES M_|(s — 3) (i: — iz) 


xy (6), 4, (0) 
x | Mr, Me Mr ? ? dQ, 


where 1/3 = 1/(Mp+ m,) + 1/2Mp; hkyy = 
1 29G( Ret <j — ey) }7? >> fk. The calculation of 


J 
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the integrals over the rotational states of the mole- 
cule and the summation over My and M4 were 
done in Ref. 2. 

Summing the spin matrix elements, we get for 
the transitions in parahydrogen 


doi? = 0; doit = 4/3 a2 (M/m)? (ko /k)E(0, J’) dQ 


and in orthohydrogen 


doy," = */y a” (IN / m)? (Run [R) B(J’, 1) dQ; 
doy," = */,.a? (N/m)? (kr /k) S(J’, 1) dQ, 
where 
DW’, J) = (2s + 1) pa (2L + 1) Crapit (Rey Ro/ 2), 


= asta aes peta ee ieee ea 
Cray = */2 \ P, (cos §) Ps (cos 8) Py (cos 6) sin 646, 


0 
; , 
ju (*) = () Jr 41), (X); 


Ry = 1.4h’/mee’ is the internuclear separation in 
the H, molecule. Summation over all possible J’ 
gives the total cross section for transition of the 
fu-mesic atom to the lower hyperfine structure 
state: 


dop ara 1.020?-" dO, dageeno 0.86a* “2 dQ. 

We thus confirm the conclusion! that there is 
complete depolarization of » mesons in hydrogen. 
This result enables us, in principle, to determine 
the polarization of the neutrino emitted in the proc- 
ess # +p—~n+vp, by measuring the polarization 
of the neutron along its direction of motion, which 
under these conditions should be complete. At the 
same time we see that it is not possible to do ex- 
periments in hydrogen for studying the (upnv) in- 
teraction using polarized m mesons. 

In conclusion I express my sincere thanks to 
Ia. B. Zel’ dovich and L. D. Landau for valuable 
comments. 


1S. S. Gershtein, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 463 (1958), Soviet Phys. JETP 7, 318 
(1958). 

2M. Hamermesh and J. Schwinger, Phys. Rev. 
69, 145 (1946). 
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emy of Sciences, U.S.S.R. 


—— 


Submitted to JETP editor December 9, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 995-997 
(April, 1958) 


ExprriMENTAL researches have been reported 
recently on the capture of neutrinos by nuclei (in- 
duced #-decay).! In this process, parity is not 
conserved, inasmuch as the reaction is brought 
about by fB-interaction.? Formulas are given be- 
low for the cross section of the induced B -decay 
of protons 


ptyv—-n+e* (1) 


and deuterons 


d+ v—>2n- et (2) 


with account of the polarization of the incident anti- 
neutrinos, wherein the target nuclei are also con- 
sidered to be polarized. 

It is easy to show that the density matrix of a 
polarized beam of particles of spin $ and mass 
zero is 


5 P= th (lt is Qy) Fe) Se ve 


(3) 


where q is the momentum of the particle Q=a 
pseudovector perpendicular to q, A = pseudoscalar, 
the upper sign referring to particles, the lower 
sign to antiparticles. 

In experiments on induced 6 -decay, neutrinos 
emerging from a reactor were employed. Under 
these conditions, it is clearly difficult for the po- 
larization of the neutrino to be other than longitud- 
inal. We therefore assume in what follows that 
Q=0.* The usual calculations then lead to the fol- 
lowing expression for the capture cross section of 
an antineutrino by protons: 


ds {dQ = Mpe / 8x, 
M =a -+ «m/e + a3qp/qe + «90/9 + 45 (m/e) qb /q 
+ agp /e+ «0 [qx pl/ge. 
a =|\CsP+/CsP?+|CyP+[Cy2+3(Crj?+| CrP 
+\Cal?+[Ca’) 
+ 2hRe(CsCs + CyCy + 3CrCr + 3CaC), 


a, = —2Re(CsCy + CsCy + 3CrC', + 3C7C4) 
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— 2 Re (CsCy + CyCs + 367C4 +- 3CaC}), 
% = —|Csi?—|Cs? + (CyPt [Cy e+(Cr? + \CrP 
—=|C4? —\C,)? + 2. Re(— CCS +. CCI 
+ CrCr —CaC4), 
a = —2Re(2CrCF + 2CaC'a + CrC§ + CsCz 
+ CaCy.+ CyCa) — 2h (Re (CrCs + CrC$ + CaCy + CaCy) 
+|CriP?+ (CrP+|CaP+!C,)), 


a == 2Re(2CaCr + 2CrC4 + CrCy + CyCh + CaC$ + CsC4) 


+ 2hRe(2CaCr + 2CaCP + CrCy + CrCy + CaC3 + C4CS), 


eee Re(eC4e a = 9C,C;  CiCs fCsCr —CiCy —CyC,) 


+ 2h(|Ca ? +|CaP?—1CrP?—| CrP 
+ Re (CrCs + C7Cs — CaCy —CaCy), 
a, == 21m (CrCs + CrCs + CyC + CyCa) + 21M (C7 CS 
— CsCt + CyCa—CaCy). (4) 


Here q and p are momenta of the incident 
antineutrino and emitted positron, ¢€ = energy of 
the positron, m= its mass, ¢ = polarization vec- 
tor of the protons. The cross section is referred 
to an element of solid angle of the momentum of 
the positron. The energy of the positron is fixed 
in (4) by the law of conservation of energy ¢€ = 
q —A, A=difference in the masses of the neutron 
and proton. In this case it is assumed that the 
Hamiltonian of the interaction has the same form 
as that of Lee and Yang.” 

It is easy to see that we can establish whether 
or not time parity is conserved in the capture of 
the neutrino by polarized protons. Measuring the 
total number of electrons emitted to the left and 
right from the plane q, £, we get for the differ- 
ence in cross section: 

3, —6_=(a,/4r) p%sin 6, 
where 6 = angle between q and ¢. If temporal 
parity (time reversal) is conserved, then a, =0, 
C= 10. 

Capture of the antineutrino by unpolarized deu- 
terons was considered by Weneser‘ without account 
of A and V variants, while the nonconservation 
of parity was not considered. Taking it into con- 
sideration that the neutrons in reaction (2) are in 
the main formed in the S state, and that 
(p—q)*/4Me, <1 (p—q is the total momentum 
transferred by the neutrons, and €, is the binding 
energy of the deuteron), we obtain as a result of 
the calculations: 

ds = (| Ry |?/64 2°) Npede dQMfF dQ,, 
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ary(o.U 19 mai Dj i 

SF 127(a +85 2 i+ Bee), (5) 


Ry =\ $5 (7) 4 (6) a, 


Br =(CrP?+ (Cr+ |Cal?+ (Ca? + 24Re (CrCF + CC), 
By = —2Re(CrCq + C7C4) — 2hRe (CrCa + CaCr), 
Bs = (lr? +|CrP—|CaP—|Cal? 
+ 2) Re (CrCr — CaC4)), 
By = — 2Re(CrCr + CaC4) 
—( (Cr? + (CrP +|CaP+/CaP), 
Bs = 2Re(C4Cr + CrC4) + 2)Re(CaC7 + C7C4), 
Bg = — 2Re(CrCr — CaCa) 
—A(lCrP +| CrP —|CaP?—|Cai?). 


Here <I,> and <JI%> are the average values 
of the projection of the moment of the deuteron on 
the Z axis and its square, j = unit vector in the 
direction of the Z axis, M = mass of the nucleon, 
f = momentum of the relative motion of the neutrons 
in the final state, %g = wave function of the deuteron, 
and #- = wave function of the relative motion of the 
generated neutrons. The rest of the notation is the 
same as in (4). The quantity f is determined by 
the law of conservation of energy q = (f2/M) + 
e +A. We note that (<IZ> - %) vanishes for 
unpolarized deuterons. 

Since Rg is essentially different from zero for 
f< a, then for gq > a@?/M in (5) we can carry out 
the summation over f approximately, making use 
of the completeness of the functions %¢. Then we 
get 


ds = (4n?) 4N pe de dQ. (6) 


In conclusion, we express our deep thanks to 
I. M. Shmushkevich and V. N. Gribov for useful 
advice in discussions. 


*If we keep terms in (3) proportional to Q, then there arise 
components in the expression for the cross section of the proc- 
ess under consideration which change sign upon substitution of 
the primed constant for the unprimed. This apparent contradic- 
tion with the work of Pauli? is explained by the fact that Q is 
not a directly observable quantity and, as can be shown, itself 
changes sign upon substitution of the primed constant for the 
unprimed in an interaction which corresponds to the creation of 
a neutrino. 


! Cowan, Reines, Harrison, Kruse and McGuire, 
Science 124, 103 (1956). 
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27, D. Lee and C. N. Yang, Phys. Rev. 104, 254 
(1956). 

3W. Pauli, Nuovo cimento 6, 204 (1957). 

4 J. Weneser, Phys. Rev. 105, 1335 (1957). 
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ON THE DETERMINATION OF THE PARITY 
OF THE K MESON 


L. B. OKUN’ and I. Ia. POMERANCHUK 
Submitted to JETP editor December 11, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 997-998 
(April, 1958) 


Tre determination of the parities of K mesons 
and hyperons has for some time been one of the 
central problems of the experimental physics of 
elementary particles. Since the strong interactions 
conserve strangeness and the weak interactions do 
not conserve parity, we can speak only of the rela- 
tive parity of K mesons and hyperons, i.e., of the 
signs of PxPyP,a, PKPNPx, andsoon. We dis- 
cuss below an experiment which provides a possi- 
bility of determining the sign of PKPNP 4. 

Let us consider the capture of a slow K_ me- 
son from an § state by a proton, according to the 
reactions 


K- + p—> A°-+ x4 29, (1) 
K+ p> Ao atten, (2) 


Since parity is conserved in the strong interactions, 
the parity of the system A+ 2m must be equal to 
the parity of the system K+p. Let us consider 
the two possibilities. 

1. Suppose PKPNP, =+1. In this case the 
transition amplitudes for the two reactions have 
the forms 


Ay = — (a+ bp? + og? VI4--, 


A, = (a + bp® + cq”) + dpq+---. 


Here q is the difference of the momenta of the 

two m mesons and p is the sum of their momenta, 
equal to the momentum of the A particle. The en- 
ergies released in the reactions (1) and (2), if the 

K meson had zero kinetic energy, are 47 and 38 
Mev, respectively, and the maximum momenta p 
and q are of the order of pq (we use units f = 
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c=1). If we assume that the dimensions of the 
region in which the strong interaction occurs are | 
of the order of 1/mp<r<1/yq, then we can sup- * 
pose that pr <1 and qr <1 and confine ourselves 
to terms independent of p and q. In this case 


A, = a/y 27 Area (3) 


and we find that the angular distributions in the re= 
actions (1) and (2) are spherically symmetric, the 
A particle is not polarized, and consequently the 
angular distribution of the m mesons coming from 
its decay is isotropic. If the energies released in 
the reactions (1) and (2) were the same, then from 
Eq. (3) we would get for the cross-sections of re- 
actions (1) and (2) 


Sof Gy —— 2 (4) | 
Inclusion of the effect of the difference of the mas- 
ses of mt and m° in changing the volume in phase 


space gives instead the ratio 
3/5, = 1,34. (5) 


2. Suppose PKPnNP, =-—1. In this case the 
transition amplitudes must have the forms 


A, = — acp/V2, A, = aop + beq, (6) 
where o@ is the vector of the Pauli matrices. 
Again we have retained the lowest powers of p 
and q in the expressions for A. Calculating the 
angular distribution, including effects of the possi- 
ble polarization of the A particle, we get 


ds, (p,q, $) = */4| a /p*dp,, (7) 
ds. (p,q, 5) = "/2{p"|a|? + q? |b)? + 2Re (a’d) pq 


+ 21m (a°b)§ [p x ql dpy, (8) 


where ¢ is a unit vector in the direction of polari- 
zation of the A particle, and dps is the density of 
states. 

We see from Eq. (7) that as before the cross- 
section of reaction (1) is isotropic and does not de- 
pend on the polarization of the A particle, but un- 
like the case PKPNP, =+1 the matrix element is 
now proportional to p and the probability for emis- 
sion of low-energy A particles is sharply reduced. 
The cross-section for reaction (2) is in this case 
anisotropic and depends on the polarization of the 
A particle. Generally speaking, the A particle 
will be polarized in the direction normal to the 
plane in which the products of the reaction are 
emitted. In virtue of the nonconservation of parity 
in the decay, this has as a result that the numbers 
of 7 mesons produced in the decay of the A par- 
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ticles and emerging upward and downward relative 
to the plane of the reaction will be different. The 
angular distribution of the two m7 mesons and the 
A particle in reaction (2) turns out to be propor- 
_tional to 1+a@cos¥ (¥# is the angle between p 
and q), where 


% = 2Re (a’b) pq/(p?| al? + q?| 6). 


If we average Eqs. (7) and (8) over angles and en- 
ergies, we find that the ratio of the total number of 
charged a mesons to the total number of neutral 
® mesons is given by 


poy —= 1204(1 4 G71 b12/2p"| a). 


The use of reactions (1) and (2) for the deter- 
mination of the sign of PKPNP, is made difficult 
by the fact that the cross-section for these reac- 
tions makes up only a fraction 2—3 x 107° of the 
total cross-section for inelastic interactions of K™ 
mesons with protons. Another important difficulty 
comes from the fact that in order to get an unam- 
biguous interpretation of the distributions obtained 
for the reactions (1) and (2) one must make sure 
that the K™ meson was captured by the proton 
from an §S state. 


Translated by W. H. Furry 
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PHOTOGRAPHIC METHOD OF DETECTION 
_OF DENSE SHOWERS OF CHARGED PAR- 
TICLES 


I. D. RAPOPORT 
Moscow State University 
Submitted to JETP editor December 13, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 998-1000 
(April, 1958) 


Tue emission spectrum of the majority of phos- 
phors used for detection of charged particles coin- 
cides, as a rule, with the spectral region of maxi- 
mum sensitivity of photosensitive materials (A = 
3500 —4500A). This fact can be used for detection 
of showers of charged particles (in particular, 
electron-nuclear showers initiated in high-energy 
nuclear processes) by direct contact photography 
of scintillations. 

The method can be used in practice if the den- 
sity of particles is sufficient to produce an amount 
of light energy per unit surface of emulsion E 
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which is larger than the sensitivity threshold of the 
material ey. If a shower of density o constant 
within radius R falls upon luminiscent layer of 
thickness H and density p then, neglecting the 
absorption of light in the phosphor, we have 


Emax = 0.500 (OE/OH)p{H +R—-VIP ERY, 


where 9E/8H is the specific ionization loss of 
shower particles in the luminiscent medium and 
@ is the relative energy yield of luminiscence. 
Assuming that 8E/9H = 2 Mev g~!cm?, p~1 
g/em*, a ~ 0.1,' ep ~ 300 units GOST? (which 
corresponds to ~3 x 10’ev/cm?), R~ 0.1 cm 
(for electron-nuclear showers produced in lead’), 
and H >R we obtain Ny ~ 10* for the minimum 
number of shower particles necessary for photo- 
graphic detection. Production of such a shower 
requires a “primary” of ~ 10’*ev. The detector 
might be therefore useful for study of interaction 
of high-energy cosmic ray particles with matter. 

Various luminiscent materials were investigated 
for their applicability in the proposed detector. Be- 
sides the inorganic phosphors Nal, KI and CsI 
(Thallium activated), plastic scintillators (antra- 
cene, terphenyl in polystyrene) which are conveni- 
ent for use in large-area detectors were tested. 
Showers were simulated by a collimated electron 
beam (collimator diameter 3 mm) from radioac- 
tive sources (P** and Sr*’). The beam was direc- 
ted perpendicularly to the surface of scintillator. 
The photographic film (35 mm motion picture film 
with sensitivity of ~ 350 GOST) was placed in 
close contact with the scintillator. The most effec- 
tive position for film without anti-halation backing 
was between two layers of scintillator. The lowest 
value of the threshold attained using this method 
was ~1.5 x10‘ particles. Short-wavelength lumi- 
niscence proved to be most active. 

Photometric measurements showed that the 
image density increases with particle density ac- 
cording to the characteristic curve of emulsion.” 
Previous calibration of the detector permits it, 
therefore, to find the density and the number of 
particles in a shower. Large latitude of modern 
high-speed emulsions (~ 10°) together with the 
possibility of simultaneous use of several layers 
of different sensitivity makes it possible to obtain 
a practically unlimited range of measurement. The 
experiment shows, furthermore, that the recorded 
mark is not greatly diffused in comparison with 
the beam section (within a few tenths of a milli- 
meter). This makes it possible to determine the 
position of the shower and the particle distribution 
with a good accuracy. 
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In practice, the most convenient detector would 
consist of a “sandwich” of several photographic 
and luminiscent layers in close contact with each 
other. Superposition of light marks in several 
layers increases the total density and excludes 
errors due to stray light spots. 

A similar detector can be used as indicator of 
electron-nuclear showers produced by high-energy 
particles in a dense medium. The method may be 
of value for measurements of the number and dis- 
tribution of shower particles, having a higher re- 
solving power — for large densities — than ioniza- 
tion methods of detection; it can be used in con- 
junction with nuclear emulsions (in analogy with 
the method proposed by Grigorov for ionization 
chambers’) for determination of shower position 
(more accurately than with chambers). We shall 
mention also the (limited) possibility of timing 


the events by the use of moving film. 
The author would like to thank N. L. Grigorov 


for valuable advice. 


1 Furst, Kallman, and Krammer, Phys. Rev. 89, 
416 (1953). 

Iu. N. Gorhovskii and S. S. Gilev, (editors) 
Cencutometpuyeckuit cupasounnx (Handbook of 
Sensitometry ) Moscow, GITTL, 1955. 

3Grigorov, Podgurskaia, Shestoperov, and Sobi- 
niakov, Reports of the Session on Thick Emulsion 
Methods , vol.I, Joint Institute of Nuclear Research, 
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In the present paper we discuss the analogy noted 
by us between the dependence of the atomic mag- 
netic moments of ferromagnetic metals and alloys 
on the concentration gt electrons (total number of 
s- and d-electrons) in an atom and the same de- 
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pendence of some quantity (of the dimensions of 
length) which, in the case of pure metals, is equal 
to the difference between the distance of nearest 
neighbors of the first coordination sphere of the 
crystalline lattice r,; and some constant of the 
metal R. In the case of alloys, this quantity is 
expressed by an analogous difference. 

Let us consider the transition elements with 
atomic numbers Z from 21 to 29 (see Fig. 1). 


First group 
7-R<O 


;Second group 
| ie >O 
| 


Ad Ad A2 A2 Ale A2 A3 Al Al 
aa lh I I Ue) ih 
Concentration of electrons, C. 


FIG. 1 


We find that for these elements, 


Kk = 0,13 ((2/2)* — (13.75 + 1) Z + 26(/ — 1) 4 235.525}, 
(1) 
where 1=0 for Z < 26, l=1 for Z = 26.* 

In Fig. 1, we have plotted the values of Epes 
r;—R, the electronic concentration C, and also 
the types of metallic lattices. It can be seen from 
the drawing that the metals separate into two 
groups: the first includes Co, Fe, etc, for which 
r;-—R< 0; the second includes Ni and others, for 
which r;—R>O. The value of r,;-R, as arule, 
depends linearly on C, in which case the points 
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for the metals with lattices of type A2 (such as 
Fe) lie on the lower line, and those of the type Al 
(like Ni) and A3 (like Co), on the upper line. 

The points for binary disordered alloys lie on 
the lines 1 —3 of Fig. 2. 

Let us consider the quantity r;—Rap, where 
r, is the distance between the closest atoms of the 
transition metals in the lattice of the alloy (it de- 
pends on its concentration), Rap =AaRa +ABRB 
(Aq and Ag are the atomic concentrations of the 
components of the alloy A and B, respectively, 
Ra and Rp are computed from Eq. (1). 

It is shown in Fig. 2 that the alloys divide into 
two groups: the first is composed of those for 
which r;—RAB< 0, the second, those for which 
r;—Rap>O. The alloys Ni-—Fe, Fe—Co, Co— 
Cu, Fe—Cr, Ni—Cu, FeAl, CoAl, NiAl,? CuZn 
and others are similar to pure metals: r;—Rap 
and a—Rap (a= parameter of the lattice) depend 
linearly on the mean electronic concentration per 
atom of alloy C=AACA +ABCR, where Ca and 
Cp are the concentrations of electrons of compo- 
nents A and B, respectively. The lines 1 and 3 
correspond to these alloys for lattices of the type 
A2 (CsCl), and the line 2 for lattices of the type 
Al (NaCl) and A3. The alloys Co—Mn, Ni—Mn, 
Fe—V depart from being straight lines. 

It is known that atomic magnetic moments of 
ferromagnetic metals and alloys behave in similar 
fashion. In particular, the curves 1 —2 of Fig. 2 
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are analogous to the Slater-Pauling curve for these 
moments; the same alloys Co—Mn, Ni-—Mn, Fe — 
V and others depart from these latter lines.’ It 
then follows that these moments depend essentially 
on r,;—R in the case of pure metals and on r,— 
RAB in the case of alloys. To be more convincing, 
we shall show, in an example of pure ferromagnetic 
metals, that the difference r,;—R enters into the 
empirical relation assumed by us for the moments 
m under examination. With this aim, we shall con- 
sider the quantity ¢ 


2 =1-+ 0,642 [n, (r; — R) + ne (r2 — R)]; (2) 


where ry, = distance of nearest neighbors of the 
second coordination sphere of the lattice, n,; and 
nN, are the numbers of nearest neighbors of the 
first and second coordination spheres of the lattice, 
respectively, the upper sign applying to the first 
group of metals, the lower, to the second. It was 
shown in Fig. 1 that € >0 only for pure ferromag- 
netic metals. For the latter we get 


m {Mz = Na + 0,15 (2) /¢ — 4) ne, (3) 


where Mg is the Bohr magneton, Ng = number of 
unpaired d electrons in the atom, ng = number of 
s electrons in the atom, 


ep = <2 0,137 (Ny +e ey Ng (4) 


Here B= 0 for the first group of metals, B=1 
for the second group. The relation (3) is similar 


e Pure 
Metals 


© - Ni-Cu 


Fe-Cr - Ni-Co 
Fe-V +- Co-Mn 


Fe-Co ©- Co-Cu 
GoTi $- Cuzn 
FeTi g- Nial 
NiTi w- CoAl 


Ni-Fe }- FeAl 
Ni-Mn -@— FePt 
Oe CrjMn 


Gu 
qt 


0 Ni 
70 


Ni 
10 


Co 
g 


Concentration of electrons, C. 
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to the relation 


0,15 Io / 1 — 4) 1, 
4—21,/1 , 


m/ Msg = Na+ 


where I) and I are the exchange integrals be- 
tween the s and d electrons for one lattice site 
and between its neighboring sites respectively, Is 
is the transfer integral of the s electron.’ Ac- 
cording to Eqs. (2) and (4), €(€ 9) = 0.4, (-—0.26) 
for Ni, 0.73 (—0.195) for Co, and 0.18 (—0.347) 
for Fe. Substituting these values in (3) we find that 
the computed and experimental values of m are in 
excellent agreement. 

Quantities analogous to (2) also enter into the 
relation for alloys. For example, for the alloys 
Fe, Co, Ni (component A) with Cr and V (com- 
ponent B), 

ma/ Mp = ...-[1+0.642 S)n(n—Rp)rp 163 

—0.642 S'n;(r,—R ap)Aargl> 


where i =1, 2 for lattices A2 and A3, and 1 for lat- 
tice Al, while the upper sign applies for Fe —Cr 
and Fe —V, the lower, for Ni—Cr and Co—Cr. The 
computed points lie on straight lines which cross the 
ordinates (moments) —1, 1 and 1, -1Mp, and 
abscissas (concentrations) 42 at %Cr, 22.78 

cm % Cr, 13.5 at % Cr and 20 at % V, respec- 
tively, for Fe—Cr, Ni—Cr, Co—Cr and Fe-V. 
This is in agreement with experiment.’ For the ob- 
served concentrations, a= Rap for Fe—Cr and 
Fe —V; above, deviations from linearity are ob- 
served. The change of moment (at 100 at % B) 

is almost the same as in experiments with weak 
solid solutions. 


*It is shown that, with an accuracy to within 1%, R=R, 
+ Rg, where R, and Rg are the “radii” of the s and d 
shells of isolated atoms, computed by Slater.! The quantity 
1, -R=1,—(R, + Rg) recalls the difference considered in the 
theory of ionic crystals between the equilibrium minimun in- 
terionic distance and the sum of the radii of the neighboring 
ions of the lattice which characterizes their collision. We note 
that the numerical values in Eq. (1) are also encounted in 
Ref. 2 on the ionic structure of spinel; thus, for example, the 
number 235/60 given the factor u which characterizes the 
departure of the structure of spinel from the ideal (for the latter 
case, u = 0.375); the number 13.75 is Madelung’s constant, 
which corresponds to u = 0.385, etc. 

tIn each of the last three alloys there is one transitional 
metal; therefore, R for the particular metal is used in place of 
Rap: 

tThe quantity in square brackets in (1) is equal to R/0.13 
= 7.7 R. The latter number, divided by 12 (the number of 
nearest neighbors in a metal with lattice type Al), is equal to 
0.642 R. The coefficient 0.642/A obtained in such fashion 
enters in Eq. (2). 


‘J. C. Slater, Phys. Rev. 36, 57 (1930). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1003-1005 
(April, 1958) 


Ik Since the problem was first studied by Wiederde! 
a detailed investigation of the relativistic motion of 
an electron in a varying axially symmetric field has 
been made in only two cases: motion in a magnetic | 
field which is uniform and parallel to the axis of 
symmetry” and motion in a barrel-shaped magnetic 
field.*4 Below we study a new version of this prob- 
lem in which a magnetic field which falls off in the 
direction of the axis of symmetry (bottle-shaped 
field) is displaced along this axis with variable or 
fixed velocity. Just as in the earlier cases, the 
new version of this problem can be used as the 
theoretical basis for a new type of accelerator — 
a linear induction accelerator or, as it might be 
called, a linear betatron. 

2. Following Refs. 2 —4, the equations of mo- 
tion of the electron are determined from the La- 
grangian function 


L=—mec?V1—v?/c? +(e/c)roA 
and have the form 


d C em OA A 
ae (mr) =—ro eaeee re[H; —+, 
d ¢ 2) sm OVA e 
a (mz) = é ro Oz = roH,, (1) 
eee Sorts on vie! b d e 0A 
TD a c A ( 2 +2), dt (Cl) = ane ae 
where m = mo(1-—v?/c?) 47, A isthe A. com- 


ponent of the vector potential, b is a constant of 
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integration, H is the mean value of the z com- 
ponent of the magnetic field in a circle of radius 

r and the remaining notation is obvious. The third 
equation in (1) can also be written in the form: 


m? (r? + 22 ¢?) 4 (e/c)?A2 + mc? = 0. (2) 
3. In the quasi-stationary approximation the fol- 
lowing solution of the field equation applies in the 
region of the line r=R, €=z-—-—2z(t)=0: 


ar® 


He a r ac? 
A=r ay wee Z RS 


1 | : (3) 
where H? and H?, are the components of the field 
at r=R, ¢€=0, z(t) is an arbitrary function of 
the time which satisfies the condition z = c? x 
(9H, /ar))/H? and a is a constant. In a field of 
this kind, when a = —2H}/R?, Eq. (1) has the par- 
ticular solutions r=R and z=2z(t), i.e., the 
electron moves in a helix of constant radius if the 
function z(t) is given by the equation 


ct=V2z(t)Vat+z(t) +aln(Vz(t)+Ve+2(0), (4) 
a = moct(1 + (eRH2 | moc?)?| | 2e2RH2H?, 


where the particle energy is 


E = me? = V 2H? (« 4-2). (9) 


In the case of relativistic initial energies and z > 
RH, /2Hy, from Eqs. (4) and (5) we have 


z2= ct, E = £6) V 22H, } RRz. (6) 


4. If the field is displaced along the z axis with 
constant velocity u, i.e.. A=A(r,z—ut), from 
Eq. (1) we find 


(7) 


where M is the mass of the particle at z2=0 and 
r= 0. 

According to Eqs. (2) and (7), an electron which 
originally moves in the wide section of the “mag- 
netic bottle,” where H, =H) and A=Abp, falls 
into the “neck” of the bottle (where Hz =H) and 
then again is forced into the wide part, acquiring 
the following energy in the process 


m(z—c/u)=—Mec?/u, M=m,(1—roo5/c2)_", 


E/E, =2[(tmo/M)? + (eA/ Mc?)*] — 1. (8) 


If it is assumed that the motion is such that the 
adiabatic invariant H,r* = const is conserved, 
with a relativistic initial energy we have A= 

ryVHjH and Eq. (8) can be written in the form: 


E/E) +1=2(A/ A)? = 2H / Hy) = L/ 21, (9) 


where L is the length of path over which acceler- 

ation takes place, and J is the length of the seg- 

ment over which the field changes from Hy to H. 
5. Equations (8) and (9) do not hold if u=c. In 


THE EDITOR 693 
this case the field equation yields 
A = 1/orH (z— ct) + b/r, (10) 


and from Eqs. (1), (2) and (7), for the case Hr? = 
const, we have 


E -— Ey = (e?/ 2 Eo) (Horo”) [(H — Hol, 


2, 
© es) = ong \ (H — Hp) do. (11) 
2 
For relativistic initial conditions Mc? = —eAy 
and since Ay © Horo, we have 
E/Eo—1=5(H/Rj—1)=L/t. (12) 


6. According to Eqs. (9) and (12), in a linear ac- 
celerator in which the field moves with constant 
velocity u, we have: E/E) ¥ 2H/Hy or E/E) * 
H/2Hp, i.e., the situation is analogous to that in 
the usual betatron. However, in contrast to the 
betatron the strong field H can be concentrated 
in a very small region since He? = const. 


aie Wiederoe, Arch. Elektrotech. 21, 387 (1928). 
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An interesting method of making direct determin- 
ations of the velocities of ionizing particles in a 
Wilson cloud chamber has recently been proposed 
by ‘Gabor and Hampton.’ In this scheme, the tracks 
are “marked” by a high-frequency (rf) electric 
field by using the difference in intensity of electron 
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cascades as a function of field strength at the time 
the free electrons are produced. This difference 
is due to the absorption of free electrons and the 
dissipation of electron energy or other fast proces- 
ses the duration of which is less than the period of 
the rf field. In the present paper we present an 
elementary analysis of the modulation of the ionic 
density of a track, derive an expression for the 
track-marking interval for fast particles, and in- 
dicate methods by which the effectiveness of this 
method can be enhanced. 

The equation which characterizes the free-elec- 
tron population 


dn, | dt = wne — ne | t (1) 


contains the probability w(t) of an increase in 
the number of electrons per unit time and the life- 
time 7T for the free electrons. Using the solution 
of this equation 


n= ny exp (w—4)at| 


Thee 


(2) 


we obtain an expression for the number of ions 
which are och 
i t 

1. 
\ dt = \ {es ie =) jat}\ ae. (3) 
Here t* is the time at which the free electron is 
produced and ny is the initial number of free elec- 
trons per unit track length, which depends on the 
ionizing power of the particle. The function (w — 
1/T) is of the form p{f(|E(t)|/p) —1/t} where 
p is the pressure of the gas, E(t) is the intensity 
of the electric field, where we have neglected the 
weak dependence of T on the external field, while 
the function f is an extrapolation of some power 
function (cf. for example Ref. 2). Because the ex- 
ternal field is periodic it is possible to expand the 
function w — 1/tT ina Fourier series: 


co 


w— 1 /* = >)ax cos 2kw (t — tp) 


0 


(4) 


(2w is the modulation frequency of the rf electric 
field). 

For the time being we shall be interested in the 
case in which the electron avalanches have time to 
decay, i.e., (w —1/T)ave = a) < 0; if this condi- 
tion is not satisfied, extended trains of rf field 
pulses can lead to “breakdown.” (An analysis of 
increasing electron avalanches is of interest only 
in the case of short rf field trains, for example 
pulse trains cut off sharply immediately after the 
passage of the particle. ) 

Substituting Eq. (4) in Eq. (3), we have 
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t co 
n * a 
nz =| exp {ay (¢—1*)) exe 1} 
, 1 


x [sin 2kw (¢ — ty) — sin 2kw (f° — t,))| an 


We expand the second exponential in the integrand 
in a power series and limit ourselves to the first 
power; the resulting expression is 


poe no 
T | Qo | 


ap 


<1 Saga sin [tbo — a) + tant] 
1 0 


Substituting the values of t* and t, as func- 
tions of points along the track t* = (l —1))/v, where 
v is the velocity of the particle and J is the dis- 
tance along the track) we obtain a function which 
characterizes the spatial ion distribution. An analy- 
sis of the ion distribution function makes it possible 
to estimate the dependence of (w — 1/T) on the 
instantaneous value of the rf electric field. These 
results can also be used for choosing the optimum 
conditions for which the functions n;(2) change 
most rapidly, thus making possible a more accu- 
rate determination of the positions of the maxima 
and thus a more accurate determination of the 
period of the spatial distribution. In particular, 
the formula which has been obtained exhibits the 
spatial periodicity of the distribution. For exam- 
ple, at low particle velocities, when the wave 
properties of the rf field can be neglected (t, = 
const), the distribution period is Al = 1v/w. For 
particles with arbitrary velocities, which move as 
quasi-plane traveling waves (t, = z/c’ = (1—1)) x 
cos 6/c’ where c’ is the velocity of propagation 
of the wave and @ is the angle between the direc- 
tion of motion of the particle and the direction of 
propagation of the wave), the distance between ad- 
jacent “condensations” along the track is 


Tt v 
Es |1—(u/c’) cos 6 | 


(c’ may be different from the velocity of light). 
This same formula can be obtained directly from 
the expression for the intensity of the wave field 
at the instant the electrons are produced E(t*) = 
Eo sinwz(1/v cos@ - 1/c’) using the requirement 
that conditions be reproduced at the instant the 
electrons are produced. 

In passing, we may note the possibility of re- 
ducing the required rf power by superimposing 
a quasi-uniform base electric field which is con- 
stant for a period of time which does not cause 
significant distortion of the track (the direction 
of this field is then reversed, etc.). The electron 
production conditions are satisfied only when the 
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vector direction of the base field coincides with 
that of the supplementary rf field; hence the mark- 
ing intervals become twice as long. 

The use of lower rf power, more stable condi- 
tions in the excitation of the field, and an investi- 
gation of the possibilities of sharp reduction of the 
rf field after the flight of the particle may all re- 
duce the requirements on stability of the rf am- 
plitude and increase the effectiveness of the mark- 
ing process. 

In addition to synchronous operation with a 
pulsed accelerator, detection of cosmic particles 
using triggered rf field trains, and controlled 
operation of a cloud chamber, it is interesting to 
consider the possibilities of triggering the rf field 
from a radiation precursor of a cosmic particle or 
an early particle in an avalanche of cosmic parti- 
cles. 


1D. Gabor and B. Hampton, Nature 180, 746 
(1957). 
2D. Posin, Phys. Rev. 73, 496 (1948). 
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An investigation has been made of spin relaxation 
of deuterium nuclei in solutions containing Cran 
Mn‘*, Fe**t and Cu‘? in heavy water. The meas- 
urements were made by means of a modified satu- 
ration-curve method!’? in which the degree of nu- 
clear saturation is varied by changing the concen- 
tration of paramagnetic ions in the solution rather 
than by changing the amplitude of H,, the oscillat- 
ing magnetic field.? All the experiments were car- 
ried out at room temperature at vy) = 2.6 mc/sec. 
An analysis of the results indicates the following. 

1. The nuclear relaxation time for the same 
concentration of a given paramagnetic salt in D,O 
and H,O obeys the relation 
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Ta Tip = (yp | Ya) % (1) 


where Tyq is the longitudinal relaxation time for 
deuterons in a D,O solution, Tip is the longitudi- 
nal relaxation time for protons in a H,O solution, 
Yp and Yq are the nuclear gyromagnetic ratios 
(yp /vy = 42.4) and qa is a numerical factor. In 
solutions containing Crttt, Fet** and Cutt 

@-~ 4.2, with sizable departures toward lower 
values for copper. Mn** ions have much less ef- 
fect on relaxation of deuterium nuclei: @ ~ 6.8 

in solutions of MnCl, and Mn(NOs)o. 

2. As has been indicated earlier in the case of 
proton relaxation,?* the time T, for deuterons 
becomes much longer (up to a change of one order 
of magnitude) as a consequence of the production 
of complexes in the solution in which the water 
molecules in the hydrate shells of the paramag- 
netic ions are replaced by other diamagnetic par- 
ticles. It may be noted, moreover, that the man- 
ganese complex behaves the same as the other ion 
complexes. Thus, for example, in any of the ion 
complexes* Cr EDTA ~, MnEDTA™, and FeEDTA, 
in Eq. (1) @ ~ 4.2. 


” 
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N, mol/liter 
Curves obtained with solutions of nitrate salts: 1) Cutt; 
2) Cr+++; 3) Fet++; 4) Mn++. The upper scale on the absicca 
axis refers to Curve 1; the lower scale refers to Curves 2, 3 
and 4, 


3. In the Figure is shown the maximum inten- 
sity of the deuteron resonance line Xf,ax as a 
function of the molar concentration N of the para- 
magnetic ion in D,O. The amplitude of the oscil- 
lating field H, and the amplitude of the modulating 
field Hy, are fixed. As the quantity N increases 
the relaxation time T, becomes shorter and the 
line intensity increases, reaching a value which 
applies in the absence of saturation. However 
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this is the case only as long as the line width re- 
mains constant, being determined by the inhomo- 
geneity of the field. With further increases in N 
the line width goes beyond the limits imposed by 
the inhomogeneity of the field, causing a reduction 
in Nerae: An analysis of the curves using the 
Bloch equation® leads to the conclusion that relax- 
ation of deuterium nuclei in paramagnetic solutions 
is characterized by the condition T,/T, > 1 (Ty, 
is the transverse relaxation time) where the val- 
ues of T,/T, for the various ions fall in the fol- 
lowing order: (Ty/T2)Qyt+ > (T1/T2)cy+++ > 
(T,/T2) pett+ > (T1/T2) nt: 

These experimental data indicate that the line 
broadening is due to the displacement of the spin 
levels of the nuclei by virtue of the interaction of 
the quadrupole moment of the deuteron with the 
gradient of the electric field set up by the para- 
magnetic ion. In this case T;/T, should be ap- 
proximately proportional to the ratio e*/y? where 
e is the charge of the magnetic ion and yp the 
magnetic moment of the ion. This relation is ac- 
tually observed in the experiments. In descending 
order the ratio e*/y? for the various ions is as 
follows: 


02/2?) 44 > BY3.8 ona? B2/5.9D 5 at44 > 27S 9) rae 


The T,/T, ratios are in exactly the same order 
(cf. above). If the spin levels of the nuclei are 
equidistant while the probability for Am =+1 
transitions is proportional to y?, using the gen- 
eral expression for the relaxation time Tj,’ the 
expression given in (1) results if we take the value 
a@=2. The values found in the present work (a@ 
~4.2 for solutions containing Cr**t, Fet** and C 
Cun) would also seem to be explained by the ex- 
istence of unresolved quadrupole structure in the 
deuteron lines. 

Since the anomaly associated with manganese 
solutions (@ ~6.8) is not observed in complex 
ions, it is probably due to the nature of the hydra- 
tion of the Mn‘t ions in D,O. It may be assumed 
that the bonding of the water molecules in the hy- 
drate shell with the paramagnetic ion is slightly 
covalent. An exception is the Mn(D,0)* ion in 
which the binding is purely electrovalent. The 
absence of a covalent bond tends to reduce the 
magnetic interaction between the neutral ion and 
the deuterium nuclei in the first coordination 
sphere, thus increasing T,. 

*EDTA ions are ions of ethylene diamine tetra acetic acid. 
The EDTA ions form stable complex compounds with a stochio- 
metric ratio of 1: 1 with metal ions; the EDTA particle replaces 
several water molecules in the internal coordination sphere of 
the central ion.> 
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lie It is well known that in a magnetic field H 
smaller than some threshold value Hy the spin 
wave energy spectrum in a uniaxial antiferromag- 
net exhibits a marked anisotropy.! Thus, for ex- 
ample, if the characteristic antiferromagnetism 
direction is along the z axis, inthe case Hiiz 
the energies of the two types of spin waves depend 
on H and the wave vector k as follows:* 


ef?) = V (uly)? + PR +H, 


while in the case Hiz:? 


(1) 


el = V (uo)? + PR, of = V v2 (A? + HB) + PR. (2) 


Here pw = gehi/2mc, Hy = MyVJy(Ky—-K), Mp is 
the maximum possible magnetization for the given 
antiferromagnet, J,, I, K and K, are the con- 
stants in the exchange and anisotropy interactions.* 
It is characteristic that in these two cases the 
ground states of the antiferromagnet are also con- 
siderably different: in the case Hiiz the antifer- 
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romagnetism direction AijH (i.e., this direction 
corresponds with the natural direction of z) where 
for T=0, My =—M)z =3Mp and yx! = 0;+ while 
for Hiz, AiH (although Auz) where for T=0 
and Hily, Myy = Moy = MgH/2He and yy = H/He 
where He = My(J,+ K; — K). 

Until recently, however, no calculations have 
been made of the spin wave spectra for the case 
Hiiz and H > Hp in which in the ground state 
AtH, Miz = Moz = MoH/2He and x$H/He where 
He = Mo(J,+K,+K). This calculation has been 
carried out by Irkhin and the author.’ The results 
are as follows:tf 


eh = 1k, ef = | u? (H? — H2) 4 PR. (3) 

A comparison of Eqs. (2) and (3) indicates that 
the difference in the spectra in the cases H Iz 
and Hiz remains after rotation of A into a posi- 
tion perpendicular to the H field (for H > Hj), 
although the ground states corresponding to (2) 
and (3) are similar. It is noteworthy that accord- 
ing to (3) one of the branches of the spectrum does 
not have a break. 

In the present work we report on several new 
results which have been obtained in a calculation 
of the temperature dependence of the susceptibil- 
ity x and heat capacity of the spin waves C from 
an analysis of all three states listed above. The 
results apply only for those limiting cases in which 
the effects which are of interest are most marked. 

2. With Ax = XT — Xo: 


a) HCH, pH xT: Ay! = — 4Ay} wal”, 
= (ie)? Hore: 

I) Jel Savolny 1 V/ HH EWN EE (hls 4Ay+ a —al?; 
Ay; ZO: 


c) H>Ho, u V H?— Hise xT: Ay ~0; Ayt ~0. 


The list of formulas given above allows a theo- 
retical explanation of the anisotropy in the temper- 
ature dependence of the susceptibility at fields near 
threshold H) observed by van den Handel et al.’ 
(our results apply only to the low-temperature re- 
gion). 

3. For C we present the results which apply 
when xT «KpHp, in which case there is a marked 
dependence of spin heat capacity on the magnitude 
and direction of the field: 


Beie HoH ye: Cy 0; C, ~ 0. 


i) Jal<Veky u(H)>—H)<x?T: Gla aT”: OF = 0. 
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c) H > Ho, Wa) Ae Ae es Cp alc, a0: 

| iar EET IA nl 
d) H >A, LuV Hee Sseil: Ci 5 aT?; C+ = 0; 


@ = (407/15) x(x/1)?, ay = 15 (Qu Hox)l/32n°hI%. 

From the examples which have been considered 
it is apparent that in a uniaxial single crystal the 
spin heat capacity and its temperature dependence 
are both functions of the magnitude of the field H® 
[for example in the transition from condition (a) 
to (b), (c), and (d)] as well as the direction of the 
crystal axis with respect to the fixed field H [ for 
example in rotation of the crystal axis through 90° 
from the position Hiz into the position Hiz in 
cases (b), (c) and (d)]. The last result means 
that if the spin heat capacity comprises a signifi- 
cant part of the total heat capacity of the antifer- 
romagnet, adiabatic rotation of the crystal about 
an axis which lies in the base plane should result 
in a noticeable change in the temperature of the 
sample. 


*J, > 0 and K,-K > 0 since these are the conditions for the 
existence of antiferromagnetism with natural direction along 
the z axis. 

+The lower sign denotes the direction of the magnetizing 
field H while the upper sign denotes the mutual orientation of 
A and H. 

tThe application of the phenomenological analysis> makes 
it possible to find the spin wave spectrum for the antiferromag- 
net for any magnitude and arbitrary direction of H.4 The approx- 
imate formulas used here (1) —(3) are valid only when H <He 
H <Hg. A phenomenological theory of antiferromagnetism has 
also been developed by Kaganov and Tsukernik.® However, the 
spectrum for the case H|| z, and H > H, has not been studied by 
these authors. 
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Ir is well-known that the propagation of sound 
waves in a degenerate perfect Fermi gas is im- 
possible. The formally evaluated sound velocity 
(c? = 8P/dp = pi/3m?) is less than the particle 
velocity at the Fermi surface which means the 
possibility of the decay of a sound quantum into a 
particle and a hole in the Fermi sea. This result 
remains the same for a Fermi gas with weak re- 
pulsions between the particles, since the spectrum 
in that case has practically the previous charac- 
ter.'2 The position changes completely in the case 
of a Fermi system with attractions. The produc- 
tion of bound pairs of particles on the Fermi sur- 
face leads to the appearance of a gap in the spec- 
trum of the one-particle excitations. Sound 
quanta with an energy not exceeding the value of 
the gap can therefore not decay. It is thus possi- 
ble in Fermi systems with attractions to have 
sound excitations with small momenta. 

To discuss these excitations it is convenient to 
use the Green function method. It is well known 
that sound waves arise from the excitation of par- 
ticles in the condensed Bose system,°® i.e., in 
our case from the motion of bound pairs. In that 
way sound excitations can be considered to be 
bound states of two elementary excitations with 
a total momentum different from zero. For our 
calculation we can thus use the method proposed 
in Gell-Mann and Low’s paper’ (see also Ref. 8). 
According to this method, the equation for the 
bound states is obtained by discarding from the 
equation for the Green function of two excitations 
the inhomogeneity (which does not have the fre- 
quencies corresponding to the bound states). 

To take into account the reshuffling due to the 
production of a condensed Bose-system of bound 
pairs, we must transform the original Hamiltonian 
with direct interactions between the particles, 
using Bogoliubov’s method.’ In that way we get 

CIE C2. \). 


Die (P) (Ai %p9 + 45%9,), 

z (1) 
€(p) = hV EP 

Here py is the limiting Fermi momentum, A = 
@e!/P is the value of the energy gap, and H’ is 
the Hamiltonian of the interaction between the ex- 


PEs tH = 2 He = 
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citations. Since the result does not depend on the 
form of the interaction, we took the interaction be- 
tween the particles in the original Hamiltonian in 
the most convenient form, analogous to the inter- 
actions of electrons in a metal. The Green func- 
tion of the interaction is constructed in the usual 
manner from the operators @po and Qp;. For 
our purpose it is sufficient to take the zeroth ap-— 
proximation for these functions. The interaction 
Hamiltonian H’ contains in first order only one 
interaction graph between excitations (graph a). 


[Se 
t 7) a) 
b Cc 


It is easily seen that nothing is added by a repeti 
tion of this graph, since the integration over mo- 
mentum in the intermediate state, for the case of 
small total momenta of interest to us, yields 

In (w/A), cancelling the smallness of the inter- 
action constant. In the second order, graphs b 
and ¢c also enter. It is easily seen that graph b 
is of the same order of magnitude as graph a. 
Indeed, the total momentum of excitations p, 

and p», is fixed and equal to the momentum of 

the excited state k. The integration over these 
momenta leads thus again to a logarithm that 
cancels the smallness of the interaction. In con- 
tradistinction, in graph c, in which the total mo- 
mentum of the excitations p, and p, is not given, 
the large total momenta are significant and the 
compensating logarithm is absent. In this way the 
Green function of two excitations, K, is deter- 
mined by an infinite sequence of graphs a and b. 
This sequence is similar to the set of graphs for 
the one-particle Green function of a Bose gas.’ 
Introducing along with the function K_ the function 
K, 


Wee ieee pe pea ae 
K = CT (ap o%pa%po% pas > 


one can construct a set of equations for these 
functions, similar to the set (5.2) of Beliaev’s 
paper.® Dropping the inhomogeneity we go over 
to the following set of equations for the functions 


Xk,o (P) = (%p+xj2,0%e—kj2,1)0s, Pk,o (P) = CHER See 
(p) = (( 
VG p (p+ k/2)+e (p= kar Wee. Raat (p, P’) Xe (p’) 
Sea, \ dp’ nae (p, p’) Pico (p’)\ ? (2) 
Po (P) = — EER Fe DER Ew {Pte (P: PY Lye (P') 


—\ ap’. “Y20 (P, P’) 2. (')}, 
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where k and w are the momentum and energy 
of an excitation, and 


Yu = Yoo = g? 8 (p) 9 (p’) (U4kjolly/—xJo + Up+k/2Up/—xj2) 
X (Up—nje Up-tuje + 0p—Kj209'+xj2 )s 
Y12 = Yar = 976 (p) 8 (p’) (Up +kj20p/—K|2 — Vp4k|2l yk) ) 


X (Up —xj2 Up'-tk|2 — Up—Kjollp’4)2)- 


(3) 


Thanks to the degeneracy of the nuclei (3), the 
set of integral equations becomes an algebraic sys- 
tem, and the condition that this can be solved gives 
us an equation for w(k). The integrals occurring 
in the dispersion relation are evaluated for small 
values of k and w. The resultis w* =c%k?, ¢?= 
p32 /3m?, 

It is necessary to emphasize that our result 
cannot be applied to a system of charged particles. 
In that case, by virtue of the Coulomb interaction, 
the sound vibrations go over into plasma waves of 
high frequency (w? = 47e’n/m). 

The author expresses his gratitude to B. T. 
Geilikman, L. D. Landau, A. B. Migdal, and I. Ia. 
Pomeranchuk for valuable advice and interesting 
discussions. 
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In a previous paper,} it was shown by the author 
that both for the model of a nucleus with homoge- 
neous density and sharp boundaries, and also for 
the nuclear model in which the decrease in the 
density begins at the center of the nucleus, we 
must renounce the possibility of choosing a value 
of ry in the expression R= r,A'/310- cm (on 
the basis of these models) that will be the same 
for all nuclei investigated (R= nuclear radius, 
A = atomic weight). Also excluded is the Williams 
density distribution? because of the great extension 
of such a nucleus. 

Investigation of the cross section of the inter- 


action of m and 7m’ mesons of different energies 
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with heavy nuclei® has shown that, with an accuracy 
to within 3%, the radial distribution of the protons 
and neutrons is identical. On this basis, it can be 
assumed that the distribution of nucleons in the 
nucleus coincides with the distribution of protons, 
which is determined in experiments on electron 
scattering. Application of the homogeneous, smooth 
model of the nucleus, obtained from experiments on 
the scattering of electrons for the analysis of cross 
sections of nuclear interactions of protons with en- 
ergies from 0.9 to 34 Bev with nuclei of lead and 
graphite has given satisfactory results.! 

~ In the present work, on the basis of experimen- 
tal data relative to cross sections of inelastic col- 
lision of pions with graphite and lead nuclei*”® at 
the energies mentioned, we have carried out calcu- 
lations of the cross section of inelastic interaction 
and the opacity of nuclei, making use of a homoge- 
neous smooth model of the nucleus for this purpose. 
If we assume for the cross section of the interac- 
tion of pions with nucleons o(7) = 33 mbn, then 
the computed values of the cross section of the 
interaction coincide with the experimental for val- 
ues of the radial parameter of the smooth distri- 
bution c = (1.14 + 0.04) x 10734!/3em. With con- 
sideration of experimental errors, o(7) = 33 +4 
mbn. Here it has been assumed that the range of 
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the fall-off of the density of the nucleons is the 
same as for protons.! 

Similar results are obtained in the analysis of 
the cross section of interaction of negative pions 
with energies of 0.97 Bev with nuclei under the 
use of a homogeneous smooth model of the nucleus. 

The value of the cross section of the interaction 
of pions with nucleons o(7) = 33 + 4mbn used by 
us in this research is, in the region under study, 
in excellent agreement with the results which fol- 
low from a direct measurement of the cross sec- 
tion of pion-nucleon interaction in the region of 
energy reached by present-day accelerators. Thus, 
for example, the value of o(7) =31+2mbn was 
obtained’ by bombardment of hydrogen targets with 
pions of energy 1.9 Bev. At an energy of 4.4 Bev, 
o(m) = 30 +5 mbn.® It then follows that for ener- 
gies higher than 1.9 Bev, the interaction cross 
section of pions with nucleons does not change with 
energy, at least up to energies of 34 Bev. 

Evidently, the cross section of interaction of 
pions with nucleons in the region of high energies 
tends to some limit ~30—32 mbn, which coin- 
cides with the cross section of nucleon-nucleon 
interaction for the energies considered.! This 
can be a consequence of the finiteness of the di- 
mensions of the nucleons. Actually, calculation 
(see Ref. 9) shows that under the assumption of 
finite dimensions of the nucleons, the limiting 
value of the cross section of interaction of pions 
at high energies is o(7) = 30 mbn. 

Thus our data show that the nuclear and elec- 
tromagnetic radii of nuclei coincide if use is made 
of a homogeneous smooth distribution. 

The author takes this opportunity to extend his 
thanks to the director of the work, Prof. N. M. 
Kocharian, and to M. L. Ter-Mikaelian for the 
interest and help shown in carrying out this re- 
search, and also to G. M. Garibian for useful ad- 
vice. 
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Tae study of the interaction of high energy par- 
ticles with deuterons makes it possible to draw 
some conclusions on the character of the motion 
of nucleons in the deuteron. In the deuteron the 
nucleons are preferentially located at great dis- 
tances from each other; therefore the fast parti- 
cles interact only with one of the nucleons of the 
deuteron, leading to breakup of the deuteron or to 
the reaction of stripping. The theory of these proc- 
esses has been well studied. However, in the deu- — 
teron, the nucleons can be found with some proba- 
bility at sufficiently small separation distances, 
and then an incident particle with wavelength x 
less than the separation of the nucleons in the 
deuteron will be scattered elastically. This means 
that in such collisions, the incident particle trans- 
fers a significant part of its momentum to the deu- 
teron. 

In recent experiments carried out by Leksin! 
on the scattering of protons of 675 Mev on deuter- 
ons, there was observed, along with the scattered 
nucleons, a small number of undestroyed deuterons 
with high energies (up to 660 Mev). An explanation 
of this phenomenon was proposed by Blokhintsev? 
as the elastic scattering of the protons by the deu- 
teron. However, the quantitative estimates given 
by him appear to us to be insufficiently accurate, 
the more so as the relative probability of this proc- 
ess, according to Blokhintsev, does not depend on 
the momentum of the incidence particle. A quanti- 
tative estimate is given below of the relative prob- 
ability of this process with the use of the wave 
function of the deuteron obtained by the method of 
Tamm and Dancoff.? 


The cross section of elastic scattering of fast 
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particles by deuterons as a whole will be equal to 


(1) 
where og is the total cross section of quasi-elas- 
tic scattering of particles on the deuteron (with 
account of the stripping reaction in the case of 
scattering of nucleons), while the quantity wg (x) 
is the probability that the nucleons in the deuteron 
are found at distances less than *, where x is 
the wavelength of the incident particle. In other 
words, wq(*) is the relative probability of the 
process being studied. If we denote by y%q(r) 
the wave function of the deuteron, then 

K 


Wg (k) = 4x \ ba (r) 2dr = = 3 (0 )x3, 
0 


7 = Gag (x), 


(2) 


The latter equality holds for sufficiently small x. 
(For large x, it is necessary to carry out numer- 
ical integration of the integral in (2). In the work 
of Blokhintsev, the integration is carried out up to 
R, where R is the radius of strong interaction of 
nucleons, R ~ (0.3—0.4)H/uc. In the same ex- 
pression for the relative probability wg(R) is 
shown to be independent of the momentum of the 
incident particle. At small separation distances, 
the wave function of the deuteron g(r) contains 
in practice only the 3S; wave. Therefore, 


$a (0) = lim (u(r)/), 


where u(r) is a function of the 3S, state of the 
deuteron. Making use of the u(r) computed by 
the Tamm-Dankoff method,’ we find ¥g(0) * 0.7. 
(in the system of units for which h=p,=c=1) 
and 


(3) 


Wa (XK) = 4rk3/ 3. (4) 


For energies of the incident protons of 675 Mev, 
x 0.1 and, consequently, wq(*x) ¥ 210°. The 
experimental value of this quantity!? amounts to 
Becton: 

Strictly speaking, in the computation of wq(x%), 
the mutual screening of the nucleons in the deuter- 
on must be taken into account. This increases the 
relative probability wq(*x) somewhat. 

From a comparison of the theoretical and ex- 
perimental values of wg, we come to the conclu- 
sion that the theory agrees qualitatively with ex- 
periment. 

There is interest in the experimental investiga- 
tion of the scattering of fast particles by deuterons 
and the comparison of the energy dependence of the 
relative elastic scattering probability of fast parti- 
cles by deuterons with Eq. (2). It should be noted 
that the study of the scattering of fast pions by 
deuterons is preferential in this case in order to 
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separate the stripping reaction, which exists con- 
currently with the elastic scattering of fast nu- 
cleons by deuterons. 

In conclusion, I express my thanks to Academi- 
cian I. E. Tamm for suggesting the topic. 
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fh model was proposed in Refs. 1 —3 for the de- 
scription of the multiple production of strange par- 
ticles. The structure of the “composite particle,” 
formed in the collision of two fast particles, de- 
pends essentially on the assumption of a magnitude 
of the interaction of particles of different types. In 
the formulas of the statistical theory of multiple 
production, the interaction constants do not enter 
explicitly. “Strong” or “weak” interaction here 

is understood in the sense of the magnitude of the 
cross section obtained after establishment of sta- 
tistical equilibrium between the produced particles. 
In our view, it is very probable that conclusions on 
“strong” or “weak” interaction of particles of dif- 
ferent types which follow from a comparison of 
calculations (in terms of the statistical theory ) 
with experiment over a wide range of energies 
give information on the relative magnitude of the 
interaction constants between these particles.* 
Since there are various opinions at the present 
time concerning the magnitude of the interaction 

of pions and K mesons with hyperons, and K me- 
sons with nucleons, then even indirect information 
on these interactions is of great interest. We shall 
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start out from the very well known experimental 
fact of the strong interaction of pions and nucleons 
(g?/4nlic > 1). 

If we assume strong interaction of pions and K- 
mesons (or K mesons and nucleons), then the 
following possibilities exist for the choice of the 
space volumes for the “compound particle.” 

1. Statistical equilibrium between all the sec- 
ondary particles is established in one and the same 
volume V,.{ In this case the fraction of created 
particles relative to the pions and nucleons exceeds 
that experimentally observed by us. 

2. The statistical equilibrium of nucleons, pions 
and K-mesons is established in the same space 
volume V;, but the equilibrium for hyperons is 
established in a smaller volume. In this case, the 
fraction of created strange particles is close to the 
experimental value;®»’ however, the ratio of the 
number of K~ and K* mesons produced in nu- 
cleon-nucleon collisions at E = 6.2 Bev is Nt/ N- 
= 3. In the works of Chapp et al.,4 values of 
N'/N~ of 100—150 were obtained for momenta 
of K-mesons of p ~ 250 —350 Mev/c. Even taking 
the momentum distribution into account, it is diffi- 
cult to harmonize these differences of two orders 
of magnitude.t 

3. The volume in which the equilibrium is es- 
tablished for K-mesons is larger than the corre- 
sponding volume for nucleons and pions. In this 
case, it is not possible to obtain experimental 
agreement either with the number of strange par- 
ticles created or with the value of the ratio N‘/N~. 

Agreement can be produced between experiment. 
and the results of the statistical theory of multiple 
particle production only if weak interaction is as- 
sumed between the K-mesons and the pions and 
nucleons. In this case, the statistical equilibrium 
for K-mesons is established in a smaller space 
volume than for pions and nucleons. The best 
agreement is found if, following Gell-Mann, we 
assume a symmetric interaction of the pions with 
nucleons and hyperons (V=V,). Thus, the com- 
puted effective cross section Og of creation of 
strange particles in m -nucleon collisions at 4.3 
Bev is equal to 3 mb in this case.** The mean 
experimental value of this cross section is approx- 
imately equal to 2.2 mb.® If we assume that all the 
strange particles interact weakly with pions and 
nucleons (V=V3), then og =0.3 mb. The di- 
vergence of the theoretical and experimental val- 
ues in this case exceeds the experimental error.}t 

The ratio N'/N” ~ 160 for V=V, and N*/N7 
~8 for V=V3, i.e., if we assume that all the 
strange particles interact weakly with the pions 
and nucleons, then the results of the calculation 
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of N‘/N~ sharply contradicts experiment. 

I thank D. I. Blokhintsev for many discussions, 
M. A. Markov, B. V. Medvedev, V. I. Ogievetskii 
for discussions and valuable critical remarks, and 
K. D. Tolstov for discussion of the experiments.® 


*A detailed consideration of this question will be given at 
a later date. 

+We use the same notation as in Refs. 1, 2. 

tExact calculations with account of momentum distribution 
will be published later in Acta Physica Polonica. 

**The calculations were carried out under the assumption 
that the number of created K° and K+ particles is approxi- 
matély the same; E =5 Bev. Taking the Fermi energy in the 
nucleus into account, this energy is close to the experimental 
energy of 4.3 Bev. 

ttThe experimental error < 50%; 04 = (25522; 5)imb: 
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POLARIZATION OF MU-MESON IN 
COSMIC RA YS* 


I. I. GOL’ DMAN 


Physical Institute, Academy of Sciences, 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1017-1019 
(April, 1958) 


dbs recent discovery of nonconservation of parity 
in weak (decay) interactions leads, in particular, 
to an asymmetry of the decay of polarized p-me- 
sons. The measure of asymmetry should then be 
proportional to the degree of polarization. It can 
be concluded from the data of Lederman et al.! 
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that y-mesons emitted by stopped ma-mesons are 
almost totally or even totally polarized in the di- 
rection of motion. In the following it will be as- 
sumed that the polarization is total in any single 
event of decay. 

It does not follow from the above that the p- 
mesons in cosmic rays are totally polarized. In 
fact, let us consider a vertical flux of -mesons 
with momentum p. A part of these mesons which 
is injected by decaying 7- mesons into the lower 
hemisphere (in the center of mass system of the 
pion) is polarized predominantly forwards. The 
4- mesons emitted into the upper hemisphere are 
polarized predominantly backwards. Complete 
compensation is not attained since the 7-meson 
spectrum is richer in slow particles and, there- 
fore, the probability that after a m-decay process 
a w-meson will be found in the lower hemisphere 
is > 5. 

For calculation of the degree of polarization, 
let us consider a uy-meson with momentum p and 
energy E produced as the result of decay ofa m- 
meson (p’, E’). The direction of polarization of 
the w-meson forms an angle q@ with its momen- 
tum. The direction of polarization is determined 
by the direction of spin in the frame of reference 
in which the p-meson is at rest. Let us denote 
the momentum and energy of the a-meson in that 
system by P’ and 6’. It can be easily seen that 


P’ =(m"? — m?*)/2m, 6’ = (m? + m?)/2m. 


Writing the four-dimensional invariants of the mo- 
menta of the m-and p-mesons we find the angle @ 
(which is that between P’ and p): 


cos a = (G’E — mE’)/pP’. (1) 


We shall note now that the most important region 
of 4 -meson energies (at the moment of production) 
is ultar-relativistic. We can neglect therefore the 
difference hetween p and E and the small angle 
between the momenta of the 7- and p-meson in 
the laboratory system. The mean value of polari- 
zation 7 has the direction of p and is equal in 
its absolute value to the mean value of cos @. 
Averaging Eq. (1) over the 7- meson spectrum, 
we obtain 


la 


Pmax E E'd races d 
’E—mE'’ p’ 4 p’ 
n= \ fa(p) SEE / | tal’) Sh, 
ae Prnin 


where the notation is that of Ref. 2. If we approxi- 
mate the spectrum of m-mesons in air by power 
function f, ~ pin’. (the production spectrum of 
the m-mesons, under certain assumptions,” is 
then p~”) we obtain finally 


veel) a) 
where 


v= P'/6' = (m? — m*)/(m? & m?) = 0.26. 


The above expression is. simplified for y = 2 
(n=v) and y=3 (n= 4v/(3+v"). The results 
can be generalized for the case of Kye decay. 

The degree of polarization of -mesons in 
cosmic rays is: 


en tae 
T—>uty 0.26 0.34 
K->u-y 0.91 0.96. 


The value of y for -mesons is 2—2.3.2 The 
polarization of ~-mesons produced by K -mesons 
is almost complete, while for those originating in 
m™-meson decay amounts only to ~0.3. Measure- 
ments of the degree of polarization of p-mesons 
in cosmic rays would make it possible to determine 
the ratio between the numbers of K- and m-me- 
sons produced in the upper layers of the atmosphere. 
Since there is much more K*-mesons than K’, one 
should expect also that the degree of polarization 
of u*-mesons is greater than that of uw. If the 
excess of u -mesons in cosmic rays (N,/N_ ~ 
1.3)° is due only to the excess of K’, then the 
degree of polarization of py’ -mesons in cosmic 
rays should amount to 40 —50% at least. 

In conclusion, a few remarks concerning the 
depolarization of ~-mesons. Depolarization in 
passage through matter is due to multiple scat- 
tering and is most marked in the sub-relativistic 
region where the kinetic energy is of the order of 
the rest mass. Calculations show that depolariza- 
tion is proportional to the atomic number of the 
medium and amounts to ~1% for air. 

More important is the case of depolarization 
after the particle has stopped. The degree of de- 
polarization depends then on the chemical proper - 
ties of the medium, and can be obtained from the 
available experimental data on the asymmetry of 
the m—p—e decay. 

The author takes the advantage to express his 
gratitude to Prof: A. I. Alikhanian for interesting 
discussions. 


*Paper presented at the seminar of the Physical Institute, 
Academy of Science, Armenian S.S.R., in March, 1957. 
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MAGNETIC DOUBLE REFRACTION OF 
MICROWAVES IN PARAMAGNETICS 


F. S. IMAMUTDINOV, N. N. NEPRIMEROV and 
L. Ia. SHEKUN 


Kazan State University 
Submitted to JETP editor January 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1019-1021 
(April, 1958) 


‘Tae rotation of the plane of polarization of the 
Hy, wave was studied at a frequency of 9375 mega- 
cycles in a circular waveguide filled with a para- 
magnetic salt. The directional dependence of the 
external static magnetic field Hy, applied perpen- 
dicularly to the direction of propagation of the 
radio wave was investigated. As a polarizer, we 
employed a smooth transition of a standard rec- 
tangular waveguide to the circular (d = 23 mm). 
For an analyzer, we used a rotating turnstile junc- 
tion, two arms of which were connected to a 
matched load, while at the two others were placed 
crystal detectors with approximately equal charac- 
teristics, connected in opposition by a bridge cir- 
cuit. Balancing of the system was observed on a 
type M-95 galvanometer. Because of the small 
values of the angles of rotation observed, the me- 
chanical rotation of the turnstile junction was em- 
ployed only for calibration of the scale of the gal- 
vanometer. 

2. It was established that the angle of rotation 
Ay does not depend on the sign of Hy, but does 
depend on the angle ~ which the field H) forms 
with the magnetic field H of the radio wave before 
establishing it in the paramagnetic according to the 
law Ay ~ sin 2, so that the maximum effect was 
observed for ~= 45°. As an example, we have 
shown the curve of the specific rotation of a pow- 
dered specimen MnCl,H,O in the Figure. 

3. The observed laws can be understood if we 
assume that the rotation of the plane of polariza- 
tion takes place as a consequence of the anisotropy 
of the magnetic susceptibility w. There is then a 
difference of the phenomenon under consideration 


—A ¢, min 


(6 Hy, x0e 


from the ordinary (optical) Cotton-Mouton effect, 
which is determined by the anisotropy of the con- 
stant e€. 

It is known that the tensor of the high frequency 
magnetic susceptibility of a paramagnetic magne- 
tized along the z axis has the form: 


where x, 6, Xz are complex quantities dependent 
on Hy, the frequency of the radio wave w and 

the relaxation time T in the paramagnetic. A cal- 
culation carried out by one of the authors shows 
that in the case of wave propagation perpendicular 
to the applied field, the rotation angle (for not very 
small w) is given by 


Ab = — (nw Ve/c) 1 {X” — X,} sin 29. (1) 
Here 7 is the thickness of the layer of the para- 
magnetic, x” and x% are the imaginary parts of 
X and x,. The calculation is carried out for free 
space; € was considered real. As is known, yx” 
and x% are the absorption coefficients for the 
cases H)iH (“perpendicular field”) and Hy) lH 
(“parallel field”), respectively, and do not depend 
on the sign of Hp. 

4. Some of the qualitative regularities pointed 
out in Sec. 2 have already been observed by other 
authors.'»? As concerns the form of the curve 
Ay(Hy), it was not observed in sufficient detail. 

For H)=0, Ay=0, since x” = x%. It is also 
known that at frequencies of the order of 10 kilo- 
megacycles, x” has a well-defined maximum at 
yHp = w and practically disappears for yHy > 
(2—3)w, while x% decreases slowly and mono- 
tonically with increase in Hy.’ This suffices to 
explain the observed form of the curve in the Fig- 
ure. A quantitative estimate on Eq. (1) shows ex- 
cellent agreement with experimental data. 

5. At the present time, the theory does not give 
precise expressions for yx” and Xz in solids. In 
order to obtain some estimate of these quantities, 
we can make use of the theory for a paramagnetic 
gas, consisting of monatomic atoms with spin 3. 
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We found that in this case, 


o/T 


(agra Xo 
1S TEN Cie aa aire 


loa /t ” ~ @ 
(2) 
(Xo = static susceptibility ). 

We note that the thermodynamic theory of Sha- 
poshnikov evidently leads to the same formulas 
(see Ref. 4). If we consider that Tt increases with 
increase in Hp,*’* then it is shown that the simple 
equations (2) provide both a qualitative and a quan- 
titative description of the experimental results. 

6. Considerations carried out above show that 
the magnetic double refraction of microwaves in 
paramagnetics (“the microwave effect of Cotton- 
Mouton” ) is closely connected with the paramag- 
netic absorption in perpendicular and parallel 
fields and, together with the paramagnetic reso- 
nance rotation,®~® enters into a series of phenom- 
ena which can now be united under the general title 
of “paramagnetic resonance.” !° 

A more detailed explanation of the results ob- 
tained will be published separately. 


TOTAL CROSS SECTION OF STRIPPING 
AND DIFFRACTION DISINTEGRATION 

OF FAST DEUTERONS ON NONSPHERICAL 
NUCLEUS 


V.S. POPOV 
Submitted to JETP editor January 14, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1021-1022 
(April, 1958) 


Ler us consider a nucleus having the form of an 
ellipsoid of rotation and one that is opaque for in- 
cident nucleons. The kinetic energy of the deuter- 
ons must be sufficiently large in order that the 
wavelength of the deuteron be many times smaller 
than the radius of the nucleus. We shall neglect 
the effect of the Coulomb field of the nucleus in 
this note. 

With the help of a-method developed by Akhiezer 
and Sitenko,! the following expression is obtained 
for the amplitude of elastic diffraction scattering 
of deuterons on a nucleus with a fixed orientation 
of its axis w: 


f (x, o) = Qnik (Stan * Q(x’, @) 


4 2p —4|2¢—%’ | poe! \ 
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O (x, ©) = (b%/2n) § (x) Ji (t/t, 


cos} = x; £ = x’ [E (x) cos® (e — $) + sin® (9 — $)]"'s; 


“a 


E(x) = (ey (1 — x2) +27] 


Here a, b = semiaxes of the ellipsoid, while a 
refers to the axis of rotation; w =(6,g) = angles 
defining the orientation of the nucleus in space; 
J,(t) is the Bessel function of order 1; x = trans- 
verse momentum obtained by the deutéron upon 
scattering; x =k@; (6,q@) = direction of the mo- 
mentum of the scattered deuteron; x’ = Kb; p= 
b/Rg = 2ab. 

Equation (1) is simplified when the radius of 
the nucleus is much larger than the radius of the 
deuteron and the scattering angles are small 
(p>1, p>x’). In particular, the forward scat- 
tering amplitudes are 


Koo= Siete, Sed) 


where E is the complete elliptical integral. Av- 
eraging over the various orientations of the nucleus, 
we obtain the total cross section of all processes: 


2 = ZImf ©, a) = Onb* (1+ | — 7s] 


+ nbRa(1 + § — 35) ") 
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(with accuracy up toterms ~e*); here € = 
(a/b)? —1. Taking p> 1, we can neglect the 
curvature of the surface of the nucleus and use 
the probability of stripping and of diffraction break 
up, calculated per unit length of a screen in the 
form of an infinite half-plane (see Ref. 2). Upon 
multiplication by the length of the projection of the 
nucleus, and averaging over all its orientations, 
we obtain the total cross section of stripping and 
diffraction disintegration of the deuteron (with 
accuracy up to ¢°): 


(4) 


The following relation holds among de, og and 

Ot: Oe + og=ot/2. This equality, which was es- 
tablished in Ref. 1 for a spherical nucleus, holds 
also in the case of a black, nonspherical nucleus. 
Therefore, we can determine the elastic diffraction 
scattering cross section: 


s. = nb*(1-+ & — f2) + FbRa(I—In2) (1+ | — wy): 


For a spherical nucleus, all the formulas reduce 
to the formula of Akhiezer and Sitenko! and of 
Glauber.” 

In conclusion, I express my thanks to I. S. 
Shapiro for discussion of the results. 


1.1. Akhiezer and A. G. Sitenko, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 794 (1957); Soviet 
Phys. JETP 5, 652 (1957). 

?R. J. Glauber, Phys. Rev. 99, 1515 (1955). 
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CERENKOV RADIATION OF LONGITUDI- 
NALLY POLARIZED ELECTRONS 
A. A. SOKOLOV and Iu. M. LOSKUTOV 
Moscow State University 
Submitted to JETP editor January 16, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1022-1023 
(April, 1958) 


Tee discovery of parity non-conservation by Lee 
and Yang has aroused renewed interest in an inves- 
tigation of longitudinal (circular) polarization 
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since longitudinally polarized electrons are pro- 
duced in B -decay. 

In investigating the radiation associated with 
longitudinally polarized electrons, the Casimir 
formula cannot be used to calculate the matrix 
elements; instead, use must be made of Eq. (21.12) 
of Ref. 1 in which the spin state is explicitly taken 
into account, since the spin quantum number s = +1 
characterizes the eigenvalue of the operator 
(Vo)/iv—V2. As has already been noted in Ref. 2 
(and also in the detailed literature), this same 
formula can be used conveniently (with different 
mass values) in investigating the polarization 
properties of electrons produced in # -decay. 

In the present work we extend the results? ob- 
tained in an investigation of the polarization prop- 
erties of Cerenkov radiation to the case in which 
the electrons are longitudinally polarized. 

Carrying out the summation indicated in Eq. 
(21.12) of Ref. 1 over the final spin states s’ and 
fixing the initial value of the spin s_ we find that 
the Cerenkov radiation consists of three parts (in 
analyzing the polarization properties of the Ceren- 
kov radiation, as in the earlier work,? we have 
used Eqs. (10), (11) and (12) of Ref. 4*): 


max 


= 3a \ (welass() + Wauant (@) + SAWong (@)) deo. 
0 


Here Wojass (W) = w(1—cos?@) is the classical 
component of the radiation (completely linearally 
polarized ); 


W quant (W) = h? (n?w3/2c?p*) (1 — n-) 


is the quantum contribution which is completely 
unpolarized; 
wpa (co n (1 — 5, c08 8) 

characterizes the longitudinally polarized radiated 
photons (in accordance with conventional classical 
optics, for A = —1 we have right-hand circular 
polarization while with > =+1 we have left-hand 
circular polarization although the opposite conven- 
tion would be more natural). It is of interest to 
note that this part of the radiation is not propor- 
tional to fi? (as Wquant)> but rather to fi. 

The degree of circular polarization is given by 
the following expression: 


_ &1(®)— W_1() __ _ ino 
(©) 4 (0) Fa ep 


*The notation and a bibliography for this problem are given 
in Ref. 3. 
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ELECTRON PARAMAGNETIC RESONANCE 
OF THE V*** ION IN SAPPHIRE 


G. M. ZVEREV and A. M. PROKHOROV 
Moscow State University 
Submitted to JETP editor, January 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1023-1024 
(April, 1958) 


Te electronic paramagnetic resonance (epr ) 
spectrum of the V‘** ion has been investigated 
in a sapphire single crystal Al,O3. 

The ground state of this ion is 3F,. The seven- 
fold degeneracy of the orbital energy level is split 
by a crystalline electric field of cubic symmetry 
into a singlet and two triplets with the triplet found 
at the lower level. A crystalline field of trigonal 
or tetragonal symmetry splits this orbital triplet 
into a doublet and a singlet. The lowest energy 
level of the V‘tt ion in a crystalline field of 
trigonal symmetry is the singlet, which has a 
triple degeneracy (S=1). In work by Siegert! 
and van Vleck? it has been shown that at zero mag- 
netic field the levels with Sz =0 and S,=:1 
should be separated by approximately 10 em”, 
Hence one would expect to see a line correspond- 
ing to the transition from the S; =+1 level to 
the S, = —-1 level. Since the number of unpaired 
electrons is even the S,; =+1 and S,;=-1 levels 
should be slightly split at zero magnetic field. 

To observe the line it is necessary that its 
width be small, i.e., the spin-lattice relaxation 
time must be greater than 107!! sec. In the sap- 
phire lattice there is a strong electric field of 
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trigonal symmetry which produces a wide separa- 
tion in the lower orbital levels of the V*** ion. 
Hence one would expect that the spin-lattice re- 
laxation time should be sufficiently long at low 
temperatures. In those crystal lattices in which 
the axial component of the electric field is weaker 
there is not much hope of seeing epr lines for 
vt+t | It is for this reason that the v‘tt spectrum 
has probably not been studied up to this time. 

We have observed one line of the V*** ion in 
a sapphire single crystal at T = 4.2°K at frequen- 
cies ranging from 14 to 38 kilomegacycles/sec. 
There was a sharp reduction in line intensity when 
the temperature was reduced to 2°K. When the 
temperature was increased the line became 
smeared out and vanished. The line could not be 
observed at T=77°K. The line comprises eight 
equidistant components corresponding to a nuclear 
spingdie: /atoray. -s 

The line was observed in the parallel orienta- 
tion, i.e., with the fixed magnetic field parallel to 
the z axis of the crystal and vanished, becoming 
broadened, when the crystal was rotated through 
an angle greater than 60° with respect to the paral- 
lel orientation. The half-widths of the individual 
components in the parallel orientation were 20 
oersteds; the components were 108 oersteds apart. 

The spectrum was interpreted by means of the 
spin Hamiltonian:? 


KH a DS: + gsBH2Sz + g18 (HxSx == HySy) 


AS ALAS [eae (Sule safe, 


where Sx, Sy and Sz are the electron spin pro- 
jections, Ix, ly, and Iz are the nuclear spin pro- 
jections, Hx, Hy and Hz are the projections of 
the magnetic field vector, B is the Bohr magneton, 
D is the spacing between the 8S; =0 and S,;=1 
levels, gy and g, arethe g-factors for the two 
orientations, A and B are the hyperfine-splitting 
constants for the various orientations and the term 
ASx denotes the small splitting of the S; =+1 
and S, = -1 levels at zero magnetic field. The 
spectrum was interpreted under the assumption 
that D> A and g,SH and g,8H were each 
greater than A or B. 

AM = 1 transitions were not observed since 
D > hv. In the case of a AM = 2 transition we 
have: 


hy = (2— D? (A+ g BH sin «)*) (gyBAH cosa + Am), 


where a is the angle between the magnetic field 
and the trigonal axis of the crystal and m is the 
projection of the nuclear spin on the z axis. 
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The formula which has been obtained is in good 
agreement with all the experimental results; the 
effect of the term (A +g SH ’sina)?D~ can be 
neglected for the experimental errors reported 
here. Hence we can only determine g, and A 
in the spin Hamiltonian: 


g,=1,9240.01; A=(1,93+0,02)-10%em"!. 


Measurement of the line intensities at various 
temperatures indicates that D>0 and is approx- 
imately 10cm™?. 

The results which have been obtained are in 
agreement with the values g) =1.98, g, =1.82 
and D=5.0cm™, obtained by van der Handel and 
Siegert’ from measurements from the susceptibil- 
ity of vanadium — ammonium alums. 

The authors are indebted to S. V. Grum-Grzhi- 
mailo and A. A. Popov for preparation of the sam- 
ples and to Professor A. I. Shal’ nikov for partici- 
pating in the low-temperature experiments. 
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DISPERSION OF SOUND IN METALS INA 
MAGNETIC FIELD 
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Institute of Radio Physics and Electronics, 
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(April, 1958) 


Dispersion effects in the velocity of sound in 
solid metals, predicted by Alpher and Rubin,! have 
not been observed at the present time; this situa- 
tion is probably a result of the fact that the effect 
is so small. In the present paper experiments in 
which this effect was observed are reported. 

A special system was designed and built to in- 
vestigate small changes in the velocity of acoustic 
vibrations; under favorable conditions this instru- 
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FIG. 1. Diagram of the measuring instrument. 1) 7 mc/sec 
crystal oscillator, 2) tuned amplifier, 3) sample, 4) electronic 
switch, 5) mixer, 6) quartz-crystal heterodyne unit, 7) mixer, 

8) peeking amplifier, 9) frequency multiplier, 10) circular sweep 
generator, 11) cathode ray oscilloscope. 


ment makes it possible to measure changes of ap- 
proximately 107° in the velocity of sound. The 
operation of the instrument is based on a compari- 
son and measurement of the phase difference be- 
tween vibrations which pass through the sample 
being investigated and those which are transmitted 
directly from an ultrasonic generator. 

A block diagram of the measurement Scheme is 
shown in Fig. 1. The high-frequency voltage from 
a quartz-crystal oscillator is applied to a quartz 
radiator which is fastened to one side of the cylin- 
drical sample. A quartz detector is fastened to 
the second face of the sample; the voltage from 
the detector is then passed through a tuned ampli- 
fier to the phase meter.? A voltage obtained di- 
rectly from the crystal radiator is also applied to 
the phase meter. Using a frequency multiplication 
factor of 18, phase differences of the order of 0.2 
degrees can be measured. 

X-cut quartz slabs 10 mm in diameter were 
used as ultrasonic radiators. The samples were 
cylindrical rods 20 cm long and 1.4 em thick. Be- 
cause of the high acoustic absorption in polycrys- 
talline tin there was no need to take account of 
standing waves which could distort the results of 
the measurements; similarly there was no need 
to consider reflections from the side surfaces of 
the sample, produced by the cone-shaped radiation 
pattern of the quartz radiator. To avoid these ef- 
fects in aluminum the surface was roughened by 
cutting to enhance scattering; the face at the re- 
ceiving end was also cut at a small angle with 
respect to the axis. 

The velocity of sound in a magnetic field is 
given by the expression:* 


abe Socata ay 
cr =e (1+ ssn “al 


lo 


CHE 1645 ( + cos? ») : 


s2 

2¢55 
Here c, is the velocity of longitudinal wave while 
ct is the velocity of the transverse wave, s* = 


uH’/4np, p is the density, % is the angle between 


| 
| 
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magnetic field. 


10 60 120 160 200 240 280 320 360 900 He 


the wave vector and the magnetic field, H is the 
magnetic field and yp is the magnetic permeabil- 
ity. These formulas apply when o > c*w/4myc?, 

where o is the conductivity, w is the vibration 
frequency and c is the velocity of light. 

In Fig. 2 are shown the results of experiments 
carried out at room temperature in a magnetic 
field perpendicular to the axis of the sample 
(sinv’=1). The relative change in velocity cj 
is plotted along the ordinate axis while the square 
of the magnetic field is plotted along the absicca 
axis. The solid lines are obtained by calculation: 
(1) for tin (cj, = 2630 meters/sec), (2) for alu- 
minum (c], = 6,000 meters/sec). The absolute 
values of the velocity were measured by a pulse 
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Accorpine to theoretical calculations,' the 
molecule H, in the lowest electronic state has no 


affinity for electrons. Nevertheless, the possibil- 


ity of a stable negative ion Hj is not excluded. 
This unusual situation is due to the fact that, al- 


though the fundamental vibrational level of the sys- 


tem H,H~ (whichis the Hyg ion) is higher than 
the fundamental vibrational level of the H, mole- 


cule, it has a much larger internuclear separation. 


The:removal of an electron from the Hz ion cor- 
responds to an electron transition at an internu- 
clear separation of the order of 3A, where the 
potential curve for the H, molecule rises higher 
than the curve for the Hy ion. According to Dal- 


garno and McDowell? the “vertical energy of elec- 


tron removal” from the Hy, ion is 0.9 ev. 
As far as we are aware, the Hj) ion has never 


FIG. 2. The velocity 
of sound as a function of 
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method. As is apparent from the curves, the ex- 
perimental points are in good agreement with the 
theoretical values. | 

Thus it has been established that the acoustic 
velocity is proportional to H? ina magnetic field 
and the magnitude of the effect is that predicted 
by the theory. 

It is interesting to note that in bismuth, in 
which the condition o > c?w/4mpcy is not satis- 
fied, no dispersion in the acoustic velocity at 
room temperature was found. 

In conclusion we wish to express our gratitude 
to Prof. A. I. Akhiezer and S. V. Peletminskii for 
calling our attention to this effect. 


*These expressions were obtained independently from 
Alpher and Rubin by A. I. Akhiezer and S. V. Peletminskii. 


R.A. Alpher and R. I. Rubin, J. Acoust. Soc. 
Am. 26, 452 (1954). 

2Samoilo, et al., Trudy Moscow Engineering 
Institute 21, 89 (1956). 
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been observed. We have attempted to obtain some 
evidence for this ion, using the “recharging” 
method? to produce it. Water vapor and antimony 
vapor were introduced simultaneously into an ion 
source and bombarded by a beam of electrons 
(0.3 ma; 80 ev). The resulting negative ions 
were analyzed in a mass spectrometer connected 
to an electron multiplier.‘ 

When water vapor alone was present in the ion 
source, the ions H~, O° and OH were formed. 
When antimony vapor was subsequently introduced 
into the source, the additional ions Sb’, Sb), and 
Sb; appeared, together with a negative ion of mass 
2. There were also maxima corresponding to 
mass values of 0.5, +3, and ~6. These maxima 
must be assigned to fragmentary ions, arising 
from the dissociation of primary ions. To sup- 
press the ion fragments, a retarding potential of 
1500 volts was applied to the first diode of the mul- 
tiplier, while maintaining the primary ion energy 
at 800 ev. When this was done, the peaks corre- 
sponding to the masses 0.5, 3, and 6 completely 
disappeared; the amplitudes of the peaks at mass 
1 (H~) and mass 2 were practically unchanged. 
This shows that both these maxima were due to 
primary ions formed in the source. The height 
of the peak at mass 2 depended on the vapor pres- 
sure of the antimony; even under the most favor- 
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able conditions the ion current at this mass was 
only 5 x 107! amp. 

The question may arise whether or not this 
peak is due to the formation of the negative deu- 
terium ion D~, which has a mass of two. How- 
ever, the height of the peak at mass 2 was only 
20 — 30 times less than that of the H™ peak, while 
the ratio H/D in natural water is 6000. Further- 
more, the mass 2 ions appeared only when anti- 
mony vapor was present in the ion source. 


All of the above leads us to the conclusion that 
the negative ions with mass 2 which we observed 
were in fact Hy ions. The occurrence of fragmen- 
tary ions with mass 0.5 can serve as an additional 
indication of the presence of Hy ions within the 
apparatus. An apparent mass of 0.5 would be car- 
ried by an ion formed by the dissociation of an H2 
ion outside the source. 


1H. Eyring, J. O. Hirschfelder and H. S. Taylor, 
J. Chem. Phys. 4, 479 (1936). 

24. Dalgarno and M. R. C. McDowell, Proc. 
Phys. Soc. (London) A69, 615 (1956). 

3V. M. Dukel’ skii, Dokl. Akad. Nauk SSSR 105, 
955 (1955). 


4V. I. Khvostenko and V. M. Dukel’ skii, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 33, 851 (1957); Soviet 
Phys. JETP 6, 657 (1958). 
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ON THE DETERMINATION OF THE RELA- 
TIVE PARITIES OF ELEMENTARY PAR- 
TICLES 


CHOU HUAN-CHAO (CHZHOU GUAN-CHZHAO) 
Joint Institute of Nuclear Studies 
Submitted to JETP editor January 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1027-1028 
(April, 1958) 


cE parity is not conserved in the weak inter- 
actions, it is of great interest to determine the 
parities of elementary particles by means of the 
strong interactions. We consider below several 
reactions which can be used for the determination 
of the relative parities of strange particles. We 
have in mind the following type of reaction: 
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p (nr) + Het—> sHe® + K* (K°) (1) 


with the assumption that the spins of AHe?® and K 
are 4 and 0, respectively. 

This process is completely described by a spin- 
space matrix M(n,n’) which gives the amplitude 
of the diverging wave.! The most general form of 
the matrix M(n,n’) is a 


M (n, n’) = a+ 6o[nxn'), (2) 


when the product I of the parities of all four par- 
ticles is equal to +1, and 


M (n, n’) = asn + bon’, (3) 


when I= —1. Here n and n’ are unit vectors 
parallel to the momenta of the incident and emerg- 
ing particles, respectively; a and b are certain 
functions of the energy and of the angle between 

n and n’. The density matrix pj; of the initial 
state has the form 


p, = A(1 +P), (4) 


where P is the polarization vector of the incident 
particles. If the reaction takes place at threshold, 
or if we select only the ,He’ particles emitted 
forward (i.e., niin’), then we can neglect the sec- 
ond term in Eq. (2). At the threshold, Eq. (3) takes 
the form M=aon, andfor niin’ we have M= 
(a+b)on. The polarization vector P’ of the 
AHe® particle in the final state is calculated by 
the formula! 


P’ = Sp (Mo,M*s) / Sp (Mo,M"). (5) 
Substituting Eqs. (2), (3), and (4) into (5), we get 


P’ =P, when / = +-1, (6) 


P’ = (2(Pn) n—P), whend =]. (7) 


If the parity is not conserved in the decay of the 
AHe®, then from the angular asymmetry of the de- 
cay one can measure the direction of polarization 
of the ,He* and distinguish between the possibili- 
ties (6) and (7). We emphasize that the incident 
beam must be polarized, and in such a way that 
the polarization vector is neither parallel nor per- 
pendicular to the direction n. The other reactions 
of this general type are as follows: 


&* + Het» ,He®+<* at threshold, or when the ,He® 
emerges forward; (8) 


D* + He!—> A + He! + <* at threshold; (8’) 
p(n) + Het A 4- Het Sieve (K°) at threshold. (1’) 


In the last two reactions He* can be replaced by 
any other nucleus with spin 0 (for example, Giza 


| 
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We note that, in the reactions (1) and (1’), the po- 
larization vectors of the AHe?° and A depend 
only on the vectors P and n and the relative 
parities of K and A. Therefore, a case of the 
reaction (1’) can be simply added in with the 
cases of reaction (1). 

The writer expresses his gratitude to M. I. 
Shirokov and L. G. Zastavenko for valuable ad- 
vice and a discussion of the results. 


1T,. Wolfenstein and J. Ashkin, Phys. Rev. 85, 
947 (1952); R. Oehme, Phys. Rev. 98, 147 (1955). 
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EMISSION OF A° PARTICLES UPON 
CAPTURE OF K MESONS BY NUCLEI 
IN EMULSION 


S. A. BUNIATOV, A. VRUBLEVSKII,* D. K. 
KOPILOVA, Iu. B. KOROLEVICH, N. I. 
PETUKHOVA, V. M. SIDOROV, E. SKZHIPCHAK* 
and A. FILIPKOVSKI I* 


Joint Institute of Nuclear Studies 
Submitted to JETP editor January 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1028-1030 
(April, 1958) 


An Ilford G-5 emulsion stack (each pellicle was 
600 microns thick) was exposed at the Bevatron in 
Berkeleyt to K” mesons with a momentum near 
300 Mev/c. In scanning this stack three A° decays 
were found in the immediate vicinity of Ox Stars 
(see Table I, events 1, 2 and 17). Similar events 
have been observed by others.!~> In this connection 
we attempted to establish a correlation between the 
parent event and the A° decay, when it was impos- 
sible to observe them in a single field of view of 
the microscope. The pellicles were area-scanned 
with a magnification of 225 in a strip 1.5 cm x 10 
cm, in which practically all K” mesons were ex- 
pected to have been stopped. We recorded 0x 
stars, two-prong stars, and all proton tracks start- 
ing in the pellicle and longer than 500 microns. 

The beginning of each track was examined under 
great magnification in order to find a second track 
of small ionization, if such exists. This was nec- 
essary since some two-prong stars might have 
been overlooked in scanning with low magnification 
because of the low sensitivity of the emulsion 
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(Smin = 16 grains in 100 microns). All events in 
which the direction of the fast particle agreed with 
that of the beam were at once rejected as stars 
produced by a contamination in the K~ beam. 
The A° decays were picked out from the set of 
two-prong stars thus found. First we measured 
the proton range, the ionization of the fast particle, 
and the opening angle. Using these data one can 
select those stars for which the relation between 
proton momentum, pion ionization, and opening 
angle in the decay A’ ~ p+ 7° is satisfied. Fol- 
lowing the track of the fast particle enables one to 
determine whether itis a meson; from the 
range of this particle and the data obtained before 
one can compute the Q value. Thus 18 A° decays 
were found. 

A search for parent events was made within 
cones, whose axes were in the direction of flight 
of the A° particles as determined from the proton 
and pion momenta; the vertex angle of the cones 
was 95°, and the heights were set by the boundaries 
of the scanned strip. Parent events were found 
for 13 A° particles. 

The results of the measurements are given in 
Table I. Column 4 gives the angle Ag between 
the decay plane and the line joining the point of 
decay with the parent event; column 5 gives the 
projection of the angle between this line and the 
direction of flight of the A° particle upon the 
emulsion plane. As is evident from Table I, the 
actually observed spread of the angles Ag and 
Aa is less than the average value of the quoted 
errors. This is probably connected with the re- 
strictions placed upon the magnitudes of Ag and 
Aa in selecting the parent events. For example, 
if one considered only those events for which |Aqa| 
< VD, where VD is the rms error in the deter- 
mination of the direction of flight of the A° parti- 
cles, then such a “cutoff” leads to |Aa|* 0.3VD; 
a Gaussian distribution of errors is assumed here. 

The type of the parent event is given in column 6. 

As is evident from Table I, for five events no 
parent ox star was found. The pertinent A° par- 
ticle might have been formed in a nuclear explosion 
produced outside the scanned region by a stopped 
K™ meson. Nor can we exclude that the parent ox, 
star was not found because of nuclear scattering 
of the A° particle. Moreover it is possible that 
the parent event lies outside the scanned cones. 

For 18 identified A° particles (the total vol- 
ume of the cones was 0.17 cm*), one could antici- 
pate 4 spurious parent events. In fact one such 
event was found. Of course, to reduce the number 
of spurious events one should decrease the density 
of exposure. 
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Results of treating the A° particles 


Decay | @ ee Agp,? Aa,? parent 
Ede | Mev et degrees degrees event 
1 38.3 3.0 0/8425 .5 2,0-+2.9 oye 
28 42.0 20.9 1,042.6 0,542.8 oK 
3 36.0 13,4 1.642,3 1,541.9 oe 
4 36,4 10,4 0,2-41.5 0,5-2,4 OK 
5 38.2 14,5 0,944.5 0: 032247 2x8 
64 40.0 48 0; 1422.0 4,5+2,2 ox 
f 222.0 2 Deena 2,8 
7 38,3 4,9 445 0,0+2.4 oR 
8 37,5 42 122200 0,542.4 ox 
9 38.9 8.8 0,541 ,9 4.5-4-2.3 0x8 
405 37.5 3,4 py ace ae 
445 36.8 0.9 = eS = 
125 36.5 10.4 = a: iat 
13 36.6 6.0 0 441.5 0,8-+4,5 ox 
148 Byer 18,4 = Es = 
15 38:2 35,5 20a Oe 5a? ee 
16 38,7 23,2 A. 74-2,,0 OSE iaT ox 
17 38.3 7.3 912-275 2,542.6 oR 
185 38.1 10,13 | = a es 


'The errors in the energies are 1 to 2 Mev. 
2Emulsion shrinkage was not considered in estimating the errors for events 1, 
2, and 17, since the A° decay and the parent event were observed in the same 


pellicle. 


*The energy of the 7~ meson was estimated from the ionization. 
“This event has two possible parent events. The energy of the 7~ meson was 


estimated from the ionization. 


5 
The parent event (Oy: Px 


) was not found. 


°The mass was determined from multiple scattering and ionization. 


One may expect that a juxtaposition of the A° 
decays with the parent events will be helpful in the 
investigation of the diverse types of nuclear inter- 
actions associated with the production A° particles 
and in the study of the properties of the A° par- 
ticles themselves. 

The authors express deep gratitude to E. Gerul, 
Prof. M. Danysz and M. I. Podgoretskii for the 
statement of the problem and for valuable advice 
in the course of the work. 


*Institute of Nuclear Studies, Warsaw. 

tThe authors take this opportunity to express gratitude to 
Prof. Segré for assistance in obtaining the emulsion stack, and 
to S. Goldhaber for processing the emulsions. 


1M. Teucher, Suppl. Nuovo cimento 4, 482 (1956). 


2 George, Herz, Noon, and Solntseff, Nuovo ci- 
mento 3, 94 (1956). 

3 Apparao et al., Suppl. Nuovo cimento 4, 474 
(1956). 

4Fay, Gottstein and Hain, Suppl. Nuovo cimento 
11, 234 (1954). 
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MEASUREMENT OF THE POLARIZATION 
OF (D+ T) —NEUTRONS AT DEUTERON 
ENERGIES OF 1800 kev 


I. I. LEVINTOV, A. V. MILLER and V.N. 
SHAMSHEV 


Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 18, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1030-1032 
(April, 1958) 


‘Tas reaction T(d,n)He‘ at energy of the deu- 
terons of Eg = 107 kev passes through the ha: 
level of the He® nucleus, formed by s-deuterons. 
Consequently, the neutrons obtained at this energy 
cannot be polarized. At Eg = 2 Mev, a significant 
contribution (about 50%) of the higher states is 
observed. This is confirmed by the deviation of 
the total cross section from the Breit-Wigner for- 
mula for a single level, and also by the appearance 
of anisotropy in the angular distribution of reaction 
products.! It is of interest to explain the degree of 
polarization of the neutrons in this very important 
reaction. 

Measurement of the polarization of (D+ T) 
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neutrons was carried out with the help of a method 
described previously.! In view of the large energy 
of the neutrons, the pressure of the helium flowing 
through the proportional counter was raised to 

8 —12.5 atmospheres (depending on the angle of 
“emission of the neutrons from the target). The 
angular range of the counters was 22°; the cutoff 
of the discriminator in working measurements 
amounted to 80% of the cutoff corresponding to the 
cutoff of pulses from arbitrary collisions of n— 
He*, 

A thin (~30 kev) tantalum target, saturated 
with tritium was employed. The apparatus about 
the target were lightened as much as possible, so 
that the neutrons in their path to the counter tra- 
versed not more than 1 gm/cm? of matter. The 
construction of the target also permitted intense 
cooling of the target, which made it possible to 
raise the ion current to 60 pa. 

As was shown previously,’ the worth of this 
method consists of the complete absence of noise 
of parasitic pulses from neutrons which do not 
undergo scattering on the analyzer (helium). In 
the measurements taken for the reaction 
D(d, n) He®,? no extraneous pulses were observed. 
However, in research with neutrons of much higher 
energy, there arises the danger of the appearance 
of pulses from a -particles which appear as prod- 
ucts of the reaction (n, @) on the walls of the 
counters. Protons from various (n, p) reactions 
cannot be registered by the apparatus, since the 
energy allotted to them in the counters is not suf- 
ficient that their pulses be recorded by the ampli- 
fier. 

A control experiment making evident the ex- 
traneous pulses consisted of a rotation of the count- 
ers perpendicular to the incident neutron flux. In 
this case the pulses from nuclei far distant from 
the helium were absent, since the largest energies 
from these nuclei, which are recorded in the small 
angle of rotation of the counter now traversed the 
counter transversely and entered into its wall, not 
succeeding in releasing sufficient energy in the gas. 
The experiment showed that under operation the 
apparatus registered about 3 —5% of the extrane- 
ous pulses. According to our assumption, these 
pulses were produced by a -particles from the 
reaction O'€(n, a)C! in the oxygen of the quartz 
disc which covered the end window of the counter. 
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The presence of this small noise was taken into 
consideration in the subsequent experiments. 

We also verified the possibility of exciting para- 
sitic asymmetry, connected with the non-symmetric 
location of various pieces of apparatus. This at- 
tempt consisted in the measurement of the velocity 
of counting of the pulses at the upper and lower 
positions of the counters, and was carried out on 
a thick tritium target with deuteron energies of 
400 kev. In this case the incident part of the neu- 
tron flux consisted of neutrons connected with ¥* 
level of the He® nucleus. Such neutrons are un- 
polarized and, consequently cannot give an azimuth- 
al asymmetry for scattering on helium. As a result 
of these measurements, it was established that the 
counting rate in both positions was the same within 
0.5%. 

It was shown earlier that a strong anisotropy in 
the angular distribution of the products of the reac- 
tion under study for poor geometry of our apparatus 
noticeably distorts the true azimuthal asymmetry. 
However, the asymmetry of the angular distribution 
of neutrons of the reaction D(T, n) He’ for Eq= 
1800 kev does not exceed 30%,! and therefore, for 


-calculation purposes the polarization of neutrons 


was not considered. Computation of the angular 
distribution can increase the value of the asym- 
metry several times, and our results must be con- 
sidered as the lower bound for the polarization of 
neutrons. 

The following data were obtained for the azi- 
nuthal asymmetry of scattering R at various an- 
gles ¥, of emission of the neutrons from the 
target. 

In the Table, we have given only the statistical 
errors of measurement. The effectiveness of our 
analyzing apparatus is equal to 0.8 to 0.9. There- 
fore, the values of R in the Table correspond to 
the following values oi the polarization of the neu- 
trons Py: 


135° 
0-45. 


= 49; 
Pn (%) = 748; 


67,9; 90; 
12+3; 


112.5; 


(05-3; 12223 


Thus, for Eg = 1800 kev, we observed a notice- 
able polarization of the (D+ T) neutrons. It 
should be expected that the polarization would in- 
crease with increase in the energy of the deuter- 
ons. It is especially interesting to determine the 


nee LUE EEE! 


on | 45° | 67,5° | 90° 


| 1412.5° | 135° 


12.5 
1,12+0.06 


Helium pressure (atmos) 
R 


14.3 
1,220.08 


10.4 8.8 dail 
1.18+0.06 | 1,030.05 | 1,.00--0.08 
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degree of polarization of the neutrons for deuteron 
energies of the order of 8 Mev where, according 
to the data of Galonsky and Johnston,! the existence 
of resonance is assumed, which corresponds to the 
level of the He* nucleus at 22 Mev (probably D5/2)- 
At the present time we are continuing measure- 
ments of the polarization of neutrons of the reac- 
tion D(T,n)He* for high energy deuterons. 


14. Galonsky and C. H. Johnson, Phys. Rev. 104, 
421 (1957). 

2 Levintov, Miller and Shamshev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 274 (1957); Soviet 
Phys. JETP 5, 258 (1957). 

3 Levintov, Miller, Shamshev and Tarumov, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 375 (1957); 
Soviet Phys. JETP 5, 310 (1957). 
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SPONTANEOUS RADIATION OF A PARA- 
MAGNETIC IN A MAGNETIC FIELD 


V. M. FAIN 
Gor’ kii Radiophysics Institute 
Submitted to JETP editor January 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1032-1033 
(April, 1958). 


Tins problem of spontaneous emission in the radio- 
band was considered in the papers by Dicke! and 
the author.”»? It was shown there that if a system 
of identical quantum objects* that possess two 
energy levels E; and E, (E;<E,), are situated 
in a volume, the linear dimensions of which are 
much smaller than the wavelength, such a system 
can radiate coherently. The intensity of the radi- 
ation of the system may be proportional not to the 
number of objects, n, but to its square, n*. States 
in which the system radiates in proportion to n? 
were called “superradiant.” If originally all ob- 
jects were in the upper energy state then after a 
time? 


Tr o= Inn/n yo (1) 


the system goes over into the “superradiant” state. 
Here yo is the natural line width of one object. 
After atime 2Ty) the system goes over into the 
lower energy state. Here Ty,9 may be sufficiently 
small. 
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Using the theory referred to, the following 
method of exciting electromagnetic radiation by 
means of a paramagnetic in a magnetic field is 
proposed. 

We place the paramagnetic in a magnetic field. 
The electrons} of the paramagnetic will then have 
two energy levels with an energy difference equal 
to E, — E; =fw = g8H, where f# is the Bohr mag=- 
neton, g a factor on the order of unity, and H the 
magnetic field strength. Let the temperature of 
the paramagnetic be nearly zero (the generaliza- 
tion to the case of finite temperatures is obvious ); 
the magnetic moments of all the electrons are then 
arranged along the magnetic field. This will be the 
lowest energy state of the systems. Let us now re- 
verse the direction of the magnetic field. Such a 
reversal must be sufficiently fast compared to the 
thermal relaxation time Tt andthe time Ty of 
the radiation, and sufficiently slow compared to 
the period of radiation, Tpaq = 27/w, i.e., the re- 
versal time ty must satisfy the inequalities 


aoe 27, 9 oe K% % > Tage (2) 


After such a reversal, all electrons are in the 
upper energy state. Let us assume now that the 
dimensions of the paramagnetic are much smaller 
than the wavelength of the radiation A = 2mc/w. 
After atime Ty 9 the system will then go over 
into the superradiant state. The intensity of the 
radiation will be equal to 


17" | tye? 1 [Se2F. (3) 


where [ly is the dipole moment of the transition 
1— 2. It is equal to the Bohr magneton 8 as far 
as order of magnitude is concerned. 


After the system has radiated, over a period 
2Tr 0; all the energy, which is equal to A = nfiw, 
and has gone over into the lower energy state, the 
magnetic field is reversed anew and the system 
again starts to radiate. 

If we reverse the magnetic field with a frequency 
£* 3(TH+ 2Ty)) the system will in this way emit 
an average power on the order of 


W = nho/ (tq4+ 2,9). (4) 


The peak power must be determined here by Eq. 
(3). 

Let us make some estimates. Let w = 6.3 x 
101° sec™! (wavelength }=3 cm) and n= 10!" 
(this is a fully attamable number of electrons in a 
volume of order (0.7)? = 0.35 cm’). We have then 
Yo © |Myg|w3/fic? = 0.9 x 10722, 2Tr .* 0.9 x 1073 
* TH, while the average power is equal to W = 
0.7 x 107-3w and the peak power I 2x 107w. 


LETTERS TO THE EDITOR 


The line width will be of the order®»? y = ny, = 
10° sec}. 

Finally we note that one can use the Stark effect 
to excite radiation in a similar manner in an elec- 
trical field. 

The author thanks Professor V. L. Ginzburg for 
discussing the present paper. 


*The role of such objects can be played by molecules in a 
gas, nuclei or electrons in a paramagnetic, ferromagnetic or 
ferrite, and so on. 


tBelow we shall speak about electrons, to fix our ideas, 
although all this applies equally well to nuclei, ions, and so on. 


'R. H. Dicke, Phys. Rev. 93, 99 (1954). 

2V.M. Fain, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 607 (1957), Soviet Phys. JETP 5, 501 (1957). 

oe NI Fain, Usp. Fiz. Nauk 64, February (1958). 
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SCATTERING OF DEUTERONS BY DEUTER- 
IUM AND TRITIUM AT LOW ENERGIES 


Iu. G. BALASHKO and I. Ia. BARIT 


P. N. Lebedev Physical Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor January 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1034-1036 
(April, 1958) 


|Raveahinime a remarkable number of measure- 
ments were completed on the effective cross sec- 
tions of the reactions H?(d,n) He} (Ref. 1) and 
He3(d,p) He, (Ref. 2) which have maximum yield 
in the low energy region. The experimentally 
measured values of the cross section are well de- 
scribed by the resonance formula of Wigner and 
Eisenbud? for a single level. In this case, as is to 
be expected when one starts from the hypothesis 
of charge invariance, the resonance parameters 
(obtained from analysis of the reaction) which 
correspond to the levels of the compound nuclei 
He and Li agree within the limits of accuracy 
with which they are determined. It is natural to 
expect that the resonance scattering D—T and 
D—He?®, if the approach of Wigner and Eisenbud 
is valid for such light nuclei, should be described 
by the same parameters as the reactions. The 
scattering of D— He® was investigated experimen- 
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tally by Freier and Holmgren.‘ In the present 


work, the cross section of D—T scattering was 
measured at an angle of 90° in the energy interval 
30 — 300 kev (center of mass system). In line 
with this, in the process of working up the method, 
we measured the scattering cross section of deu- 
terons on deuterium in the energy range for the 
deuterons from 100 to 600 kev at an angle of 67° in 
the center-of-mass system. The results obtained 
for 600 kev agreed with the data of Heydenburg and 
Roberts.° 

Utilization of the method possessed certain char- 
acteristics which permitted us to complete the 
measurements at very low energies (down to 70 
kev) in the region of resonance of the D—T re- 
action. The intensity of the beam of bombarding 
particles was determined by the yield of nuclear 
reactions which accompany the reaction. In order 
to be certain of separating the extraneous pulses, 
coincidences were recorded between the scattered 
particles and the recoil nucleus. The scattered 
particles were recorded by proportional counters 
which were not isolated from the gas target by a 
small window and were filled, together with the 
target, to a pressure of 2—5 mm of mercury. 

The results of the measurement for the D—D 
scattered are shown in Fig. 1 and those for the 
D—T scattering in Fig. 2. In both cases, the 
ratio of the measured cross section to the effec- 
tive cross section of scattering by a Coulomb field 
at the same angle is shown. 

At small energies, it must be expected that the 
nuclear D—D scattering will consist of S-scat- 
tering in the singlet and quintuplet states. Phase 
analysis of the data of Eisenbud and Roberts on 
D—D scattering at 900 kev supports this assump- 
tion and allows us to determine the phase for the 
quintuplet state. This phase essentially deter- 
mines the scattering cross section. 

Measurements of the cross section for a single 
angle, carried out in the present research, allow 
only an estimate of the phase in the quintuplet 
state. The values obtained under the assumption 
that the phases in both states are the same, corre- 
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FIG. 1. e— data of present research; O — data of Heydenburg 
and Roberts. 
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100 200 500 400 300 600 700 
E,kev 

FIG. 2. a— radius of channel, y, — reduced partial width of 
scattering, y, — reduced partial width of reaction, E, — formal 
resonance energy. Continuous curve: a = 0.5 x 10°? cm, 2 = 
2.16 x 10" kev cm; E, = —444 kev; dashed curve: a = 0.7 
x 10°? em, y, = 0.51 x 10°; y, = 1.27 x 10 kev cm, E,=— 130 
kev; dash-dotted curve: a = 0.7 x 10” cm, y, = 0.34 x 10° 
Y, = 1.18 x 10 kev cm; E, = — 55 kev. 


spond to a scattering from an ideally reflecting 
sphere, surrounded by a Coulomb field, with a 
spherical radius of 4 x 10-'3cm. The curve is 
drawn in Fig. 1 for the effective cross section, 
computed under this assumption. The potential 
scattering in the quintuplet state is natural, inas- 
much as the spins of all the nucleons are parallel 
in this state. 

The character of the dependence of the D—T 
scattering on the energy in the region of small en- 
ergies (see Fig. 2) points to the presence of reso- 
nance scattering. Computed curves are drawn in 
the Figure for several values of the resonance 
parameters, determined from analysis of the re- 
action. In the computation, potential scattering 
was also taken into consideration. The experi- 
mental values for the cross section of scattering 
is close to the computed curve; however, it is 
lower by about 20%. 

For energies below 100 kev, the gap between 
the experimental points and the computed curve 
is possibly connected with a systematic error in 
the determination of the energy of the scattered 
particles. In subsequent research, it is proposed 
to improve the accuracy of measurements in this 
region* and to carry out a more detailed analysis 


of the results with the aim of clarifying the pos- 

sibility of choice of parameters which would have 

described equally well both the reaction and the 
| 
| 


scattering. 


*Note added in proof (March 22, 1958). As a result of im- | 


proving the accuracy of energy measurement of the particles | 
under consideration, we obtained values of 0.98 + 0.13; Lr, 
0.79 +0.08; 0.63 + 0.04 corresponding to energies 76, 96 and 
140 kev. For high energies, the curve, which we can obtain 
by means of the experimental points, is not changed. 


largo, Taschek et al., Phys. Rev. 87, 612 (1952); 
Conner, Bonner and Smith, Phys. Rev. 88, 468 
(1952); Arnold, Phillips et al., Phys. Rev. 93, 483 
(1954); Davidenko, Pogrebov and Sadukov, Atomic 
Energy 4, 386 (1957); Balabanov, Barit et al., 
Appendix to the journal Atomic energy 5, 1957). 

2 J. Hatton and G. Preston, Nature 164, 143 (1949); 
Bonner, Conner and Lillie, Phys. Rev. 88, 473 (1952); 
Arnold, Tuck et al., Phys. Rev. 88, 159 (1952); Yar- 
nell, Lovberg and Stratton, Phys. Rev. 90, 292 (1953); 
W. E. Kunz, Phys. Rev. 97, 456 (1955). 

3. P. Wigner and L. Eisenbud, Phys. Rev. 72, 

29 (1947). 

4G. Freier and H. Holmgren, Phys. Rev. 93, 825 — 
(1954). 

°N. P. Heydenburg and R. B. Roberts, Phys. Rev. 
56, 1092 (1934). 
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OSCILLATION OF THE ELECTRICAL RE- 
SISTANCE OF n-TYPE GERMANIUM IN 
STRONG PULSED MAGNETIC FIELDS 


I. G. FAKIDOV and E. A. ZAVADSKII 


Institute of the Physics of Metals, Ural Affiliate, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1036-1037 
(April, 1958) 


We have investigated the change in the electrical 
resistance of three monocrystalline specimens of 
n-type germanium in a transverse pulsed magnetic 
field with magnetization up to 120kG at tempera- 
tures of 300, 77 and 20°K. 

The magnetic field was produced by the dis- 
charge of a condenser stack through a solenoid, in 
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the opening of which a Dewar was inserted bearing 
the specimen. 

The germanium samples were of different purity 
and at room temperature (300°K) possessed the 
following specific resistances: p = 54Qcm (sample 
No.1), p=20Q2cm (sample No. 2), and p=7Q 
cm (sample No. 3). 

In the range of the magnetic field of 25 —120 kG 
and at T = 300°K, the dependence of AR/Ry on 
the field was linear for all three specimens, with 
a slope of 34 x 10-’kG"! (No.1), 1.65 x 107’kG7! 
(sample No.2) and 1.07 x 10-*kG™ (sample No. 3). 
At 77°K, in this same range of fields, the linear de- 
pendence of AR/Ry) was maintained only for sam- 
ples 2 and 3; however, the angle of slope of the 
lines increased in this case. So far as sample No. 
1 is concerned, at 77°K, the dependence of AR/ Ro 
on the field, beginning at 25kG, bore a curvilinear 
character with a tendency toward saturation; this 
is seen from the fact that at fields with intensities 
of 25, 50, 75 and 100kG, AR/R, is equal to 2.4; 
3.3; 4.6; 5.9, respectively. 

The change of the resistance in a magnetic 
fields AR/R) of sample No. 1 (p = 54Q2cm) 
was also studied at 20°K in fields up to 110 kG. 
These measurements gave very interesting re- 
sults. 

When sample No. 1 was at the temperature of 
liquid hydrogen and the magnetic field was turned 
on (H=110kG), then the resistance of the sam- 
ple decreased, instead of increasing as it does 
ordinarily. The magnitude of the decrease in the 
specific resistance p (20°K, H=0) —p (20°K, 
H = 110) = 670 — 390 = 2802cm. However, the 
resistance of the sample was reduced in propor- 
tion to the decrease in the amplitude of the mag- 
netid field from 110 kG to zero, up to its initial 
value of p(20°K, H=0). 

Moreover, for this sample of n-type german- 
ium (p =54Qcm), we observed the phenomenon 
of the oscillation of the electric resistance in the 
field range from 25 to 110 kG. The period of 
these oscillations amounted to 0.18 kG™', while 
its maximum amplitude was found at a field of 
H =55 kG. In the Figure, the dependence of 
AR/R, on the reciprocal of the magnetic field 
intensity is shown for 20°K. 


AR/R, 


ae ee 
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L. Shubnikov and de Haas! first discovered the 
oscillation of the electrical resistance in a trans- 
verse static magnetic field, while studying bismuth 
at low temperatures, ! and then Frederikse and 
Hosler,” Kanai and Sasaki,® and also Busch, Kern 
and Liithi 4 observed this same effect on a speci- 
men of InSb. The latter authors carried out their 
measurements (as did we) with pulsed magnetic 
fields. 

The theory of the oscillations of galvanometric 
effects is set forth in the researches of G. E. Zil’- 
berman.° 

So far as we know, the Shubnikov-de Haas effect 
has never been observed for germanium up to the 
present time. 

Information on the experimental details and the 
arrangements for strong magnetic fields will be 
published in a subsequent paper. 


'T,, Schubnicow and W. J. de Haas, Nature 126, 
500 (1930). 

2H. P. Frederikse and W. R. Hosler, Canad. J. 
Phys. 34, 1377 (1956). 

3yY. Kanai and W. Sasaki, J. Phys. Soc. Japan 
11, 1017 (1956). 

4 Busch, Kern and Litithi, Helv. Phys. Acta 30, 
471 (1957). 

5G. E. Zil’ berman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 762 (1955), Soviet Phys. JETP 2, 
650 (1956). 
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ON A FUNCTIONAL RELATION IN 
QUANTUM MECHANICS 


D. A. KIRSHNITS 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor January 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1037-1039 
(April, 1958) 


W: consider a system of non-interacting parti- 
cles in a stationary state in some external field 
with potential V(r).* The density of the number 
of particles in such a distribution will, generally 
speaking, be a very complicated function of V and 
all its derivatives 


o(r) =o (V, VV, ViVaV ...); (1) 
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where all arguments on the right hand side are 
taken at the point r. 

We shall show below that, independent of the 
character of the occupation of the levels of the 
field V, i.e., independent of the statistics and 
the temperature,{ the quantity (1) satisfies the 
relation 


Do | DV = Op / eV, (2) 


where the symbol D/DV denotes the Euler deriva- 
tive, 


De] DV Y, (— 1)"Vi,.-- Vz, {00/0 (Vi,... Vz,V)}, 
n=0 
and 8/8V the derivative with respect to the first 
argument in (1). 

To prove this, we consider first the case of a 
degenerate Fermi system. The Hamiltonian of a 
particle has the form, H=T-V, where T is 
the kinetic-energy operator. The density of the 
number of particles and the kinetic-energy density 
can be put in operator form,'*?>3 and the appear- 
ance of the gradients of V in (1), is due to the 
commutators of the operators T and V: 


= O(H— Fy, G=<o(H — Eo) Te, (3) 


where 6(x) =4(1-x/|x|), Eg is the upper bound 
of the occupied spectrum, and 


(ay = (2h) Sp \ dp exp (— ipr /h) aexp (ipr /h). 


The trace is taken here over the spins and similar 
variables, and a is an arbitrary operator. 

Using Eq. (3) and the equation <a6(a)> =0 
we have 

O[6 —e (V+ Ep)] /OEo 
=0(6—p(V + E)]/0V = —p. 

On the other hand, if we transform the equation 

of the variational principle 


3| Gar —\V + Eo) dedr = 0 


to the functional argument V and take it into ac- 
count that 6 f Fdr = jh (DF/DV)6Vdr for any 
arbitrary function F(V), we get 


(Ge WV + Ey) EV =o: (5) 


(4) 


If we compare (4) and (5) and take into account the 
fact that 8/8V and D/DV commute, we are led 
to the relation (2) which we are trying to prove. 

The transition to the case of an arbitrary occu- 
pation of the levels, which corresponds to replac- 
ing the function @ in Eq. (3) by some other func- 
tion f, can be realized without difficulty by means 
of the identity 


+ 


fia) = — \ f7(4) 6 (a—A) ad. 

By multiplying both sides of relation (2) by 
f/(E,)) and integrating over Eo, we can satisfy 
ourselves that this relation is universally valid. 

We shall give as an example the form of the 
dependence (1), which follows from the Thomas- — 
Fermi model with quantum correction up to the 
fourth order in h in the degenerate, non-relati- 
vistic case.!»?t 
a Veta 
24n2h (2MV)'!2 


__MM__+__ 64 v3a2V + 80 V2 (AV)? + 192 V2VV- VAV 
1920n2(2MV)'!2 


+ 64 (V;V,V)2V2 — 200 VAV (VV)? 


1 3lo 
p = aos (2MV)” — 


(6) 
-— 240 VVVVVViViV + 175 (VV)4}. 


The corresponding expression for the case of a 
finite temperature is of the form (up to terms of 
the second order in h)?*»3 


V2mM'2 [ a1, 
= tH {0 11, (x) 
h2 ae Ww i B ” “ 
+ 57 [8 Ts), (x) (WV)? + 267 "2, (x) av}| (7) 


co 1p 
y? dy 
i (2) exp (y—x)+ 1’ 


0 


x=601(V+y), O=AT, 


where wp is the chemical potential. 

One can easily verify that Eqs.(6) and (7) satisfy, 
indeed, relation (2). It is important to note that the 
latter connects only terms of the same order in hi. 
In particular, terms of the zeroth order in fi sat- 
isfy it in a trivial manner. 

The relation we have obtained is convenient to 
use to derive and check the correctness of approxi- 
mate expressions for the density. The problem 
whether one can generalize this equation to the 
case where the interaction V depends on the mo- 
mentum or on the Dirac matrices, and also whether 
there exists a similar relation for other quantities 
(for instance, for the Green function of a particle 
in an external field) requires a special investiga- 
tion. 


*The relation which we obtain below is completely valid 
also in the case where the interaction between the particles 
is considered by the Hartree method; we must in that case 
take for V the sum of the external and the self-consistent 
field. However, if we take exchange into account, Eq. (2) is 
violated. 

tWe restrict ourselves to the case where the number of 
occupied levels depends on only one energy. 

tEquation (24) of Ref. 1 for the fourth-order corrections 
contains a mistake, which is corrected in Eq. (6). Correspond- 
ing equations for the second-order corrections were also ob- 
tained by Kompaneets and Pavlovskii5 and Golden.3 
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*D. A. Kirzhnits, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 115 (1957), Soviet Phys. JETP 5, 
60 (1957). 

20) VAY Kirzhnits, Thesis, Physics Institute, 
Acad. Sci. (U.S.S.R.), 1956. 

°S. Golden, Phys. Rev. 105, 604 (1957). 


“>. Gombas, Statistical Theory of the Atom 
(Russian Translation) IL, M., 1951. 


AS. Kompaneets and E. S. Pavlovskii, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 31, 427 (1956), Soviet 
Phys. JETP 4, 328 (1957). 
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REMARKS ONA NOTE BY F. S. LOS’ 
“PHASE OF A SCATTERED WAVE”?! 


V. V. MALIAROV 
Submitted to JETP editor December 16, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1039-1040 
(April, 1958) 


Loos’ has considered the equation 


dG 1(1+1) 
age Oa (1) 


and asserts that “it is necessary to find a solution 
of Eq. (1) which assumes the following form as 
p- 0 


G = App’? (2) 


and the following asymptotic form at large values 
of p 


G =const-sin(p —nl/2-+ 9); ®:=const...» (3) 


It should be noted that under the condition 
fo (p)dp < C, given in the author’s note, when 
p— ”, G(p) cannot assume the asymptotic form 
given in (3). The case fl U(p)|do < C is con- 


sidered in Courant and Hilbert? where the same 
system of equations is obtained, using the method 
employed by Los’. Equations (6) and (7) given by 
Los’ correspond to Eq. (56) and (57) in Courant 
and Hilbert. 

In Ref. 2, a proof is given for the asymptotic 
formula (3) which is more detailed than that given 
in the note by Los’; in this proof it is not shown 
that A(p) — const. when p— o in Eq. (4). 

For p— 0, Los’ has obtained expressions for 


6(p) and A(p) to which the following remarks 
apply: 
Leelt is poe meaningful to express 6(p) in 


terms of uh py(p)dp since in the approximation 


which is tsed only the first terms of the series 
Y¥(p)=VY¥o + ¥19 +... Should be retained 

2. The constant coefficients in (2) and in the 
expression for A(p) are denoted by the same 
symbol — Ay. These coefficients differ by a fac- 
tor of 1+ 1. 

3. Even if these errors are ignored, it should 
be noted that the title of the note does not reflect 
its contents. 

The use of the supplementary condition (5) is 
valid for p-—- 0, when A(p)— const and 6(p) 
— const. However, when p — 0, in place of (5) 
any other supplementary condition can be used. 
The different supplementary conditions correspond 
to different phases 6(p). The problem becomes 
indeterminant. By the definition of the phase of a 
scattered wave it follows that the phase 6(p) 
found by means of such an additional condition is 
not the phase of the scattered wave. 

Thus, in the form in which it has been published 
the note given by F. 8S. Los’ is not useful for an 
analysis of scattering and can only introduce con- 
fusion on the part of the reader. 


1 FS. Los’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 273 (1957). 

2 Courant and Hilbert, Methoden der Mathema- 
tischen Physik, (Russ. Transl.) 1933, Vol. I, p. 314. 
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SECOND MOMENT OF THE PARAMAG- 
NETIC ABSORPTION CURVE WHEN THE 
SPIN MAGNETISM IS NOT PURE 


U. Kh. KOPVILLEM 
Kazan’ State University 
Submitted to JETP editor January 21, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1040-1042 
(April, 1958) 


In Refs. 1 —5, equations were given for the second 
moment <v*> ofthe curve f(v) of paramag- 
netic absorption in the absence of a static magnetic 
Hy, and for the second moment <(A v)?> of the 
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curve ~(v) of paramagnetic resonance (v is the 
frequency of the variable magnetic field Ht di- 
rected along the t-axis). These equations are, 
however, valid only in the case of absorption in 
magneto-anisotropic crystals, where the g factor 
depends strongly on the direction of Hy. The rea- 
son for this phenomenon is that when the orbital 
motion of the electrons is not fully quenched with 
respect to the intercrystalline electrical field E, 
the latter changes strongly the character of the 
internal interactions in the paramagnetic.® 

We have derived equations for <v?> and 
<(Av)?> in magneto-anisotropic crystals which 
contain only magnetically equivalent ions. We have 
assumed that for H)=0 the energy ground state 
of magnetic ions possesses a two-fold Kramers 
degeneracy and that only this doublet is populated. 
These conditions are, for instance, realized in 
double nitrates and ethylsulphates of the rare- 
earth elements at helium temperatures. In our 
calculations we have found the dependence of 
<v?> and <(Av)*> on the direction of Hg 
and H; with respect to the crystal axis, on the 
spin temperature T, the anisotropic exchange 
interaction Kgyep, the dipole-dipole interaction 
dCqg, and the hyperfine structure interaction SXpfg. 
Our final equations are expressed in terms of the 
coefficients of the spin Hamiltonian. This circum- 
stance makes it much easier to evaluate the mo- 
ments of the ~(v) curves and makes it possible 
to study the internal interactions in paramagnetics 
through the plentiful material accumulated recently 
by paramagnetic resonance methods.’ 

The following is the final expression for 


((Ay)?> = ((Av)?9 4 + ((AY) Jexch + (AY)? nes 
+ (AY)? gexch (1) 


for the case where Hylic and Hy iia, where a, b, 
and c are the principal axes of the g-tensor; the 
indices “d”, “exch”, “hfs”, and “d-exch” indicate 
the contributions to <{Av)’> from gq, Kexch> 
Kyfs and the dipole-exchange interactions, respec- 
tively: 

<(Av)?7q= (18 PA? D) (Bab + Bi)PK 


I(+j) 
2B De = Be (Be eeB i (2) 
CS 2 (PR) DYE Ia eee 
I(#f) 


SSIS UHC yh (3) 
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(AS) econ (> Ph? "SHB + Bi) (Jd + Jo) K 
I(#/) 
4 Bugip — 0,5 (Bu (i + I) + JU (Baa + Bit) L}, 
(4) 


é(Av)*>neg = (3h?) (I + 1) Divers (5) 
where we have used the notation 


P=) -Pen Ke, L=1-+30¢", m= — SecbH [kT, 
D=1,5 + 2e™ + 0.5 e?", 


ve eS J!1B?, Jp! Sea ej "| (B? cos?» + F? sin? 9), 


Ji a= — J" (B* sin? © + F? cos? 9), 
Bi, —_— 3g2.82r! i) {5 AP Saat zt ? 
Bt = (4 —(282Si|—+), F®=<+ + [28282] + +). 


The superscripts refer here to the particles and 
the subscripts to the coordinate axes, h' is 
Planck’s constant, k Boltzmann’s constant, B 
the Bohr magneton, Ag, the components of the 
tensor of the hyperfinestructure spin interaction 
of the nucleus with the electrons inside the para- 
magnetic ion,® g,, the components of the g 
tensor along the a axis, rij the radius vector 
from ion I to ion j, y!j the cosine of the angle 
between r1j andthe @ axis (see Ref. 2), v an 
index which takes on the values of the principal 
axes of the tensor Agy. In deriving Eqs. (3) and 
(4) it was assumed that the field E has an axis 
of symmetry e€ which is a principal axis of the 

g tensor, like n and é. In these equations ylj 
are the usual exchange integrals,” |+> and |-> 
are the correct zeroth order wave functions for 
the Kramers doublet for the case Hlile, g is the 
angle between € and Ho, and S is the effective 
electron spin of the paramagnetic ion. If we put 
T=, Zqyq=const in Eq. (2), we obtain the well- 
known Eq. (11) of Ref. 2 for spin $. From Eq. (5) 
we get for v=aq@ Eq. (28) of Ref. 4. For T=», 
Saq@ = const, the contributions (3) and (4) of the 
exchange interactions vanish, which also agrees 
with previously obtained results.? The lattice 
sums, which take into account more than 99% of 
the contribution of all neighbors of the paramag- 
netic ion in the crystal lattice of the ethyl sulfates 
of the rare-earth elements, have the values (the 


symbol 27 is omitted), 
I(#)) 
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Be. = 120130, d, BYP = 51494) d, BI? 2 508 gee d, 


BUBY, = 88gteemm d, BiB. = — 603 g2ng*. d 


> 


BuBu = — 597 giegicd, 


where the 7 axis is directed to the nearest 
neighbor of the paramagnetic ion in the £n plane 
which is perpendicular to €, where d = fa~°, 
and where a is the largest direction in the ele- 
mentary cell.® For double nitrates of the rare- 
earth elements® Bij? = 32g6-d andfor Hylle we 
have co 


<(Av)?>g = (18 PA?) DS) fem (x4 4. 3x2 4+ 2) + 0.5 e2" 


T(#]) 


PSP RB, w= ei) e15 (6) 
where g, and gy are the factors of the spectro- 
scopic splitting. 

For ethyl sulfates of the rare-earth elements, 
the term arising from g has the form 


<v?)q = 4a°%e {229 gt + cos* (gi / g*) (553 g4 + 147 g2 g2) 
+ sin?) (g? /g*) (101 g4 + 534 4 + 871 g% g°)}; 


; ta 

c = Bt / 16h?, g? = g2 cos*> + g? sin, (7) 

where 7? is the angle between Ht and e. 

In conclusion, the author expresses his thanks 

to Professor S. A. Al’ tshuler for suggesting this 
topic and considering this paper. 
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THERMAL CONDUCTION OF SUPER- 
CONDUCTORS 


B. T. GEILIKMAN 
Moscow State Pedagogical Institute 
Submitted to JETP editor January 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1042-1044 
(April, 1958) 


ilies to the presence of a gap in the energy 
spectrum of superconductors,! the number of elec- 
tronic excitations and hence the electronic thermal 
conductivity is exponentially small [ ~exp(-—T},/T)] 
for T<« Ty, (T, is the temperature of the transi- 
tion to the non-superconducting state). For T <« 
T, the principal role is therefore played by the 
lattice thermal conduction, which is connected with 
the reflection of phonons from boundaries and the 
scattering of phonons by impurities and lattice de- 
fects (the phonon-electron interaction is inappre- 
ciable in view of the fact that the number of elec- 
tronic excitations is very small for T < Ty), 
while it is well-known? that phonon-phonon inter- 
action does not play a role for T«<®p, where 
®p is the Debye temperature). 

However, for somewhat higher temperatures, 
but still appreciably less than T,, the electronic 
heat conduction ke becomes comparable with the 
lattice heat conduction and can even exceed it for 
not very impure specimens. Clearly the largest 
contribution to Keg is then given by the scattering 
of the electrons by impurities. Only for T S T, 
can the interaction of the electrons with the phonons 
and with one another also play an appreciable role 
for Ke. 

We consider the scattering of electrons by im- 
purities. Let the Hamiltonian of the interaction of 
the electrons with the impurity atoms for the nor- 
mal metal be of the form 


= > (ay 1.2K", J0 ts ay. 3.2), _),) Vic, us 
k 


(3 and —% are the spin coordinates, and ay 41 
the amplitude in second quantization). According 
to Ref. 3 the electronic excitations in superconduc- 
tors can be described by new amplitudes 


+ + . 
OK = UnAk, 1]. — URA—k, rfp} Ky = UA, 1], TP VRAG, */03 
2 


“el La Ley V +O); (1) 
UR 


é=(p? - p3)/2m %vo(p — Po) is the energy of a 
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normal electron, reckoned from the Fermi surface 
(p=Ppo), and A(T) is the value of the gap in the 
energy spectrum. 

Expressing the ay in terms of the @_ we find 


H! = yy, (Untlys — VpVp’) CAN “ otitis ocx) Vice 
k 


We have omitted here terms of the kind ene’ 1 
and Qk @k’y, which describe the creation and 
annihilation of a pair of excitations; these proc- 
esses are not possible in the case of elastic colli- 
sions with impurities. For elastic scattering we 
have 


UpUpe — VRVR’ = u® = Uv; =e (A2 aL ge) 
The scattering probability is determined by the 


equation 


2m Ae p? dQ dp 
Wap = a | A lav? > on = ar aso 


The energy of an electron excitation e is of the 
farm e'= yA2(Tytee PACT) =0 for T= 1-1, 
so that pp © dQp?h %e/|é|vy. We see that for elec- 
tron excitations in a superconductor the probability 
of scattering by impurities differs from the scat- 
tering probability wy in normal metals by the fac- 
tor (uj — vi)? = #/e? which occurs in |H’|2), 

and by the factor ¢/|é|, which occurs in pg. Thus, 
w = (|é|/€) Wo. 

Let us assume that there is a temperature gra- 
dient 8T/dx in the superconductor. The electrical 
field in a superconductor is then, in contradistinc- 
tion to a normal metal, equal to zero. However, in 
the equilibrium state the current of the normal 
component j, is completely cancelled by the op- 
posing superconducting current jg(j =jJn+Js =0) 
(Ref. 4). We write down the transport equation for 
the distribution function f of the excitations, 


Of dc Of de _—*([Elfo—f.. 
CEG, Oi, 02 ~ BE Gana” 
so that 
Ofo € Of OF  FEYF—F, 
Os 'T Op, 0% ~“e  m, ? (2) 


where T), the relaxation time for the normal elec- 
trons, does not depend on the energy; Ref. 5 gives 
an expression for 7); on the left-hand side, we 
have substituted for f the equilibrium function fy; 
f) = [exp(¢«/@) +1]7! (see Ref. 1); @=kT. 
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From Eq. (2) we can find f, =f — f) and we can 
evaluate the heat flux 


2 pero 


oT é 
Q / Ox 3 Thm F(T); 


Q= 2 \ osefidp; x= 
A 


peya ere tae 2M (ap() 41)" 


“i 20 3! (—1)8tte-s419 / 5? 2A In (I. ---es? 12); 


s=] 


Equation (3) describes satisfactorily the experi- 
mental data obtained in Ref. 6. The temperature 
dependence of A(T) can be found in Ref. 1. 

We can estimate the magnitude of the convec- 
tive heat flux Q, = TSvy = TSjn/pn, mentioned 
in Refs. 4 and 7. Using the expressions for S 
and p, of Ref. 1, we can easily show that the 
ratio of Q, to the normal heat flux Q is of the 
order of magnitude k(TT,)'/*/(p3/m), i.e., even 
for TT, it is of the order 107° to 10%. 

In conclusion I ‘want to express my sincere 
gratitude to L. D. Landau for valuable advice and 
discussions and to N. V. Zabaritskii for commu- 
nicating the results of his paper® before publica- 
tion. 
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